Cycles and 1-unconditional matrices
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Abstract

We characterise the 1-unconditional subsets (erc)(r,c)el of the set of elementary matrices in the
Schatten-von-Neumann class S?. The set of couples I must be the set of edges of a bipartite
graph without cycles of even length 4 < p if p is an even integer, and without cycles at all if p is a
positive real number that is not an even integer. In the latter case, I is even a Varopoulos set of
V-interpolation of constant 1. We also study the metric unconditional approximation property
for the space S} spanned by (erc)(rc)er in SP.

Résumé en francais

Je caractérise les sous-suites 1-inconditionnelles (erc)(rcyer de la suite des matrices élémentaires
dans la classe de Schatten-von-Neumann S?. L’ensemble de couples I doit étre ’ensemble des
arétes d’un graphe biparti sans cycle de longueur paire | € {4,6,...,p} si p est un entier pair, et
sans cycle du tout si p est un réel positif qui n’est pas un entier pair. Dans ce dernier cas, I est
méme un ensemble de Varopoulos de V-interpolation de constante 1. J’étudie aussi la propriété
d’approximation inconditionnelle métrique pour le sous-espace vectoriel fermé S7 engendré par
(ere)(r,eyer dans SP.

1 Introduction

The starting point for this investigation has been the following isometric question on the Schatten-
von-Neumann class SP.

Question 1.1. Which matrix coefficients of an operator x € SP must vanish so that the norm of x
does not depend on the argument, or on the sign, of the remaining nonzero matrix coefficients?

Let C be the set of columns and R be the set of rows for coordinates in the matrix. Let I C Rx C
be the set of matrix coordinates of the nonzero matrix coefficients of x (the pattern.) Question 1.1
describes the notion of a complex, or real, 1-unconditional basic sequence (), c)er of elementary
matrices in SP (see Definition 4.1.)

By a convexity argument, Question 1.1 is equivalent to the following question on Schur multipli-
cation.

Question 1.2. Which matrix coefficients of an operator € SP must vanish so that for all matrices ¢
of complex, or real, numbers

I+ 2| < sup [@re| [|z]],

where ¢ * x is the Schur (or Hadamard or entrywise) product defined by

(90 * z)rc = Qorc-rrc?

In the case p = oo, Grothendieck’s inequality yields an estimation for the norm of Schur mul-
A
tiplication by ¢ in terms of the projective tensor product ¢ ® {%: this norm is equivalent to the

supremum of the norm of those elements of /¢ <§> ¢% whose coefficient matrices are finite submatrices
of ¢. In the framework of tensor algebras over discrete spaces, Question 1.2 turns out to describe as
well the isometric counterpart to Varopoulos’ V-Sidon sets as well as to his sets of V-interpolation.
The following isometric question has however a different answer.



A
uwestion 1.3. Which coefficients of a tensor u € /X ® ¢ must vanish so that the norm of u is the
C R
maximal modulus of its coefficients?

In our answer to Question 1.2, SP and Schur multiplication are treated as a noncommutative
analogue to LP and convolution. The main step is a careful study of the Schatten-von-Neumann

norm ||z| = (tr(x*x)pm)l/p for p an even integer. The rule of matrix multiplication provides an
expression for this norm as a series in the matrix coefficients of x and their complex conjugate,
indexed by the puples (v1,va, ..., v,) satisfying (ve;—1,v2:), (Vai41,v2:) € I, where v,11 = v1: see the
computation in Eq. (10). These are best understood as closed walks of length p on the bipartite graph
G canonically associated to I: its vertex classes are C' and R and its edges are given by the couples
in I. A structure theorem for closed walks and a detailed study of the particular case in which G is
a cycle yield the two following theorems that answer Questions 1.1 and 1.2.

Theorem 1.4. Let p € (0,00] \ {2,4,6,...}. If the sequence of elementary matrices (erc)(r.c)er 5 @
real 1-unconditional basic sequence in SP, then the graph G associated to I contains no cycle. In this
case, I is even a set of V-interpolation with constant 1: every sequence ¢ € £3° may be interpolated

A
by a tensor u € £F @ LE such that [Jul| = ||o|.

Theorem 1.5. Let p € {2,4,6,...}. The sequence (em)(m)g is a complex, or real, 1-unconditional
basic sequence in SP if and only if G contains no cycle of length 4,6, ..., p.

These theorems hold also for the complete counterparts to 1-unconditional basic sequences in the
sense of Def. 4.1(c).

In particular, if we denote by U, the property that (e,c)c)er is a 1-unconditional basic sequence
in SP, then we obtain the following hierarchy:

U, forape (0,00]\{2,4,6,...} = -+ = Usppo = Uz, = -+ = Uy.

If C and R are finite, extremal graphs without cycles of given lengths remain an ongoing area of
research in graph theory. Finite geometries seem to provide all known examples of such graphs when
C and R become large. Proposition 11.6 and Remark 11.7 gather up known facts on this issue.

One may also avoid the terminology of graph theory and give an answer in terms of polygons drawn
in a matrix by joining matrix coordinates with sides that follow alternately the row (horizontal) and
the column (vertical) direction of the matrix:

e Suppose that p is not an even integer. If a pattern I contains the vertices of such a polygon,
then there is an operator x € SP whose matrix coefficients vanish outside I and whose norm
depends on the sign of its matrix coefficients. This condition is also necessary.

e If matrix coordinates of nonzero matrix coefficients of x are the vertices of such a polygon with
n sides, then the norm of z in SP depends on the argument of its matrix coefficients for every
even integer p > n; if the matrix coefficients of x are real, then the norm of x even depends on
the sign of its matrix coefficients. These conditions are also necessary.

An elementary example is given by the set
I={(r,c) €ZJTL X L)TL: 7+ c € {0,1,3}}. (1)

The associated bipartite graph is known as the Heawood graph (Fig. 1:) it is the incidence graph of
the Fano plane (the finite projective plane PG(2,2),) which is the smallest generalised triangle, and
corresponds to the Steiner system S(2,3;7). It contains no cycle of length 4, but every pair of vertices
is contained in a cycle of length 6.
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Figure 1: The Heawood graph
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does not depend on the sign of its coefficients if and only if p € {2,4}.

These results give a complete description of the situation in which (e;c)(c)er is a 1-uncondi-
tional basis of the space S} it spans in SP. If this is not the case, S} might still admit some other
1-unconditional basis. This leads to the following more general question.

Question 1.6. For which sets I does S admit some kind of almost 1-unconditional finite dimensional
expansion of the identity?

The metric unconditional approximation property (muap) provides a formal definition for the
object of Question 1.6: see Def. 10.1. We obtain the following results.

Theorem 1.7. Let p € [1,00] \ {2,4,6,...}. If S} has real (muap), then the distance of any two
vertices that are not in the same vertex class is asymptotically infinite in G: their distance becomes
arbitrarily large by deleting a finite number of edges from G.

Theorem 1.8. Let p € {2,4,6,...}. The space S§ has complex, or real, (muap) if and only if any
two vertices at distance 25 +1 < p/2 are asymptotically at distance at least p — 25 + 1.

We now turn to a detailed description of this article. In Section 2, we provide tools for the
computation of Schur multiplier norms. Section 3 characterises idempotent Schur multipliers and

0, 1-tensors in £y <§>€j’;§ of norm 1. In Section 4, we define the complex and real unconditional
constants of basic sequences of elementary matrices and show that they are not equal in general.
Section 5 looks back on Varopoulos’ results about tensor algebras over discrete spaces. Section 6 puts
the connection between p-trace norm and closed walks of length p in the concrete form of closed walk
relations. In Section 7, we compute the norm of relative Schur multipliers by signs in the case that G
is a cycle, and estimate the corresponding unconditional constants. Section 8 is dedicated to a proof
of Th. 1.4 and an answer to Question 1.3. Section 9 establishes Th. 1.5. In Section 10, we study the
metric unconditional approximation property for spaces S4. The final section provides four kinds of
examples: sets obtained by a transfer of n-independent subsets of a discrete abelian group, Hankel
sets, Steiner systems and Tits” generalised polygons.

Terminology. C is the set of columns and R is the set of rows, both finite or countable and if
necessary indexed by natural numbers. V', the set of vertices, is their disjoint union C II R: if there
is a risk of confusion, an element n € V that is a column (vs. a row) will be referred to as “col n”



(vs. “row n”.) An edge on V is a pair {v,w} C V. A graph on V is given by a set of edges E. A
bipartite graph on V with vertex classes C and R has only edges {r,c} such that ¢ € C and r € R
and may therefore be given alternatively by the set of couples I = {(r,c) € Rx C : {r,c} € E}: this
will be our custom throughout the article. A bipartite graph on V is complete if its set of couples
I is the whole of R x C'. Two graphs are disjoint if so are the sets of vertices of their edges. I is a
column section if (r,c), (r',c¢) € I = r =1/, and a row section if (r,c), (r,c/) € = c=¢.

A walk of length s > 0 in a graph is a sequence (vg,...,vs) of s+ 1 vertices such that {vg, v1},
.oy {vs—1,vs} are edges of the graph. A walk is a path if its vertices are pairwise distinct. The
distance of two vertices in a graph is the minimal length of a path in the graph that joins the two
vertices; it is infinite if no such path exists. A closed walk of length p > 0 in a graph is a sequence
(v1,...,vp) of p vertices such that {v1,vs},...,{vp—1,vp},{vp,v1} are edges of the graph. Note that
p is necessarily even if the graph is bipartite. A closed walk is a cycle if its vertices are pairwise
distinct. We take the convention that if a closed walk in a bipartite graph on V' = C'II R is nonempty,
then its first vertex is a column vertex: vy € C. We shall identify a path and a cycle with its set of
edges {r,c} or the corresponding set of couples (r,c).

A bipartite graph on V' is a tree if there is exactly one path between any two of its vertices. In this
case, its vertices may be indexed by finite words over its set of vertices in the following way. Choose
any row vertex r as root and index it by (. If v is a vertex and (r,c,...,v) is the unique path from r
to v, let the word ¢™ --- "v index v. Let W be the set of all words thus formed. Then

e ) € W and every beginning of a word in W is also in W: if w € W \ {0}, then w is the
concatenation w'~v of a word w’ € W with a letter v;

e words of even length index row vertices;
e words of odd length index column vertices;

e a pair of vertices is an edge exactly if their indices have the form w and w™v, where w is a word
and v is a letter.

A forest is a union of pairwise disjoint trees; equivalently, it is a cycle free graph.

Notation. Let T={z€ C: |z| = 1}.

The unit ball of a Banach space X is denoted by Bx.

Given an index set I and ¢ € I, e, is the sequence defined on [ as the indicator function x4 of
the singleton {q}.

Let I = R x C and ¢ = (r,¢). Then e, = e,. is the elementary matriz identified with the
operator from (% to (% that maps e. on e, and all other basis vectors on 0. The matriz coefficient
at coordinate ¢ of an operator z from (% to (% is z, = tre’z and its matriz representation is
(Tq)gerxC = D yerxc Tq€q- The support of z is {g € R x C': x4 # 0}.

The Schatten-von-Neumann class SP, 0 < p < oo, is the space of those compact operators = from
3 to (% such that ||z]|p = tr|z[P = tr(z*2)P/? < 0o. S* is the space of compact operators with the
operator norm. SP is a quasi-normed space, and a Banach space if p > 1. Let (R, x Cp)n>0 be a
sequence of finite sets that tends to R x C. Then the sequence of operators P, : x — quRann Tg€q
tends pointwise to the identity on SP if p > 1.

For I C R x C, the entry space S} is the subspace of those x € SP whose support is a subset of I.
S is also the closed subspace of SP spanned by (eq)qer-

The SP-valued Schatten-von-Neumann class SP(SP) is the space of those compact operators x from
% to €3(SP) such that ||z|[% = tr(tr|z[?) < oo, where the inner trace is the SP-valued analogue of
the usual trace: such operators have an SP-valued matrix representation and their support is defined
as in the scalar case. An element x € SP(SP) can also be considered as a compact operator from
03 (la) = Ly @2 L3, to L} (Ly) = Ly ®o (3, such that [|z]|h = tr@tr|z[P < oo; the matrix coefficient of
z at g is then 2, = (Idg» ® tr)((Id, ® e})z) and its matrix representation is > qeRxC Tq @ eq. The
entry space S7(SP) is defined in the same way as S}.

A relative Schur multiplier on S¥ is a sequence ¢ = (pq)qer € C! such that the associated Schur
multiplication operator M, defined by e, — ¢geq for ¢ € I is bounded on S}. The Schur multiplier
¢ is furthermore completely bounded (c.b. for short) on S7 if Idsr ® M,,, the operator defined by
Tgeq > pglgeq for x4 € SP and ¢ € I, is bounded on S7(SP) (see [21, Lemma 1.7].) The norm of



¢ is the norm of M, and its complete norm is the norm of Idsr ® M. This norm is the supremum
of the norm of its restrictions to finite rectangle sets R’ x C’. Note that ¢ is a Schur multiplier on
S* if and only if, for every bounded operator z: (% — (%, (¢42,) is the matrix representation of a
bounded operator; also ¢ is automatically c.b. on S*° [22, Th. 5.1]. We used [21, 22] as a reference.

Let G be a compact abelian group endowed with its normalised Haar measure. Let I' = G be the
dual group of characters on G. The spectrum of an integrable function f on G is {y € T": f(y) # 0}.
Let A CT. If X is a space of integrable functions on G, then X, is the translation invariant subspace
of those f € X whose spectrum is a subset of A.

Let X be the space of continuous functions C(G) or the Lebesgue space LP(G) with 0 < p < oo.
Then X, is also the closed subspace of X spanned by A. A relative Fourier multiplier on X, is a
sequence [t = (fiy)yen € C* such that the associated convolution operator M,, defined by v — 7y
for v € A is bounded on X,. The Fourier multiplier p is furthermore c.b. if Idg» ® M,,, the operator
defined by a7y +— pya,y for a, € SP and v € A, is bounded on the SP-valued space X4 (SP) (where
p = oo if X = C(G).) The norm of x is the norm of M, and its complete norm is the norm of
Ids» ® M,,. Note that p is a Fourier multiplier on Cx(G) if and only if, for every f € L(G),
Sty f(7)7 is the Fourier series of an element of L (G): p is a relative Fourier multiplier on L™ (G);
also p is automatically c.b. on Ca(G) [22, Cor. 3.18].

Let X,Y be Banach spaces and u € X ® Y. Its projective tensor norm is

n n
lal g, = w6 3 sl 0= Yy 3}
j=1 j=1

A A A
and X ®Y is the completion of X ® ¥ with respect to this norm. Note that {7, ® 2 C co®co

A A
because (7, and ¢ are 1-complemented in cg, and that co ® cop C foo ® oo because { is the bidual
of Co.

Let " z; ® y; be any representation of the tensor u. If £ ®@n € X* @ Y™*, we define ({ @ n,u) =
> (&, xj)(n,y;). The injective tensor norm of w is

Jull v = sup (€ @ n,u)|
XY (&,m)EBx= X Byx

\%
and X ®Y is the completion of X ® Y with respect to this norm.
If X and Y are both finite dimensional, then

(X&Y) =X*&Y* and (X&Y) =X @Y*.

AN * Vv A *
Further (co ® co) = /{1 ®{1: in fact, (co ® co) may be identified with the space of bounded operators

from cg to ¢1 and ¢; Q\éfl may be identified with the closure of finite rank operators in that space,
and they are the same because every bounded operator from cg to ¢; is compact and ¢; has the
approximation property.

If X is a sequence space on C' and Y is a sequence space on R, then the coefficient of the tensor
u at (r,c) is (e, ® e,,u). Its support is the set of coordinates (r,¢) of its nonvanishing coefficients.
One may use [26] as a reference.

2 Relative Schur multipliers

The following proposition is a straightforward consequence of [17].

Proposition 2.1. Let I C R x C and ¢ be a Schur multiplier on S° with norm D. Then ¢ is also
a c.b. Schur multiplier on SY for every p € (0, 00], with complete norm bounded by D.

Proof. We may assume that D = 1. Let R’ x C’ be any finite subset of R x C. By [17, Th. 3.2],
there exist vectors w,. and v, of norm at most 1 in a Hilbert space H such that ¢,. = (we,v,) for
every (r,c) € INR' x C'. If we define W: (2, — (2, (H) and V: (%, — (%,(H) by W( = (Ccwe)eecr



and Vi = (n,vr)rer, then ¥V and W have norm at most 1, and the proposition follows from the
factorisation
Myz =V*(z @ Idg)W

for every x with support in I N R/ x C'. O
Remark 2.2. Eric Ricard showed us an elementary proof that a Schur multiplier on S9° is automatically

c.b., included here by his kind permission. A Schur multiplier ¢ is bounded on S° by a constant D
if and only if

V& € Bgx V1 € B% V(e Bezc

Z 777‘ (p’I‘CETCCC

(rye)el

< D. (2)
It is furthermore completely bounded on S¢° by D if

Vax S BS?C(SOO) Vy c Be%(@z) Vz S Blé(&)

> relyr wreze)

(r,e)el

< D. (3)

Suppose that xz,y, z are as quantified in Ineq. (3). Let

&re = Wr/llyrlls Treze/ | 2el), e = llyrlle, and e = || 2c||e,-
Then lnll, ¢/, < 1 and

Il = sup{

Z (aryr/yrlless @reBeze/ || zelles)| - o € By, Be Bé'é}

(rye)el

< x| sup H(aryr/HyrHez)He%(b) legéH(5czc/||zc||e2)He2c(l2) <1,

acB,2
‘R

so that Ineq. (2) implies Ineq. (3).

The fact that the canonical basis of an ¢ space is 1-unconditional yields that Schatten-von-
Neumann norms are matriz unconditional in the terminology of [27]:

VCE'H‘C Vne'H‘R H Z CeNr e :H Z AycCre
(r,c)eRxC P (r,c)eRxC

(4)

p

for every finitely supported sequence of complex or SP-valued coefficients a,.. Let ( ® n denote the
elementary Schur multiplier (¢, )(r,c)erxc- Equation (4) shows that if ¢ € T¢ and 1 € TE, then
M¢gy is an isometry on every SP. This yields that if ( € €&, n € £%, then the complete norm of
Mcgy is [IClle [nllex om every SP.

Relative Schur multipliers also have a central place among operators on S} because they appear
as the range of a contractive projection defined by the following averaging scheme.

Definition 2.3. Let T': S — S/ be an operator. Let R’ x C’ be a finite subset of R x C' and let
Pr/xcr be the contractive projection onto S, ., defined by the Schur multiplier ¢ ® xg. Then
the average of T with respect to R’ x C’ is given by

T () = / dy / ¢ M- P T (M), (5)
TR TC

where C* = (E)CEC and 77* = (m)TER-

Proposition 2.4. Let T: S — SV be an operator and R’ x C' a finite subset of R x C. Then
[Tr xcr is a Schur multiplication operator from S to SY p/ . o such that ||[T]r x| < ||T|. In

fact, [T]R’XC’ = Mwmxc/ with

R'xc' _ Jtr er.T(er) if (rc)e JNR xC'
" 0 if (r,e) e J\ R' x C'.

If T is a projection onto SY, then @R/XC/ = XInR' xC’ S0 that [T r <o is a projection onto SII)ﬁR’XC"

Let ¢ = (tr e;T(eq))qu. Then |[Myl|| < ||T|| and we define the average of T' by [T] = M,,.



Proof. Formula (5) shows that ||[T]r xc (z)|| < ||T]| ||z||. We have
[T]R’XC/(erc) = / d’/] / dC M§*®n* PR/XC’T(Ccherc>
TR TC

= /T dy /T _dCCen, M-y > tr(efaT(er)epe

(r',c")eER' xC"

= / dT]/ dCCcmtr( TC/T(eTC))CC/ TIT/ €prer 7905:,)(0/ ere.

(r’ c’)ER/XC/

As the norm of a Schur multiplier is the supremum of the norm of its restrictions to finite rectangle
sets, this shows that ¢ is a Schur multiplier on S% and ||[My| < ||T||. If T is a projection onto S,
note that tre’ . T(e,.) = xr(r,c). O

The following proposition relates Fourier multipliers to Herz-Schur multipliers in the fashion of
[22, Th. 6.4] and will be very useful in the exact computation of the norm of certain relative Schur
multipliers.

Proposition 2.5. Let I" be a countable discrete abelian group and A CT'. Let R and C be two copies
of T' and consider I = {(r,c) € Rx C : 17 —c € A}. Let ¢ € C! such that there is u € C* with
o(r,¢) = pu(r —¢) for all (r,c) € I. Let G =T, so that T is the group of characters on the compact
group G. Let p € (0, 00].

(a) The complete norm of the relative Schur multiplier ¢ on SY is bounded by the complete norm
of the relative Fourier multiplier p on LY (G).

(b) Suppose that ' is finite. The norm of the relative Fourier multiplier p on LY (G) is bounded by
the norm of the relative Schur multiplier ¢ on Sh. The same holds for complete norms.

Remark 2.6. Part (b) is just an abstract counterpart to [20, Chapter 6, Lemma 3.8], where the case
of the finite cyclic group I' = Z/nZ is treated.

Proof. (a) is [21, Lemma 8.1.4]: for all a, € SP, of which only a finite number are nonzero, and all
g € G, we have by matrix unconditionality (Eq. (4))

HZ @4 sP(se) H Z Tlarcere

(r,c)erl S7(57)
z( S aen )o@ <[ S(F aen)s - ©
YEA Nrc)el S7(sP) e Nr,e)el L3 (G,SP(8P))
r—Cc=7vy r—Cc=7y

This yields an isometric embedding of S7(S”) in L% (G, S7(SP)). As SP(SP) may be identified with
SP(£7.(02)),

stﬁq (q€q

qel

> oy ( > amem> Y

YEA (r,c)el
r—c=ry

< ll1d & M, J|| ageq
qel

s L2(G.Sv (SP)) 87(57)

(b). Let us embed Lj} (G) into S by f + my, where m;: €2, — €3, is the convolution operator

defined by . A A
mfeC:f*eC:Zf(’y)e,y*eC: Z flr—rc)e

YEA r—ceA

m has the matrix representation Z(T,C) I f(r — ¢)eye. The characters g € G form an orthonormal
basis for £Z such that msg = f(g)g: therefore

1/p
Imgll, =( D 1F@F) = # O Ifllor-

geG
As Mym; = myg— 5 this shows that the norm of x on LY (G) is the norm of ¢ on the subspace of
circulant matrices in S}. The same holds for complete norms. O



3 Idempotent Schur multipliers of norm 1

A Schur multiplier is idempotent if it is the indicator function x; of some set I C R x C; if x; is a
Schur multiplier on SP, then it is a projection of S” onto S}. Idempotent Schur multipliers on SP and

AN
tensors in £F ® ¢% with 0, 1 coefficients of norm 1 may be characterised by the combinatorics of I.

Proposition 3.1. Let I C R x C be nonempty and 0 < p # 2 < co. The following are equivalent.

(a) For every finite rectangle set R’ x C' intersecting I

Y. e®e

(r,c)eINR' xC"

=1.
125 @y

(b) SY is completely 1-complemented in SP.
(¢) SY is 1-complemented in SP.

(d) I is a union of pairwise disjoint complete bipartite graphs: there are pairwise disjoint sets
R; C R and pairwise disjoint sets C; C C such that I =|JR; x Cj.

Property (d) means that the pattern [ is, up to a permutation of columns and rows, block-diagonal:

Ci Cy Cs
Ry * 0 0

Rl O % O
Rs| O 0 =

Proof. (b) = (c) is trivial.

(a) = (b). The complete norm of a Schur multiplier ¢ on SP is the supremum of the complete
norm of its restrictions ¢’ = (¢q)qer xc’ to finite rectangle sets R’ x C’. Furthermore, the complete
norm of an elementary Schur multiplier (9:(;)(rc)erxc =1 ® ¢ on SP equals [|n]|ees [l ez

(¢) = (d). If I is not a union of pairwise disjoint complete bipartite graphs, then there are
ro,71 € R and cg,c; € C such that

I'=1n {7‘0,7‘1} X {CO,Cl} = {(TQ,Co), (Tl,CO), (TQ,Cl)}.

By Proposition 2.4, the average of a contractive projection of SP onto S¥ with respect to {rg,r1} x
{co, 1} would be the contractive projection associated to the Schur multiplier x;/. Let x(t), t € R, be
the operator from ¢%, to ¢% whose matrix coefficients vanish except for its {ro, 71} x {co, ¢1 } submatrix,

I1+t4+vV9—2t+1t2 t 14+t—V9—2t+1¢t2 2t
5 :2—|—§+0(t), 5 :—1+§+0(t),

. Its eigenvalues are

so that

[2()lloe =2+1/3 4 o(t)

[z(®)[| = 2P + 1+ p(2F —4)t/6 +o(t) for 0 <p < oo
and therefore ||x * z(t)|, = [|z(0)]|, > ||z(t)||, for some ¢ # 0 if p # 2.

(d) = (a). Suppose (d) and let R’ x C" intersect I. Then there are pairwise disjoint sets R} and
pairwise disjoint sets €'} such that I N R' x ¢ = R} x C1U--- U R, x C}, and

n n n
Z ec®er=ZXC;®XR'j :average(Zeij;) & (ZGJXR§)
(rc)EINR! xC j=1 a=*l \;o j=1

which is an average of elementary tensors of norm 1, so that its projective tensor norm is bounded
by 1, and actually is equal to 1. O



Remark 3.2. Note that the proof of Prop. 3.1 shows that the norm of a projection M, : S® — S¢°
is either 1 or at least 2/\/5, as

LR L ()

This is a noncommutative analogue to the fact that an idempotent measure on a locally compact
abelian group G has either norm 1 or at least v/5/2 [25, Th. 3.7.2]. The norm of M,, actually equals
2/+/3 for I = {(0,0),(0,1),(1,0)}, as shown in [13, Lemma 3]. In fact, the following decomposition
holds:

eo®egt+epg®er +ep ®eg =
((e—iﬂ'/IQ, eiﬂ'/4) ® (e—ifr/127 eiﬂ'/4) + (eifr/127 e—iﬂ'/4) ® (eiﬂ'/12, e—iﬂ'/4))/\/§.

Remark 3.3. Results related to the equivalence of (¢) with (d) have been obtained independently by
Banks and Harcharras [1].

4 Unconditional basic sequences in SP
Definition 4.1. Let 0 <p<occand I CRx C. Let S=T (vs. S={-1,1}.)

(a) I is an unconditional basic sequence in SP if there is a constant D such that
H g €q0q€ql| < DH g aq€q
P
qel qel

for every choice of signs €, € S and every finitely supported sequence of complex coefficients aq.
Its complex (vs. real) unconditional constant is the least such constant D.

(7)

p

(b) I is a completely unconditional basic sequence in SP if there is a constant D such that (7) holds
for every choice of signs €, € S and every finitely supported sequence of operator coefficients
aq € SP. Its complex (vs. real) complete unconditional constant is the least such constant D.

(c) I is a complex (vs. real, complex completely, real completely) I-unconditional basic sequence
in SP if its complex (vs. real, complex complete, real complete) unconditional constant is 1:
Inequality (7) turns into the equality

H E €qqCq
qel

p

, = Hzaqeq
qel

If Inequality (7) holds for every real choice of signs, then it also holds for every complex choice of
signs at the cost of replacing D by D7 /2 (see [28],) so that there is no need to distinguish between
complex and real unconditional basic sequences.

The notions defined in (a) and (b) are called o(p) sets and complete o(p) sets in [8, §4] and [9]
(see also the survey [23, §9].) The notions defined in (c¢) are their isometric counterparts.

By [27, proof of Cor. 4], the real unconditional constant of any basis of S} cannot be lower than
a fourth of the real unconditional constant of I in SP.

Ezample 4.2. A single column R x {c}, a single row {r} x C, the diagonal set {(rown,coln)},  if
R and C are copies of N, are 1-unconditional basic sequences in all SP. In fact, every column section
and every row section (this is the terminology of [32, Def. 4.3]) is a 1-unconditional basic sequence;
note that the length of every path in the corresponding graph is at most 2.

Note that the set I is a (completely) 1-unconditional basic sequence in S? if and only if the relative
Schur multipliers by signs on S7 define (complete) isometries. This yields by Prop. 2.1:

Proposition 4.3. Let [ C Rx C and 0 <p < oo. If I is a real (vs. complex) 1-unconditional basic
sequence in S°°, then I is also a real (vs. complex) completely 1-unconditional basic sequence in SP.



Ezample 44. T R=C={0,...,n—1}, 1 <p< oo and I = R x C, then the complex unconditional
constant of the basis of elementary matrices in SP is nl'/2=1/?l and coincides with its complete
unconditional constant (see [21, Lemma 8.1.5].) This is also the real unconditional constant if n = 2*

®k
is a power of 2 as the norm of Schur multiplication by the kth tensor power (1 11) (the kth Walsh

matrix) on S? is (2'1/2_1/1")k = nl1/2=1/Pl Let us now show that if n = 3, the real unconditional
constant of the basis of elementary matrices in S* is 5/3 and differs from its complex unconditional
constant, v/3. In fact, because the canonical bases of (% and (% are symmetric, the norm of a Schur
multiplier by real signs turns out to equal the norm of one of the following three Schur multipliers:

1 1 1 1 1 1 -1 1 1
11 1),(1 1 1 Jor 1 -1 1
1 1 1 11 -1 1 1 -1

The first one has norm 1: it defines the identity. The second one has the same norm as the Schur

multiplier (1 11), which is v/2, because the norm of that multiplier equals the norm of its tensor

1 1 1 1
.. 1 11 i
product by Ideg, which is 11 -1 -1 By Prop. 2.5 for I' = Z/37Z, the third one has the
1 1 -1 -1
same norm as the Fourier multiplier ¢ = (—1,1,1) on L>°(G), where G = {z € C : 23 = 1}: as this
multiplier acts by convolution with f = —1+ z + 22, its norm is || f||L1 (), that is

(| — 141+ 1| + | —14 e2i7r/3 + e4i7r/3| + | — 14 e4i7r/3 + e2i7r/3|)/3 _ 5/3
Complex interpolation yields that the real unconditional constant of the basis of elementary matrices

is in fact strictly less than its complex counterpart in all SP with p # 2.

5 Varopoulos’ characterisation of unconditional matrices in S

Our results may be seen as the isometric counterpart to results by Varopoulos [32] on tensor algebras
over discrete spaces and their generalisation to SP. He characterised unconditional basic sequences

A
of elementary matrices in S°° in his study of the projective tensor product ¢y ® cg. We gather up his
results in the next theorem, as they are difficult to extract from the literature.

Theorem 5.1. Let I C R x C. The following are equivalent.
(a) I is an unconditional basic sequence in S™.

(b) I is an interpolation set for Schur multipliers on S*°: every bounded sequence on I is the
restriction of a Schur multiplier on S*.

(¢) I is a V-Sidon set as defined in [32, Def. 4.1]: every null sequence on I is the restriction of the

A
sequence of coefficients of a tensor in co(C) ®co(R).

v
(d) The coefficients of every tensor in L& ® L% with support in I form an absolutely convergent
series.

(€) (2¢2,.)(rc)er is a Sidon set in the dual of TC x T, that is, an unconditional basic sequence in

C(T® x TH).
(f) There is a constant X such that for all R C R and C' C C with n elements #[INR' x C'] < An.
(9) I is a finite union of forests.

(h) I is a finite union of row sections and column sections.

10



(i) Every bounded sequence supported by I is a Schur multiplier on S*.

Sketch of proof. (a) = (b). If (a) holds, every sequence of signs € € {—1,1}! is a Schur multiplier
on S°. By a convexity argument, this implies that every bounded sequence is a Schur multiplier on
S9°, which may be extended to a Schur multiplier on S*° with the same norm by [17, Cor. 3.3].

(b) = (c) holds by Grothendieck’s inequality (see [22, §5]) and an approximation argument.

(d) is but the formulation dual to (¢) (see [31, §6.2].)

(d) = (e). A computation yields

= sup AreZe?y|. (8)

et lelli=1gog,

(e) = (f) is [32, Th. 4.2]. (The proof can be found in [31, §6.3] and in [30, §5].)

(f) = (9), (f) = (h) can be found in [30, Th. 6.1].

(9) = (h). In fact, a forest is the union of a column section I’ with a row section I (a bisection
in the terminology of [32, Def. 4.3].) It suffices to prove this for a tree. Let its vertices be indexed
by words as described in the Terminology. Then the set I’ of couples of the form (w,w™¢) with w
a word and ¢ a letter is a column section; the set I of couples of the form (w™r, w) with w a word
and r a letter is a row section.

(h) = (i) is [30, Th. 4.5]. Note that row sections and column sections form 1-unconditional basic
sequences in S*° and are 1-complemented in S*° by Prop. 3.1.

(1) = (a) follows from the open mapping theorem.

6 Closed walk relations

We now introduce and study the combinatorial objects that we need in order to analyse the expansion

of the function defined by
P

Di(e,a) = tr}z €q04q€q 9)

qel

for I C R x C, a positive even integer p = 2k, signs ¢, € T and coefficients a, € C, of which only a
finite number are nonzero. In fact,

k
(I)[(E, a) = tI‘( Z (emamem)*(ewc/awc/ eT/C/))
(rye),(r'se)el

k
_ -1 —
=tr Z H(eTicia""iCieCiTi)(eT;CIia‘T;CfLeT;CIi)

(11,01), (7 ,1) evey 1=1 (10)
(rscr), (ry,cp,) €1
k
_ -1 — _
= E H €ric; Cricipr1OriciArici (Where Ck+1 = cl')
(r1,¢1),(r1,¢2)50 0, i=1

(riscr), (T cup1) €T

The latter sum runs over all closed walks (c1,71,¢2,...,ck,ri) of length p in the graph I. With
multinomial notation, its terms have the form ~°@*a? with |a| = |3| = k. The attempt to describe
those couples (a, 8) that effectively arise in this expansion yields the following definition.

Definition 6.1. Let p = 2k > 0 be an even integer and I C R x C.

(a) Let Af = {aeN": 3" a, =k} and set
Bl = {(a,ﬁ) EAL X AL Vr Y e =) Breand Ve Y are =3, Bm}.
(b) Two couples (!, 3') € Bil, (a?,3%) € Biz are disjoint if k1,ks > 1 and

al.>1 = V(@',e)el a%,=0 and V(r,d)el o, =0. (11)

11



(¢) The set #,! of closed walk relations of length p in I is the subset of those («,3) € Bf that
cannot be decomposed into the sum of two disjoint couples.

(d) Let Wé be the set of closed walks of length p in the graph I. To every closed walk P =
(c1,71,¢2,72,. .., ¢k, 1) of length p we associate the couple (a, ) € Aé X Aé defined by

g = #[iE {1,...,k}: (ri,¢0) ZQ]
Bo=#[i€{1,....k} : (ri,ciy1) = q] (where cpi1 = c1.)

We shall write P ~ (a, 3) and call n,s the number of elements of W mapped onto («, 3).

Note that the conditions in Eq. (11) is in fact symmetric and that it may be stated with ' and
B2 instead of a! and o?.

Example 6.2. Let R=C = {0 ,3} and I = Rx C. The couple (600+611+622+633,601+610+
es3 + €32) is an element of BI \WI. it is the sum of the two disjoint closed walk relations (egg + €11,
eo1 + e10) and (eq2 + €33, €23 + €32).

Ezample 6.3. Let I = R x C' = {0,1} x {0,1}. Two closed walks are associated with the closed walk
relation (egp + €11, €01 + e10) € #4: the two cycles (col0,row0, col1,row 1) and (col1,row 1, col0,

row0). Six closed walks are mapped onto the closed walk relation (2eqp + 2e¢1, 200 + 2€01): the
4!
2130 concatenations of a permutation of (col 1,row0), (col1,row0), (col0,row0), (col0,row0).
The next proposition shows that, for our purpose, closed walk relations describe entirely closed
walks.

Proposition 6.4. Let p = 2k > 0 be an even integer and I C R x C'. The image of the mapping in
Def. 6.1(d) is #,!

(a) if P € WL and P ~ (a, B), then (o, B) € #!;
(b) if (o, B) € #L, then there is a P € W} such that P ~ («, 8), so that nag > 1.

Proof. (a). Let P = (¢1,71,¢2,72,...,Ck, k). In fact,

Z Qe = ZE{l k}irizr]zzcﬂrc
Za”: [i € {1,. k}ZCiZC]ZZTﬁrc

and (a, 8) € BL. If (o, B) = (o, BY) + (a2, B?) with (a?, 3") € BL and k; > 1, there is an i such that
oy, =landa?, ... >1 (where (riy1,cip1) = (r1,c1) if i = k. ) If B, =1, then Y ag..  >1,
so that there is an r such that ol o1 = 1. Otherwise BT cipr = 1, so that Yoo ar . = 1 and there is a
¢ such that a? . > 1. Therefore (o', ') and (a2, 3%) are not disjoint and («, 8) € #/.

(b). We have to find a closed walk of length p that is mapped onto («, ). If &k = 0, the empty
closed walk suits. Suppose that k > 1; Consider a walk (c1,71,¢2,72,...,¢j,7j,¢iy1) in I such that
of = #i: (ri,¢) = ] < agand By = #[i : (ri,cip1) = q] < By for every g€ RxC, and furthermore
Jj is maximal. We claim (A) that ¢;+1 = ¢; and (B) that j = k. Let (o?,8%) = (« B) (at, BY).

(A) If Cj+1 7& C1, then

Z anﬁlz #ie{l,...,j}:c=cj+]
Z ﬁ”ﬁl—#ze{l "’]+1}:Ci:cj+1]:1+ZTa"1‘Cj+1’

so that there must be ;1 with a2 1,40 = 1. But then

Z ﬂ’"ﬂrlc B Z 72"J+lc 21

and there must be ¢j1o such that 32 > 1: j is not maximal.

T +1C +2
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(B). Suppose that j < k. Then ( L ph) e BI and (a?,3?) € BI By hypothesis, they are not
disjoint: there are 7, ¢, ¢’ such that al.a?. > 1 or 7,7/, ¢ such that arcar . = 1. By interchanging R
and C and by relabelling the vertices if necessary, we may suppose without loss of generality that

for rj = r; there is ¢} such that afic,l > 1. Then there is 0’2 such that 62, , > 1. By the argument

used in Claim (A) there is a closed walk (c},79,¢,..., ¢}, 1) such that #[ i:(rj,c) =q] <a and
1:(rl, ¢ where ¢}, = ¢} en the closed wa
N AN 2 (wh 41 1.) Then the closed walk
(C1,71,C2, 500y Cjy T, Coy Ty oo iy T €], Y)
shows that j is not maximal. O

We are now in position to state the following theorem, a matrix counterpart to the computation
presented in [14, Prop. 2.5(ii)].

Theorem 6.5. Let p = 2k be a positive even integer and I C R x C.

(a) The function ®1 in Eq. (9) has the expansion

Dy(e,a) = Z nase’ a%a”, (12)
(a,B)eW]

where naz > 1 for every (o, B) € #L.
(b) If e € T! and a € (SP)! is finitely supported, then the function

p

Uy(e,a) = tr Zeqaqeq (13)
qel
has the expansion
k
Z e Z H Ay o Oriciyy (With ¢y = c1.) (14)
(e.B)eW] (c1,r1,eescn,ri)~ (e, B) i=1
Proof. This follows from Def. 6.1 and Prop. 6.4. O

Note that the edges of a closed walk P ~ («, ) are precisely those {r, ¢} such that a,. + frc > 1
P is a cycle if and only if P does not have length 0 or 2 and ), ay.. < 1 for all cand >, a,. <1 for
all . We now show how to decompose closed walks into cycles.

Proposition 6.6. Let P = (c1,r1,¢2,72,..., ¢k, 7) ~ (o, §) be a closed walk.

(@) Ifri =r; (vs. ¢; = ¢;) for some i # j, then P is the juxtaposition of two nonempty closed walks
Py~ (', BY) and Py ~ (a?, B°) such that (a, B) = (', ') +(a?, 8%) and 3= ap., 3. 0f . > 1
(US' Zr a’ll“ci ? ZT a%ci 2 1)

(b) P is the juxtaposition of nonempty closed walks P; ~ (ad,B9) such that Y, ai. < 1 for all ¢,
EC CY‘,’];C < 1 for a/ll T and (a’ﬁ) = E(aj’ﬁ])

(¢) There are cycles P; ~ (a?,37) and a v such that (a, ) = (7,7) + Y. (ad, 37).

Proof. (a). If r;, = r; for i < j, we may suppose that j = k: consider the closed walks P, = (¢,
T, .G, 1) and Py = (Cig1,Tig1,.--,Ch,Tr). I ¢; = ¢; for i < j, we may suppose that ¢ = 1:
consider then Py = (¢1,71,...,¢j-1,7j-1) and Po» = (¢;,75,. .., Ck, k).

(b). Use (a) in a maximality argument.

(c). Note that the closed walks P; in (b) are either cycles or have length 2; in the latter case
P = q ~ (eq, e,) for some g € I. O
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7 Schur multipliers on a cycle

We can realise a cycle of even length 2s, s > 2, in the following convenient way. Let I' = Z/sZ. Then
the adjacency relation of integers modulo s turns I' into the cycle (0,1,...,s — 1) of length s. We
double this cycle into the bipartite cycle (col0,row0,coll,rowl,... ,cols — 1,rows — 1) on T II T,
corresponding to the set of couples I = {(4,4),(i,i+ 1) :9 €T} CT' x I': I is the pattern

0 1 2 s—2 s—1
0 * * 0
1 x %
2 0O 0 = 0
s=—2| 0 0 0 . % *
s—1 * 0 0o . 0 *

[ is the group dual to G =T' = {z € C: 25 = 1}. We shall consider the space LA (G) spanned by
A = {1,z} in LP(G), where z is the identical function on G: its norm is given by |[la + bz||r(q) =

(571 Xy la+b2fr) /7.

Proposition 7.1. Let 0 <p < oo, s =2 and I = {(i,i),(i,i+1) :i € Z/sZ}. Let e € T! be a Schur
multiplier by signs on SY.

(e)

The Schur multiplier € has the same norm as the Schur multiplier € given by é; = 1 for q #
(s —1,0) and és_1,0 = €0€o1 - - - Es—1,5—1€5—1,0-

The Schur multiplier € has the same norm as € given by €; = 1 and €é; ;41 = ¥ with ¥ any sth
root of és—1,0 or its complex conjugate: without loss of generality, 9 = e'® with o € [0,7/s].

The norm of € on S} is bounded below by the norm of the relative Fourier multiplier p : a+bz —
a+ bz on LE(G); their complete norms are equal.

The norm of € on St and on S5° is equal to the norm of p on L} (G) and on LL(G): this norm

is
cos(a/2 —m/2s)  max.s—_1 [V + 2]

cosT/2s L+ eln/s

The Schur multiplication operator M is an isometry on Sy if and only if p/2 € {1,2,...,s—1}
oT €00€01 -+ - €5—1,5—1€5-1,0 = 1.

Proof. (a) and (b) follow from the matrix unconditionality of Schatten-von-Neumann norms (see
Eq. (4)) and from the fact that the Schur multipliers ¢ and € = (€;)4er have the same norm on S%.
(¢) follows from Prop. 2.5.
(d). Let us compute f(8) = ||1 + eiﬁzHLl(G). As f(B) = f(B+2n/s) = f(—p), we may suppose
without loss of generality that 5 € [0,7/s]. Then |5/2 + kn/s| < /2 if —|s/2] <k < [s/2] — 1, s0

that

[s/2]—1

1 o o
_ - ip ,2ikm/s
F(8) = - > |1+ee ]
k=—s/2]
[s/2]—1
== ) cos(8/2+kn/s)
5
k=—|s/2]
ils/2]m/s —ils/2]/s
:g% eiB/2e[/]/__e Ls/21/
p SEyr—
_ 2 cos(B8/2 —m/2s) if sis even
 ssin(m/2s) | cos(3/2) if s is odd.
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This shows in both cases that the norm of y on L} (G) is bounded below by cos(a/2 — 7/2s)/
cos(m/2s). The complete norm of p on LY(G) is equal to its norm and thus to the maximum of
g(w) = |lw + 9zl @)/ 1w + 2|l () Tor w € C. Let w = re'? with 7 > 0 and 8 € R. Note that

w2l ) = [+ X4E77)
is a decreasing function of d(8, (27/s)Z) and that
dla— B8, (2n/s)Z) < d(B, (27/s)Z) < p € la/2,m/s+ /2] mod 27 /s.

As g(w) = g(wz) if 2° = 1, we may suppose without loss of generality that 5 € Ja/2,7/s + a/2].
Therefore

glw)= ¢ vl
‘uﬂﬁ if B €lr/s,m/s+a/2[

As g tends to 1 at infinity and g(w) = 1 if 8 € {a/2,7/s 4+ «/2}, the maximum principle shows that
g attains its maximum with 8 = 7/s. Finally,

in/s2 14 2rcos(m/s —a) +r?
g(re /) _ ( / ) -
1+ 2rcos(m/s) +r

B cos(m/s — ) — cosm/s oim/5\2 _ cos(m/2s — a/2)\”
=1 cos(m/s) + (r+1/r)/2 <90 ) ( cosm/2s ) '

(e). If pis not an even integer and ¥ # 1, then y is not an isometry on L (G): otherwise the functions
z and ¥z would have the same distribution by the Plotkin-Rudin Equimeasurability Theorem (see [11,
Th. 2]). If p € {2,4,...,25— 2}, then I contains no cycle of length 4,6, ...,p, so that by Prop. 6.6(c)
every closed walk P ~ (a, () satisfies a = 8. The function ®;(e, a) in Eq. (9) is therefore constant in
€ by Th. 6.5(a). If p € {25,2s+ 2,...}, the closed walk relation

(a, B) = (Z €ii, Z ei,i+1) + (p/2 — s)(eo0; €00)

iel i€l
satisfies nop > 1 by Prop. 6.4. Then the coefficient of ®7(e,a) in a®a” equals
NaBE00EOL - - - €s—1,5—1€5—1,0
and must equal the same quantity with e replaced by 1 if € defines an isometry on S¥. o

Remark 7.2. See [12, p. 245] for a similar application of the Plotkin-Rudin Equimeasurability Theorem
in (e).

The real unconditional constant of I is therefore the norm of € with = 7/s, and the complex
unconditional constant is the maximum of the norm of € for « € [0,7/s]. This yields

Corollary 7.3. Let 0 < p < oo and s > 2. Let I be the cycle of length 2s.
(a) I is a real 1-unconditional basic sequence in SP if and only if p € {2,4,...,2s — 2}.

(b) The real and complex unconditional constants of I in the spaces S' and S*° equal sec/2s.

8 1l-unconditional matrices in S?, p not an even integer

We now state the announced isometric counterpart to Varopoulos’ characterisation of unconditional
matrices in S*° (Section 5) and its generalisation to S? for p not an even integer.

Theorem 8.1. Let I C R x C be nonempty and p € (0,00] \ 2N. The following are equivalent.

(a) I is a complex completely 1-unconditional basic sequence in SP.
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I is a complex 1-unconditional basic sequence in SP.

(b
(

c) I is a real 1-unconditional basic sequence in SP.

(

(e) For each e € T there are ( € TC and n € TR such that e, = ((c)n(r) for all (r,c) € I.

(f) For each e € {—1,1} there are ¢ € {—1,1}¢ and n € {—1,1}® such that e.. = ¢(c)n(r) for all
(r,e) el.

)
)
d) I is a forest.
)
)

(g9) I is a set of V-interpolation of constant 1: for all ¢ € ¢5°

> Greec®e,

(r,c)eRxC

. @l = so} = sup |- (15)
g Y qel

inf {

(h) I is a V-Sidon set of constant 1: for all v € co(I)

Y. Breec®er

(r,c)eRxC

D Qlr =so} = sup [pg]. (16)

inf{ R :
co(C) ®co(R)

v
(i) For every tensor u = } . yeyOre€c ® € in 05 @ 0, with support in I we have ||u||e1 v =
(e}

Ly

Z(T,C)GI |a7‘C| :

(7) (2¢2;.)(r.c)er is a Sidon set of constant 1 in the dual of TC x TE, that is, a 1-unconditional basic
sequence in C(TC x TR): if (a,.) is finitely supported,

Z AreZe?)| = Z lare| -

(rye)el (r,c)el

sup
(2z,2")€TC XTE

(k) For all R C R and C' C C with k > 1 elements #[IN R x C'] <2k — 1.

(1) I is an isometric interpolation set for Schur multipliers on S°°: every ¢ € (5° is the restriction
of a Schur multiplier on S*° with norm [[Myl| = [[¢]|¢s .

Proof. (a) = (b) = (c) is trivial.

(¢) = (d). Suppose that I contains a cycle (cg,ro,...,cs—1,7s—1) with s > 2. Cor. 7.3(a) shows
that I is not a real 1-unconditional basic sequence in SP.

(d) < (k). A tree on 2k vertices has exactly 2k—1 edges, so that a forest I satisfies (k). Conversely,
a cycle of length 2s is a graph with s row vertices, s column vertices and 2s edges.

(d) = (e). Suppose first that I is a tree and index the vertices of its edges by words w € W as
described in the Terminology. Let us define n and ¢ inductively. If r is the root of the tree, indexed
by @, let n(r) = 1. Suppose that 7 and ¢ have been defined for all vertices indexed by words of
length at most 2n. If ¢ is indexed by a word w of length 2n + 1, let r be the vertex indexed by the
word of length 2n with which w begins and let {(¢) = €(r,¢)/n(r). If r is indexed by a word w of
length 2n + 2, let ¢ be the vertex indexed by the word of length 2n + 1 with which w begins and
let n(r) = €(r,c)/¢(c). If I is a union of pairwise disjoint trees, we may define n and ¢ on each tree
separately. We may finally extend 1 to R and ¢ to C in an arbitrary manner.

(d) = (f) may be proved as (d) = (e).

(f) = (c). If (f) holds, then every Schur multiplier by signs e € {—1,1}! is elementary in the
sense that € = ( ® 7. The complete norm of M. on any S is therefore ||C||ez [|7]l¢2e = 1.

(€) = (g). If (e) holds, every ¢ € T! C ¢3° may be extended to an elementary tensor ¢ ® n of
norm 1. (g) follows because every element of £3° with norm 1 is the half sum of two elements of T?:
note that e’ cosu = (e!t+) 4 ellt=w) /2,

(9) = (h). It suffices to check Equality (16) for ¢ with support contained in a finite rectangle set

R x C'. As (7, éé%", is a subspace of & éﬁ%", Eq. (15) yields Eq. (16).
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(h) & (i) because they are dual statements.

(1) & (4). Use Equality (8).

(h) = (1) may be deduced by the argument of Prop. 3.1(a) = (b).

(I) = (a). Taking sign sequences ¢ € T! in (I) shows that all relative Schur multipliers by signs
n S¢° define isometries. Apply Prop. 4.3. O

Remark 8.2. The equivalence of (e) with (j) may also be shown as a consequence of the characteri-
sation of Sidon sets of constant 1 in [4].

Let us now answer Question 1.3.

Corollary 8.3. Let I C R x C. The following are equivalent.

(a) For all ¢ € co(I) one has ||Z(r,c)el Pre€e @ € H SUP,e |og]-

co(C) 8o (R)

(b) There are pairwise disjoint sets R; C R and pairwise disjoint sets C; C C such that R; or C; is
a singleton for each j and I =|J R; x C;: I is the union of the column section |, ry—1 1t % Cj
with the disjoint row section J, ry>1 1 < Cj.

(¢) I is a union of pairwise disjoint star graphs: every path in I has length at most 2.

Proof. (a) = (b) follows from Prop. 3.1(a) = (d) and Th. 8.1(g) = (d).

(b) < (c). (b) holds if and only if (r,¢), (', ¢), (r,c) € I = (r =7' or ¢ = ¢’) and therefore if and
only if (¢) holds.

(b) = (a). Suppose (b) and let ¢ € co(I). Let aj = sup(,. oye g, xc, [orel/?. If a = 0, let us define
0’ =0 and 7/ = 0. Otherwise, if R; is a singleton {r}, let us define ¢/ = aje, and 77 by v = SDTC/OZJ
1f ¢ € C; and 7J = 0 otherwise. Othervvlse C; is a singleton {c} and we define 7/ = aje. and ¢’ by

= prc/aj if r € R; and ol = 0 otherwise. Note that the 77 have pairwise disjoint support and are

null sequences, as Well as the ¢/. Then

Z Pre€c @ €y = Zvj ®o = averja:%e(z Gj’yj) & (Z ejgj)
j 9= J j

(r,c)erl

A
is an average of elementary tensors in co(C') ® co(R) of norm sup,c; |¢q], so that this average is also
bounded by this norm, which obviously is a lower bound. O

9 1l-unconditional matrices in SP, p an even integer

Let us now prove Theorem 1.5 as a consequence of Theorem 6.5 together with Proposition 6.6(c).

Theorem 9.1. Let I C R x C and p = 2k a positive even integer. The following assertions are
equivalent.

(a) I is a complex completely 1-unconditional basic sequence in SP.
(b) I is a complex 1-unconditional basic sequence in SP.

(¢) For every finite subset F C I there is an operator x € SP, whose support S contains F, such
that HZ eqzqequ does not depend on the complex choice of signs € € TS.

(d) I is a real 1-unconditional basic sequence in SP.

(e) For every finite subset F' C I there is an operator x € SP with real matriz coefficients, whose
support S contains F', such that HZ eqzqequ does not depend on the real choice of signs € €

{—1,1}%.
(f) FEwvery closed walk P ~ («, 8) of length 2s < 2k in I satisfies « = (5.

(g) I does not contain any cycle of length 2s < 2k as a subgraph.
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(h) For each v,w € V there is at most one path in I of length | < k that joins v to w.

Proof. (a) = (b) = (c), (b) = (d) = (e) are trivial.

(¢) = (g). Suppose that I contains a cycle P ~ (v, ) of length 2s < 2k: the corresponding set of
couples is F' = {q: 74+ 4 = 1}. Let x be as in (c) and let (o, 8) = (7,9) + (k — s)(eq, 4) for some
arbitrary ¢ € F. Then (o, 8) € #;°. Consider f(e) = ||Z eqxqeqHZ as a function on the group T%.

Then the Fourier coefficient f(e?~) of f at the Steinhaus character ¢~ is, by Th. 6.5(a),

> {ne@at:(,Q) e # and ( — e =B - a}
= EV,’L*S Z{?’ngfa—’)’xc—é . (E, C) c %S and C C§—e— ,y}

(Note that 8 — a = 6 —+.) As this last sum has only positive terms and contains at least the term
corresponding to (a, ), f cannot be constant.
(e) = (g). Let P~ (v,9), F ={q: v+, =1} and (o, B) be as in the proof of the implication

(¢) = (h). Let x be as in (e). Consider f(e) = |3 €szqe, ‘Z as a function on the group {—1,1}°.

Then the Fourier coefficient f(eﬁ*‘l) of f at the Walsh character ¢~ is, by Th. 6.5(a),

Z{nsgxﬁc (e, ) e and (—e=B—a (mod2)}
= g7*e Z{ngcxﬁcdyf‘s t(e,0) e and(—e=0—7 (mod2)}.

As this last sum has only positive terms and contains at least the term corresponding to (a, ), f
cannot be constant.

(f) < (9). Apply Prop. 6.6(c).

(9) & (h). If I contains a cycle (vo,...,v25—1), then I contains two distinct paths (vg,...,vs),
(vo,v25—1,...,0s) of length s from vy to vs. If I contains two distinct paths (v, ..., v1), (vg,...,v})
with vg = v, vy = v}, and [,I" < k, let a be minimal such that v, # v, let b > a be minimal such
that vy € {v),...,v},} and let d > a be minimal such that v, = v,. Then (vo—1,...,Vp,Vy_q,...,0})

is a cycle in I of length 2s < 2k.
(f) = (a) holds by Theorem 6.5(b): If each (a, ) € #;! satisfies o = 3, then Eq. (14) shows that
U;(e, z) as defined in Eq. (13) is constant in e. O

Remark 9.2. The equivalence (b) < (g) is a noncommutative analogue to [14, Prop. 2.5(ii)].

Remark 9.3. In [15, Th. 2.7], the condition of Th. 9.1(f) is visualised in another way: a closed walk
P =(c1,r1,...,¢s,75) ~ (0, 8) in N x N is considered as the polygonal closed curve v in C with sides
parallel to the coordinate axes whose successive vertices are r1 +ici1, 1 +ico, 1o +1ico, ..., rs—1 +ics,
rs + ics, 7s + ic; and again r1 + ic;. Then o = f if and only if the index with respect to «y of every
point not on 7 is zero, if and only if v can be shrunk to a point inside of the set of its points.

Remark 9.4. One cannot drop the assumption that x has real matrix coefficients in Th. 9.1(e).

Consider a 2 x 2 matrix . Then traz*z = 3 |z,]? and det z*z = |zooz11 — To1210|>. This shows that
1 1

if R(Tooz11201210) = 0, €.8. = <1 i)’ then the singular values of z do not depend on the real

sign of the matrix coefficients of x, whereas (col 0,row 0, col 1,row 1) is a cycle of length 4.

Remark 9.5. Theorem 9.1(h) = (a) is the isometric counterpart to [9, Th. 3.1], which shows in
particular that I is an unconditional basic sequence in S?* if the number of walks in I between
two given vertices of length k£ and with no edge repeated has a uniform bound. The following
combinatorial problem arises naturally: if I satisfies this latter condition, is it so that I is the union
of a finite number of sets I; such that there is at most one path of length at most k in I; between
two given vertices? In the simplest case, k = 2, William Banks, Ilijas Farah, Asma Harcharras and
Dominique Lecomte [2] have deduced from [24] that it is not so.
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10 Metric unconditional approximation property for S}

Let R,C be two copies of N. It is well known that, apart from S2, no SP has an unconditional
basis or just a local unconditional structure (see [23, §4].) S* and S*° cannot even be embedded in
a space with unconditional basis. If 1 < p < oo, then SP has the unconditional finite dimensional
decomposition

P P
@ S{(T,c):rén,c:n} & S{(T,c):r:n+1,c<n}
neN

because the triangular projection associated to the idempotent Schur multiplier (y,<.) is bounded

~
on SP.

Definition 10.1. Let X be a separable Banach space and S =T (vs. S = {—1,1}.)

e A sequence (T}) of operators on X is an approzimating sequence if each T}, has finite rank and
|ITxx — z|| — O for every € X. An approximating sequence of commuting projections is a
finite-dimensional decomposition.

o ([18].) The difference sequence (ATy) of (T}) is given by ATy = Ty and ATy, = Ty, — Ty—1
for k > 2. X has the unconditional approzimation property (uap) if there is an approximating
sequence (T}) such that for some constant D

n

Z €kATk

k=1

<D forall nand e, €8S.

The complex (vs. real) unconditional constant of (T}) is the least such constant D.

e ([5, §3], [7, §8].) X has the complex (vs. real) metric unconditional approzimation property
(muap) if, for every ¢ > 0, X has an approximating sequence with complex (vs. real) uncondi-
tional constant 1+ 6. By [5, Th. 3.8] and [7, Lemma 8.1], this is the case if and only if there is
an approximating sequence (T}) such that

sup | Ty + e(1d — Tp)|| — 1. (17)
eeS

X has (muap) if and only if, for every given § > 0, X is isometric to a 1-complemented subspace of
a space with a (1+4§)-unconditional finite-dimensional decomposition [6, Cor. IV.4]. If X has (muap),
then, for any given § > 0, X is isometric to a subspace of a space with a (1 + ¢)-unconditional basis.

Ezample 10.2. The simplest example is the subspace in SP of operators with an upper triangular
matrix. In fact, if I C R x C is such that all columns I N R x {¢} (vs. all rows I N {r} x C) are
finite, then S} admits a 1-unconditional finite-dimensional decomposition in the corresponding finitely
supported idempotent Schur multipliers x;nrx{c} (V8- X1n{r}xc-)

Our results on complete 1-unconditional basic sequences yield the following theorem.

Theorem 10.3. Let 1 < p < 0. Let R, C R, r € N, be pairwise disjoint and finite. Let C, C C,
c € N, be pairwise disjoint and finite. Let J C NxN and I = U(r,a)eJ R, x C.. Then the sequence of
Schur multipliers (Xr, xc.)(r,c)es forms a complex 1-unconditional finite-dimensional decomposition
for SY if and only if J is a forest or p is an even integer and J contains no cycle of length 4,6, ..., p.

We may always suppose that approximating sequences on spaces S7 are associated to Schur
multipliers. More precisely, we have

Proposition 10.4. Let 1 < p < oo and I C R x C. Let (T,,) be an approximating sequence on SY.

Then there is a sequence of Schur multipliers (¢,) such that (M, ) is an approximating sequence on
SY and such that if (T,,) satisfies (17), then so does (M, ).
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Proof. Let d,, > 0 be such that §,, — 0. As T}, has finite rank, there is a finite R,, x C,, C R x C such
that the projection Pgr, xc, of SP onto Slljanxcn defined by the Schur multiplier x¢, ® xr, satisfies
|1Pr, xc, Tn — Th|| < 0n. Let ¢, be the Schur multiplier associated to [T, g, xc, . With the notation
of Eq. (5),

M,,(z) —x = / d / AC Me- gy (P x, T — 1d) (M),
’]I‘R ’]I‘C

As Pr, xc,Tn tends to the identity uniformly on compact sets, this shows that M, is an approxi-
mating sequence. As

M,, +€e(Id —M,, ) = [Pr,xc.In + €(Id — Pr,xc,Thn)]
the norm of this operator is at most ||T}, + e(Id — T5,)|| + 265. O

This proposition shows together with Prop. 2.1 the following results.

Corollary 10.5. Let 1 <p< oo and I C R x C.

o If SV has (muap), then some sequence of Schur multipliers realises it.
o Let J C 1. If S} has (muap), then so does S*.

e If S has (muap), then so does Sf.

Let us define the following asymptotic properties.
Definition 10.6. Let 1 <p< oo, [ CRxCand S=T (vs. S={-1,1}.)

o SV is asymptotically unconditional if for every z € S and for every bounded sequence (y,) in
S? such that each matrix coefficient of y,, tends to 0

— mi — 0.
max ||z + eyn||, —min |z + eynll,

e [ enjoys the property (%) of block unconditionality in SP if for each § > 0 and finite F' C I,
there is a finite G C I such that

Vo€ Bgy Yy € Bgy - max||z +eyll, —min o+ eyll, <o.

The arguments of [14, §6.2] show mutatis mutandis

Theorem 10.7. Let 1 <p< oo, [ CRXxC andS=T (vs. S={-1,1}.) Consider the following
properties.
(a) SY is asymptotically unconditional.
(b) I enjoys (%) in SP.
(¢) SY has (muap).
Then (¢) = (a) & (b). If 1 < p < oo, then (b) < (¢). If p =1, S} has (muap) if and only if S}
has (uap) and I enjoys (%) in S*.

The case p = oo is extreme in the sense that the following properties are equivalent for S¢°: to be
a dual space, to be reflexive, to have a finite cotype, not to contain ¢y, because they are equivalent
for I not to contain any sequence (7, ¢,) with (r,) and (¢,) injective, that is for I to be contained
in the union of a finite set of lines and a finite set of columns, so that S° is isomorphic to 7.

Let us now introduce the asymptotic property on I that reflects the combinatorics imposed by
(muap).

Definition 10.8. Let ] C R x C and k > 1.
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e [ enjoys property g if for every path P = (co,r0,...,¢j,7;) of odd length 2j +1 < k in I
there is a finite set R’ x C’ such that P cannot be completed with edges in I \ R’ x C’ to a
cycle of length 2s € {45 +2,...,2k}.

e The asymptotic distance doo(r,c) of ¥ € R and ¢ € C in I is the supremum, over all finite
rectangle sets R’ x C”, of the distance from r to cin I \ R’ x C".

The asymptotic distance takes its values in {1,3,5,...,00}. Note that _#; is true and that
I = _Zr—1. This implication is strict: let i, C be two copies of N and, given j > 1, consider the
union I; of all paths (col0,rownj + 1,colnj+1,...,rownj + j,colnj + j,row0) of length 25 + 1.
Then I; contains no cycle of length 2s € {4,...,4;5} and therefore enjoys _#>;, but fails _#2;,1;
I; U {(row0, col0)} contains no cycle of length 2s € {4,...,2j} and thus enjoys _#Z;, but fails #;,1.
In particular, the properties #j, k > 2, are not stable under union with a singleton.

Let us now explicit the relationship between ¢ and d.

Proposition 10.9. Let I C Rx C and k > 1.

(a) I enjoys #i if and only if any two vertices r € R and ¢ € C at distance 2j + 1 < k satisfy
doo(r,c) = 2k — 25 + 1.

(b) If dso(r,c) = 2k + 1 for all (r,c) € R x C, then I enjoys #.
(¢) If dso(r,c) < k for some (r,c) € R x C, then I fails #j.
(d) I enjoys #i for every k if and only if dos (1, c) = 00 for every (r,c) € R x C.

Proof. (a) is but a reformulation of the definition of ¢}, and implies (b).

(d) is a consequence of (b) and (c).

(¢). If deo(r,c) < Kk, then there is 0 < j < (k — 1)/2 such that there are infinitely many paths of
length 2j + 1 from c to r: there is a path (¢,r1,¢1,...,75,¢;,7) that can be completed with edges
outside any given finite set to a cycle of length 45 + 2 < 2k. O

Theorem 10.10. Let I C Rx C and 1 < p < oo. If p is an even integer, then S§ has complex or
real (muap) if and only if I enjoys #p/o. If p = oo or if p is not an even integer, then S§ has real
(muap) only if I enjoys Zi for every k.

Proof. Suppose that I enjoys (%) in SP and fails _#j. Then, for some s < k, I contains a sequence of
cycles (co, 70, -, Cj—1,7j-1,¢5, 77, ..., cd_q,75_1) with the property that ||z —yll, < (1+1/n)|[z+yl,
for all & with support in {(ro,co), (ro,c1),...,(rj—2,¢j—1), (rj—1,¢j—1)} and all y with support in
{(rj—1,c0), (7, c}), .o (rE_y,¢8-1), (T§q,c0)}.  With the notation of Section 7, this amounts to
stating that the multiplier on I = {(4,4),(i,i + 1)} C Z/SZ x Z/sZ given by €. = 1 if r,c €
{0,...,7 — 1} and €. = —1 otherwise actually is an isometry on S}. As €qep1 ... 6 15-1€s—10 =
(—1)25723+1 = —1  this implies by Prop. 7.1(e) that p/2 € {1,2,...,5 —1}.

Suppose that I enjoys #;. We claim that for every finite /' C I there is a finite G C I such
that every closed walk P ~ (a, ) of length 2k in I satisfies }° ;o8¢ — @ = 0. This signifies
that given a closed walk (vg,...,v2x—1) and 0 = ag < by < +++ < @ < by < am41 = 2k such that

Vags---s V-1 € I\ G and vp,, ..., V4, , -1 € F,
{iE{O,...,m}:ai,bi even}: {Z'E {0,...,m} : a;,b; odd}.

Suppose that this is not true: then there is an s < k, there are 0 = ag < by < -+ < @ < by, < 28

and there are cycles (U;‘O, s Ut 15 Ubgy ey Vag—Ty e vy Ugl yeeey Ut 13Uy .,V2s—1) such that the
(V)0 are injective sequences of vertices and b; — a; is even for at least one index 4: let us suppose
so for i = 0. If by — ag > s — 1, consider the path P = (vpy, ..., Vag—1,050s -V, _15Vbys---»V251)
of odd length 2s — 1 — (bg — ap); if bg — ap < s — 1, consider the path P = (vgs,l,vgo, . ,v,?o_l,vbo)

of odd length by — ag + 1. Then P can be completed with vertices outside any given finite set to a
cycle of length at most 2s because (vas—1,v sV 1 U, ) is a path of length by — ag + 1 in I for
every n. This proves that I fails _Z,.

n
ag) "
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The claim shows that I enjoys (%) in SP for p = 2k. In fact, if &€ € TFYU\G) is defined by ¢, = 1
for g € Fand ¢, =¢c €T for ¢ € I\ G, then, with the notation of Th. 6.5,

rune) (& a) = Z naﬂezq@\c Pamcagogp
(ayﬁ)GWkFu(I\G)

does not depend on ¢, so that ||z + ey||ax = ||z + y||2x if z € S2¥ and y € S?’\Cg, and S?* has complex
(muap) by Th. 10.7(b) = (¢). O

Remark 10.11. This theorem is a noncommutative analogue to [14, Th. 7.5].

11 Examples

One of Varopoulos’ motivations for the study of the projective tensor product ¢, <§> l~ are lacunary
sets in a locally compact abelian group.

Let T" be a discrete abelian group and A C I'. Let us say that A is n-independent if every element
of I' admits at most one representation as the sum of n terms in A, up to a permutation. For example,
the geometric sequence {j*}r>o with j € {2,3,...} is n-independent in Z if and only if j > n [14,
§3]. If A is n-independent for all n, then A is independent. Let

Zn={C€Z":> ¢ =0and Y [¢] < 2n]

yEA yEA

and Z = |JZ,. Then A is n-independent if and only if, for every ¢ € Z,,

> Gy=0= ¢=0

YEA

and A is independent if and only if this holds for every ¢ € Z.

Let us say that A is n-independent modulo 2 if in every representation of an element of I" as the
sum of n terms in A, each element of A appears the same number of times modulo 2. In other words,
for every ¢ € Zy,,

ZQW:O = VyeA (=0 (mod2);
vEA

A is independent modulo 2 if this holds for every ¢ € Z. If " contains no element of order 2, then one
may always suppose that at least one coefficient ¢, of a nontrivial relation )" ¢,y = 0 is odd, so that
these two latter notions “modulo 2” coincide with the two former ones.

Let G = f‘, so that I" is the group of characters on G. Then the computation presented in [14,
Prop. 2.5(i7)] for the case I = Z shows that A is a complex (vs. real) 1-unconditional basic sequence
in LP(G) with p € 2N* if and only if A is p/2-independent (vs. modulo 2). Furthermore A is a complex
(vs. real) 1-unconditional basic sequence in L?(G) with p € (0, oo]\ 2N* if and only if A is independent
(vs. modulo 2). If T' contains no element of order 2, then a real 1-unconditional basic sequence in
LP(QG) is also complex 1-unconditional. All these results hold also for the complete counterparts to
1-unconditional basic sequences.

Results on lacunary sets in a discrete abelian group transfer to lacunary matrices in the following
way, as in [30, Th. 4.2].

Proposition 11.1. Let ' be a discrete abelian group and R, C be countable subsets of I'. To every
A C R+ C associate Iy = {(r,c) e RxC:r+ceA}. Let G=T.

(a) If A is a complex 1-unconditional basic sequence in L*(G), then Iy is a 1-unconditional basic
sequence in S*.

(b) Suppose that each element of T' admits at most one representation as the sum of an element of R
with an element of C. Then every I C RXC has the form I = I with A ={r +c: (r,c) € I}. If
A is a real 1-unconditional basic sequence in LP(G), then Iy is a 1-unconditional basic sequence
in SP.
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(c) Let p = 2k be a positive even integer. Suppose that RN C = 0 and RU C is k-independent
modulo 2. Iy is a 1-unconditional basic sequence in SP if and only if A is a real 1-unconditional
basic sequence in LP(G).

Proof. (a). Let P = (¢,r,c,r") be a closed walk in Iy. Then r +¢, ' + ¢/, r+ ¢ and 7' + c are in A
while (r+¢)+ (' + )= (r+¢)+ (' +¢): if Ais 2-independent, then r 4+ ¢ € {r + ¢, 7" + ¢}, so
that ¢ = ¢ or r =’ and P is not a cycle.

(b). For each v € A, let ¢y = (r,cy) be the unique element of I such that r, + ¢, =~. If A is
a real 1-unconditional basic sequence in L?(G), then it is also a complete real 1-unconditional basic
sequence in L?(G). Let ¢ € {—1,1}4, so that ¢, € {—1,1} for all v € A. Then, as in Eq. (6),

|3 aaedl
IS IN

= X roe@arer

51,7 (r,e)€ln STy 57
- Zaqwe%’y(g) = Zaqveqv’y
vEA 7, (57) ~EA L% (G,SP(SP))

so that as in Eq. (2), by complete real 1-unconditionality of A in L”(G),
|20 canaes =[[ 3 e
IS IN

ISIIN

(¢). Each element of T' admits at most one representation as the sum of an element of R with
an element of C, so that (b) yields sufficiency. Suppose that A is not a real 1-unconditional basic
sequence in LP(G) and let ¢ € Z such that 3° ¢,y =0and J = {(r,c) € Iy : r4c # 0 (mod 2)}
is nonempty; J has at most 2k elements. Let P = (v1,...,v;) be a path in J of maximal length.
Then (y, 4o, is odd and Y {{y;4v : v; + v € A} is even because it is the coefficient of v; in the
relation > vea&y=0and RU C' is k-independent modulo 2. There is therefore v;; distinct from
vj—1 such that (; 14,,, is odd. As j is maximal and RNC = 0, Vj41 = Uj41—2; for some 2 < i < k,
so that (vj41-2i,...,v;) is a cycle of length 2¢ in J: I, is not a l-unconditional basic sequence in
SP. O

= ¥Pq,q, Cq, Y .
s7 (s®) H%\ - %ay Cay L2 (G,80(30Y) sy (87)

Let R and C be any countable sets. Consider G = {—1,1} x {1, 1} 2. If we denote by ((€¢)cec
(e))rer) a generic point in G, then the set of Rademacher functions {e.}cec U {€,}rcr is a real

1-unconditional basic sequence in C(G), so that it is independent modulo 2 in G. Similarly, the set
of Steinhaus functions {z.}cec U {2.},er is independent in the dual of T® x TF. This yields:

Corollary 11.2. Let I C R x C and p € (0,00]. The following are equivalent:

e [ is a 1-unconditional basic sequence in SP.
o {ecc. : (r,c) € I} is a real 1-unconditional basic sequence in LP(Q).
o {z.2.:(r,c) € I} is a 1-unconditional basic sequence in LP(TC x T%).

Remark 11.3. The isomorphic counterpart is also true: I is a completely unconditional basic sequence
in SP (i.e., a complete o(p) set) if and only if {e.€. : (r,c) € I} is a completely unconditional basic
sequence in LP(G) (a A(p)ep set in G, see [8] and [21, §8.1],) if and only if {z.z. : (r,c¢) € I}
is a completely unconditional basic sequence in LP(T¢ x T%). This follows e.g. from the proof of
Prop. 11.1(b) and the iterated noncommutative Khinchin inequality [21, Eq. (8.4.11)].

Harcharras [8] used Peller’s discovery [19] of the link between Fourier and Hankel Schur multipliers
to produce unconditional basic sequences in SP that are unions of antidiagonals in N x N. We have
in our context the rather disappointing

Proposition 11.4. Let ACNCZ and I = {(r,c) e NxN:r+ceA}.

(a) I is a 1-unconditional basic sequence in S* if and only if {z*}xea is a I-unconditional basic
sequence in L*(T).
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(b) If A contains three elements A < p < v such that X\ + p > v, then I is not a 1-unconditional
basic sequence in SP if p € (0,00] \ {2,4}.

(¢) If A = { M} with Agp1 > 2N\ for all k, then I is a 1-unconditional basic sequence in SP for
every p.

Proof. (a). Sufficiency follows from Prop. 11.1(a) with R = C = N. Conversely, if A contains a
solution to A+ = X 4+ p/ with A < X < g/ < p, then I contains the cycle (col0,row A, col ' —
A, row 1').

(b). Cousider the cycle (col0,row A, colv — A\, rowpu — v + A, colv — p, row p).

(¢). In fact, I is a forest. Let P = (¢1,71,...,¢k, k) be a closed walk in I. We may suppose
without loss of generality that r1 + ¢o is a maximal element of {r1 +¢1,r1 +c2,..., 7 + i, 76 + 1}
Then r1+c¢1 < r1+co and ro+c2 < 14 c2. One of these inequalities must be an equality and P is not
a cycle: for otherwise 2(r1 +c¢1) < r1 +c2 and 2(ro +c2) < 11+ cg because r1 +c¢1,71 +co, 12+ ¢ € A,
so that 2(r1 + 1+ 72 + ¢2) < 2(r1 + ¢2) and ¢; +r2 < 0. O

Remark 11.5. Further computations yield the following result. If {2*},c is a 1-unconditional basic
sequence in L(T) and if {\ < p < v} C A= A+ pu <v, then I is a 1-unconditional basic sequence
in S8 the converse does not hold.

Let us now give an overview of the known extremal bipartite graphs without cycle of length
4,6,...,2k and their size. Look up [3, Def. 1.3.1] for the definition of a Steiner system and [29,
Def. 1.3.1] for the definition of a generalised polygon. An elementary example is given in the intro-
duction with (1).

Proposition 11.6. Let2<n<m, I CRxC with#C=nand #R=m, and e = # 1.

(a) If I is a 1-unconditional basic sequence in S*, then

et (-0 (515 -1)

that is e — me — mn(n — 1) < 0. Equality holds if and only if I is the incidence graph of a
Steiner system S(2,e/m;n) on n points and m blocks.

(b) If I is a 1-unconditional basic sequence in S°®, then

et () GG ) 6

that is €3 — (m+n)e? + 2mne —m?n? < 0. Equality holds if and only if I is the incidence graph
of the quadrangle (the cycle of length 8) or of a generalised quadrangle with n points and m
lines.

(¢) If I is a 1-unconditional basic sequence in S** with k > 1 an integer, then

i

oS () =

k

=0

Equality holds if I is the incidence graph of the (k+ 1)-gon (the cycle of length 2k +2) or of a
generalised (k + 1)-gon with n points and m lines.

Proof. By Theorem 9.1(b) = (g), I is a 1-unconditional basic sequence in S?*| with k > 1 an integer,
if and only if I is a graph of girth 2k + 2 in the sense of [10]. Therefore (a) and (b) are shown in
[16, Prop. 4, Th. 8, Rem. 10]. Inequality (18) is [10, Eq. (1)] and the sufficient condition for equality
follows from [29, Lemma 1.5.4]. O
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Consult [3, Tables Al.1, A5.1] for examples of Steiner systems and [29, Table 2.1] for examples of
generalised polygons. In both cases, the corresponding incidence graph is biregular: every vertex in
R has same degree s + 1 and every vertex in C' has same degree ¢t + 1. Arbitrarily large generalised
(k + 1)-gons exist only if 2k € {4,6,10,14} [29, Lemma 1.7.1]; for 2k € {6, 10,14}, it follows from
[29, Lemma 1.5.4] that

(st)(k+1)/2 -1
st—1 ’

(st)(k+1)/2 -1

n=(s+1) st—1

m=(t+1)
Remark 11.7. Let I C R x C with #C = # R = n. Inequality (18) shows that if I is a 1-uncon-
ditional basic sequence in S%*, then # 1 < n't1/* 4 (s — 1)n/s. If p ¢ {4,6,10}, the existence of
1-unconditional basic sequences in S?* such that # I 3= n'*1/¥ is in fact an important open problem
in graph theory: extremal graphs cannot correspond to generalised polygons and necessarily have
less structure.
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