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INTRODrCTIOX 

The object of tl1ese lec:ures \\-as to lntro~uce the :istere::-s to the use of 

conomologi.::a: !~lethods :n cIai:>s ne'd theo::f. 

Cl2.ss field theo:.".>' o::;gina:ed ;n the cisco\"erj" by Hi:bert of the relationship 

\,·h:.::b e'<:ists bet·,yeen abelian umamif.ed extenslOn of a n.e;d K of algebraic 

nu:nbers and the group of Ideal cls.sses in K. Hilbert's contr;but;on ,,\-'as mostly 

In the v;ay of conjectures; moreover, it seems likely that he was mostly inter­

ested in the fact th3.t all Ideals of K become principal in the .. absolute class 

field" of K (Hauptideals3.tz l. a fact which appears now rather as a corollary of 

the main theorems than as a fundamental pbenomen:m. Class Eeld theory proper 

was created by Ta:'::agi and .>\.:-tin. To Takagi is due the discoyery of the 1-1 

correspondence \vhich exists between all abelian overfield L of K and certain 

su.bgroups H of the groups of ideals in K; H is the group generated by the 

relari\-e norms of ideals of L which are prime to a certain ideal 1 of K (the 

''.Jnductor) and by the principal ideal (a-), where a: == 1 (mod n. Let Ho] be the 

group of all ideJ.is prime to f in K; then Takagi had shown that Hoi H is iso­

morphic to the Galois group G) of L K. Artin"s general law of reciprocity es-

1:3.blished effectively an isomorphism between Ho I H and ~; this law includes. 

all reciprocity laws previously known, beginning with the famous Gaussian quad­

ratic reciprocity law. 

After Takagi and Artin, no really important progress was made until quite 

recently, with the use of the methods of cohomology theory. One of the most 

baffling features of classical class fieJd theory was that it appeared to say practi­

calIf nothing about normal extensions which were not abelian. It was discovered 

hi A. Weil and, from a different point of view, by T. Nakayama that class field 

tlleory was actually much richer than hitherro suspected; in fact, it can now 

be formulated in the form of statements about normal extensions without any 

mention whatsoever of abelian extensions. Of course, it is true that it is only 

in the abelian case that these statements lead to laws of decomposition for prime 

ideals of the subfield and to the law of reciprocity. Nevertheless, it is clear 

that, by now, we know something about the arithmetic of non abelian exten­

sions. In fact, since the work of J. Tate. it may be said that we know almost 
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eV2:-.:..~t:1 .. ng .. ~t;~:C~ 1:12.)"" be for~ul2. .. ed in ~err:1S of co~omology in :he :dele c1::..ss 

gro.l~" 2DC. genera"ly a grea:: deal a~C)..:t everythlng '\Yoich can be fOrn1l:.1ated 

;::Jat the ques::ions one \vol:d i1:"e 1:10S: to soh e by nmv are rather connectec: 

\v~:h the theory c~ charac~e::s of :he Galois group t:1an rith its cohomo'og.ca" 

The s:.J2!c:al fe3.-.ureS of ::~e 2.beEan ca.se orIginate in the fact that 

the second cohomoiogy group of a f.nire group III o'rer the h:'cegers is the group 

of I-d:mensional characters of Ill. i.e. the group of all characters of eli when III 

is abelian. The failure of class f:eid theory to give a suitable generalization 

of the law of rec:proc:ty to the non abelian case may be due to an overemphas;s 

on the purely multj;)licative features of fields; it is not ~mpossible that the ad­

ditive properties would occur essentially in the laws of decomposition of prime 

:deaJs; but this is still in the realm of thin air conjecturing. 



S 1. IDELE A.."'D IDELE CLASS 

Let K be an a!ge!:>raic numbe= '1e:d 0: fin~;:e degree. i.e. a Eni!e extens:on 

of the fie!d Q of rational nu::nbers. Le! P be the set of all places 0: K. The 

complet:on of K a: ':JEP is deroted b:r K::. Le::. :0= bEP. lCr be the Jlormalized 

taiuation of K at lJ, which is defined as follows: 

1) if lJ is finite. if p is the f:ltional pr,me belo'.\" i-'. and if X,-p Ql (a , 

=p'·unit in Qp. then u'dal =P-'. 
~) if b is real-infinite and i is the correspnnding isomorphism of K into the 

real number field. then H'1.l( a) = r( a) , 

3) if lJ is comple"{-infinite and j is the cor=esponding isomorphism of K into 

the complex number 5eld. then u'p( a) = r( a) 2; here also a positive power of a 

valuation in the usual sense is called a valuation. We have IT ZL'll(a) = Sta) j 
.p ofu lte 

and thus the fundamental product formula 

IT ZL'1)~a) = 1 for a( =t' 0) EK. 
l=EP 

A mapping lJ -+ al1 E Kp which satisfies the following condiLions is called an 

idele of K; ap is "'" 0 in Kll and wp( all) = 1 for almost all p. a1:l is called the p­

component of the idele. If we define the product of two ideles lJ -+ ap and .j) -+ Otl 

to be the idele .j)-+atlOll, then the set of all ideles of K forms a group. We 

denote this group by 1 or lx. 
For x( ""OlEK, .):I-+xp=x defines an idele (x); (x) is called a principal 

idele of K. We denote the group of principal ideles by P or PI>... Obviously 

the correspondence x...,. (x) gives the isomorphism: PK-;:K"', where K>" is the 

multiplicative group of aU non zero elements in K. Thus we may identify K 

and PK• 

The factor gruop G. = l/ P is called the group of idele classes. If we put 

wp(a) = u,'p(ap) for aEl. wp defines a homomorphism from 1 into R+. where a+ is 

the multiplicative group of all positive real numbers. As the product n Wp(a) 
11 

is essentially a finite product, we can define l{a) = IT wp(a) for all o.eJ. If a 
p 

is a principal ideIe. we have 1(a) = 1 by the product formula in K. So,l defines 

a homomorphism of Q; into a+. We denote the kernel of this homomorphism 

bY' ~o. 

3 



4 CLASS FIELD THEORY 

For a n:ll:e p:ace ;". we denote t:1e group of units in /(p by Up. 

THEORE~! 1. 1. [,~ is a compact group l under the usual tradic topology). 

Let ~r '. be the group of elements == 1 \ mod ).1") in J{p. Obviously the factor 

gro:.<p ur r" is :"inite and n F . == II}. For uE Cp, Vle denote the residue 
n=: 

class of II mcd ~., by zt,. Then the correspondence: 1t ->- (ttl, Zi2, •••• Un, ••• ) 

E n '0-~ j,' '. gives a homeomorph:c isomorphism ['-r ~ H, where H is the set of 
" 

all \ U" ltc, ••• , Un. • •• ) in n uv V I, such that It',d == Un (mod b")( n == 1, 2, 
11 

_ . _). But the group II U~ 'V J. is compact and H is closed in it, so His com-
" 

pact, and our theorem is proved. 

For an infinite place P. the group U'{! is defined as follows: if K'{! is real, 

Un is the set of aU numbres > 0 and if K'!:J is not reaL u,f! == K;. In either case 

the group '0Tp is locally compact. Since the mfinite places are finite in number. 

it follows from these considerations, that the product group U == n U'f.J is locally 
'f.J 

compact. Then. if we take all neighbourhoods of 1 in U as a fundamental sys-

tem of neighbourhood of 1 in I, I becomes a locally compact group and II U is 

a discrete group. When ,ve speak of a topology in I in the sequel, we shall 

mean. if not otherwise said, this topology of ]. 

The above defined wp is continuous on ]. To shm'.' this it is sufficient to 

prove the continuity on U. But if 1.1 is finite. u'j) = 1 and it is trivially continuous. 

It is obviously continuous. when lJ is infinite. Next, the product }. = n w'f.J is 
p 

continuous too on I. For Wl:Ml) = 1 on l/. if .lJ is finite and there is only a finite 

number of infinite places. 

THEOREM 1. 2. P is disf:rete in I. 

It is sufficient to show that P n U is discrete in U. For x E P n u, we have 

U'lJL1: \ = 1 for all finite places. Therefore x must be an integer in K. Let (w), 
n 

••• , w,,) be a b:lse of integers in g. Then x == :::SII , w, where the VI'S are ra-
.-1 

tional integers. If a is a real number > O. let N be the set of n E U such th:lt 

U'll(oll-l) <a for all infinite 1:1. As U'lJ is continuous, N is a neighbourhood of 

1 in U. We shall show that. if a is sm3.11 enough, then Nnp= {I}. Let 71; 

••• , Tn be isomorphisms of K into C (the field of all complex numbers). We 

claim that there is a number b > 0 such that 1 is the only integer x in K which 

satisfies Ir.(x-l)l<b (i=l •. __ ,11). Now,put l=:::SQ',w,. Sincedet (7,(0),)) 
• 
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n ~ 

= o. ~ (((, - /l] 1 r t IlJ;) < b lmplies t::cat (( - I, <~ :: b is small e!J.Clugn. As 

QJ and V) are in:egers, we have (() == 10 (j =: ..... }ll. T~us X = 1. S:nce each 

;-Jx) is either Z£'~.(x) or zc/,x l , there is a>O such tha: the cODcitions 

U'r,i. x-I) < a (infimte ,tl) imply j' (x - 1) < b Ii = 1. ... , n I. and our s~a~ement 

is prov-ed. 

:\'ext we ,vant to show that G'l! IS com?act. \Ye start ,.-ith 

LE'I~IA 1. 1 (llfillkoll'ski\. Let Llo .... L, be lmearly indepen&:nt linear 

fonlls on C" such that L, E {LI, ... , Ln} (1 ~ i ~ J1). }Ve denote by D the de­

terminant o{ L!, .... Ln. Let (q (i = L ... , n) be numbers > 0 such that 

((I ••• ((" ~ D, ((, == e(l if L) = L,. Then there is a 3 == 0 in Z" such that i L,(a) l 

~ ct, (1 ~ i ~ 11), Z bsing the set oj rational integers. 

First we shall treat the case where all L, are real forms. Now. assume 

that the assertion is true when ((1 ••• ((n> I D J. For any rational integer II> O. 

we have n ( ((, + !) > i D. Therefore there is a 3k =,: 0 in Zll such that 

L, (liJ § ((, + {- (1 § i § 11). As L! . ..• , Ln are linearly independent and the 

L, (Jk); are bounded, i 3k I remains bounded. Therefore, there is a a such that 

'l=3k for infinitely many II. Hence we get lL,(3)1 §((,. Thus, we may assume 

that ((I ••• ((,,> :D,. Let P be the set of bERn such that iL'(b)! €.((,/2. Then, 

P is the inverse image of a parallelotope of sides ((I, ••• , ((n under the map-
((1 ••• « 

ping b ..... (L1(r), "', Ln(b)). It follows that the volume of P= jD! ">L 

\Ye take 5= (mI, • " , m,,)EZ" such that lm,! §N. There are (2N+ 1)" such 

j's: a1, ... , 512.hl n. Let 0 be the diameter of P. Then all Ok + P are contained 
(2S~I)" 

in the cube of side 2..lV + a with center at origin. We have 2J vol (ak + P) 
"~l 

= (21'/+ l)n vol P, while the volume of our cube is (2N + o)YI. But, if N tends. 
.. (2N! l}"volP 

to lllfilllty we have (2~V+O )" - ..... vol P> 1. Thus, for sufficiently large N. 

2J vol (&0 + P) is strictly larger than the volume of our cube. Hence (Bk + P) 

n <. az + P) =,:!fi for some k, 1 (II "'r 1). Therefore there exist, b, lJ E P such that 

ak+t:=31+lJ· We have lJ-bEZYI. Since IL,(lJ)l, !Li(b)1 €. ~, we have IL,(lJ-bl! 

§ «,. This settles the special case under consideration. Nex~ we consider 

the general case. Put L: = L" «: = (Xi if L; is real. If not. assume 14 = Lj, i <j 

and set 
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I -, 
L; = L, ::::: L, - .... -1 LJ 

I I IX, IXj 
a,::::: IX}::;;: --=- = -=. 

,,2 V 2 

Then the L;'s are re:11 forms. Suppose that there are r pairs of complex conju­

gate forms among the L,·s. It IS easily verified that 

d ~ L' L' , _ det (L: . •..• Ln) i D i Therefore ec \ ,.... I.' - ( _ 2" _l)r = 2 r . 

From the first case there is a B(:lrO)EZn such that iL:U)I§IX;. Therefore 

L, (~) !is IX,. This completes the proof of our lemma. 

THEOREM 1. 3. Let K b8 a field oj algebraic nU1>zbers. For each p, let ap> 0 

be gil'en such that: 

1) JOY 1J finite. a;;E group ]:Vll of values of the normalized valuation wll at p. 

2) Almost all ap are = 1. 

3) II aJ) ~"IT. where j is the discriminant oj K. 
p 

Then, there is a numher X:lr 0 in K with U'p(x) !is aj) jar all 13. 

For finite 11. let all == tl'n( .-:r/,;lJ1), where i."p is an element of order 1 at 13 in 

K'fJ. From condition 2, e(p) == 0 for almost all 13. so we may speak of the ideal 

a ::;;: n tl ll '. Since all :::; Nd il P1 )-1, we have NK a ::;;: ( n all )-1. Let (lXh ••• , IXn) 
V Chute 

" be a base of a. Any xEn may be written as x == 2Jm,a" where the mis are 
.=1 

rational integers. Let 71 ••••• Tn be the isomorphisms of K into C, where 71, 

••• , Tr are real and rr~k, and rr"-s+k are conjugate imaginary; r+ 2s = n. For 

the infinite place,Jl, which corresponds to r" we put bJ = at'> or b, = -./apt according 
n 

as to whether j:I, is real or not. Now we consider the linear froms L, = 2Jxjf,(a,). 
J~l 

As the absolute value of the determinant of L!, •••• Ln is Na" i L11 :lr 0, and 

rIb.= n all~ n'" AI = Nn-./!Ai, there is an x=2JmjaJ EK such that jL,(x)l 
hi ll!»tllllto' aj:) j 

l1f!nite 

;!1!i h" by Minkowski's lemma. This means th3.t tl'rl x) <§ii aj) for all 13. 

THEOREM 1. 4. ~ is compact. 

It is sufficient to show that any class of (i'o is represented by an idele which 

belongs to some fixed compact subset in J. Let a be any representative of a 

class in~.. By the definition of ~, we have n UJjJ(a) = 1. Let q be an arbitrary 
!J 
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fixed infinite place. From the theorem 1. 3 there is an xC :!;o 0) E K such that 

tCDi x) §i w<J{ a) for all .fJ "'" q and Wq( x) ~ .... J w.;( a ). By the product formula, we 

have II w1'(xa-1) :::; II w1'(xa-1)'wq(XIl- 1) = 1. Hence W~(XJ-l) = II Z -1) "'" 1. 
n 1'=3 U'1.1 xa 

~*J; . 

( -1) IT (-1) 1 1 On the other hand, ZlJ)) xa "'" lL'r' xa = ( -1) ~ --=. 
):;'.".1 Wq xa "\ .J, 

Thus we get the 

following inequalities: 

I, yJ §iw.p(xa-1 ) §il (jJ:!;oq), 

1 §iwq(xa-1 ) ~ ,;---:T. 

1 k 
For a fimte jJ, put W.p = {( pi) }, where P is the prime number below p and f 

is a fixed positive integer for each p. Then, by the former inequality, there is 

a fixed finite set of places such that wp(xo- 1 ) = 1 whenever jJ is outside of this 

set. As for a 1:1 in this set, the order of xo-1 at p is bounded, again by the 

above inequalities. Hence, the integral Ideal (xa- 1 ) can have only prime ideals 

from a fixed finite set as prime components, and has them with bounded ex­

ponents. Thus, (xo- 1 ) is one of a finite mumber of ideals which may be repre­

sented as (01), ••• , (Ok,), where u':s are ideles with UklJ:: 1 for p at infinity. 

We get xo-1 = UkJn, where the fl-component 111» of In is a unit for finite 1:1 and 

1 §i w+,( m:p) ~ ..,Ii .d: for infinite fl. Hence m belongs to the compact set M = n U.p 
{,lflnlte 

X IT C.p, where C.p is the closed set defined by the above inequalities for fl 
.plnflnlte 

at infinity. Thus 0=xoi1m-1 is represented by the idele ok"lm-1 which is COD-

tained in the compact set U bj/ M-1• This proves our assertion. 
k 

We have now readily 

THEOREM 1. 5. ~ = !Eo X R+ (topologically and algebraically). 

Let L be a finite algebraic extension of K. With any idele erEJK, we as­

sociate an idele (KIr,ClEh whose ~-component is ('KiLO)~ = o:p if P is the place 

below~. Obviously this mapping 'KiL is a monomorphism of il{, into JL. We 

have (KIM = !LIMO,!>:/[. if KCLCM. 

If L I K is a normal extension with the Galois group fiAL/ K), we shall make 

C'iJ(LI K) operate on h in the following way. Let s be in <!!>(L/ K). SiDce s 

permutes the place of L among each other, s gives an isomorphism of L~ with 

Ls'$. For each idele OElL. we define the idele Sl by (so)~ = s{aS-l~). 

THEOREM 1. 6. The group of fixed elements in Jr. with resPect to (Jb(LI 10 is 
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Obviously any element in 'A L(jA) is fixed. Conversely, let 0 be an idele 

which is fixed by all s: om == (sol\C == S(05-1$)' If s belongs to the decomposition 

group ~ of ~, we have s113 = 113. ::\ow, ~ can be considered as the full Galois 

group of L\j! K p• So we get QmE K)) for all 113. Hence, we have 0$ ::;;(so)$ = 05-1$ 

for a.'1y sEQ)(L K). Thus we ha'lre O==CKL(b), where b;p == 0$ if l' is the place 

below ~. 

Let L' / K be a mormal extension over K which contains L. For each (x h 
EPLn,r. LIB., we have (xh == fA. d, ~EIA' and therefore (.xh, == (A.iL'b. If the as­

sertion is true for L', K. ~ must be principal in K. This reduces the general 

case to the case of a normal extension L/ K. But in this case the assertion is 

almost trivial from theorem 1. 6. 

THEOREM 1. 8 (E. Koetlzer. generalizing "Theorem 90" of Hilbert). Let L/K 

be ncrmal. If a mapping s ..... a(s) of r:tJ(L/K) into L< satisfies the condition: 

a(st) =a(s)(sa(t» fOT all s, tEr:tJ, then there is a bEL" such that a(s) ==b1- s 

/01' all s. 

Let w be an element inL; weputx==2:::(tw)a(t). Then, we have sx 
te@l 

= 2::: (stw) saW = 2::: (stw) alst»). Hence, a(s)sx == 2J (stw) a(st) == x. So, if 
te(» teQ! ats te~ 

.oX =\= 0 then a(s) = Xl-So Now, we show the existence of such an x. Let (wt, ••• , 

W,.) be a base of L/ K. If x, == 2::: (too, )a(t) == 0 for all i, we have a(t) = 0 for 
teQS 

aU t, because (det (tw,»2 = det(Sp(oo,ooJ» =\=0, and this is a contradiction. 

COROLLARY ("Theorem 90" 0/ Hilbert). Let L/K be a cyclic extension and 

s a generator of ($j(L/K). Let a be in L. If NLlga == 1, then there is a bEL 

such that a:::: bl - s• 

Put f(e) == l,/(s) ::::a,/(s2) =a(sa), ••• ,f(s1l.-1) == a(sa) .•• (s'z-2 a ), where 

n denotes the order of s. Then i~f(s') satisfies the condition of theorem 1.8. 

For L:JK., we define a mapping 'ElL: ~K~G:L by putting tB./L(oPg) = 'l£ILO-PL 

for any flEIg. If L/ K is normal, then ($)(L/ K) operates on!L and its operations 

obviously preserve PL> Thus, we may make ~AL/ K) operate on ti:L ; the e!e­

ments of tKI£ig is then left fixed by the operations of @(L/K). 
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THEORE)'! 1.9. The set oj fixed clemwts ill (h zcitlz respect to GHL Kl is 

lIe L(G:,J. 

Let k be an e'ement of G'L such tha:: sk = k for all sEG)lL K). For any 

idele aEk, we ha\'e sa=a-(xs), x,EL-, for all sand sta=s(ta) = sa-s(Xt I 

= a' (XS(S-XI) = a(x.l). So Xot = x$(s;,,) and therefore Xs =- _'\.'l-S with some y "" 0 

in L. Therefore sa = a L. Hence s( oj') = (ly. Since s is any element in sy 
(j(D'Kl, we get ayEtb.L(JIe) from theorem 1.6. This means that kE!r"L((Ix). 

Now, let 9 be the field of all algebraic numbers, Le. the algebraic closure 

of the rational number field Q. Q is represented as the union of fields Kn of 
'" finite degree: Q = U [{". K"CK1l -d • 

n=l 

Now we consider all sequences of idele classes (x" x,+1, ••• , X n , Xn~h 

... ) such that x"EG: Ie",XlI+1=CIe,IE..'>lXn (n:iE.l,). ,\Ve identify any two sequences 

of the respective forms ex .... X.L-,-l, ••• ) and (X,,--h, X,,~h~l, ••• ). The set of all 

these sequences, with these identifications is written by (£12. The correspond­

ence: X-'" (x, iE, K_~lX, ••• ) gives a monomorphism of (fK, into (£0. If we iden­

tify the image of this mapping with (fb." the m:lp IK,IK'~1 may be regarded as· 

the inclusion mapping of G:K , into C£'K,d and we get (fa = U (fKn • ®U:?/Q) operates 
n=l 

on (Jo, because, if K is normal over Q, then (5)(Q/Q) operates on K and so it 

operates on (JK. Now, let K be any intermediate field: Q::JK::JQ. Then the 

group @(Q!K) operates on ($'0 and the set of all fixed elements with respect to. 

this group is ($' Ie. 



§2. MODULES 91({$, A), I AND J 

Let G) be a group. By a (left) G)-module is meant an object formed by GI, 

an additive group A. and a mapping C of G) X A mto A such that <p is additive 

with respect to its second argument and 

(2.1 ) (st)a == sUa), ea==a 

\\'ith s, t are elements of (2), e the unit element of G) and a is an element of A 

and where we put <;(5, a) == sa. A left (2)-module may always be considered as 

a right (2)-module (and vice versa) jf we put as==s-la (sEG), aEA). 

Let R be a ring with unit element. By a left R-module is meant an object 

formed by R, an additive group A and a mapping p of Rx A into A such that 

If is bi-additive and (2.1) holds with elements 5, t of R and the unit element 

e of R. Let Z [G)] be the group rmg of G) over the ring Z of rational mtegers. 

A (left) l53-module may be considered as a left Z[G)J-module, and conversely. 

Let G) be a finite group, and A be a G)-module. Denote the element 2J s 
se:® 

of the group ring Z[®J by a. We have 

at == ta:::: a 

for every tE®. Let A~ be the set of element a of A satisfying sa = a for every 

sE(St A® is a (G)-)submodule of A. So is aA, and we have aACA®. We 

denote the factor module A~/(JA by 1)1({$ ; A), or simply by 9((A). 

Let A, B be G)-modules and let there be a homomorphism (Le. a ($-linear 

mapping) of A into B. Clearly A~, aA are mapped by I respectively into B~, 

cB. So we obtain a homomorphism 

If g is a homomorphism of B into a third ®-module C, we have 

(g 0 1)'iJC = gm 01'iJC. 

Let again A, B be two G\-modules. Let A ®B be their tensor product over Z. 

For each SE~. the mapping (a, b) -+ sa ® sb of Ax B into A ® B is bi-additive 

.and defines thus an additive map As of A®B into itself such that As(a\8)b) 

10 
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=sa? sb. Put:ing Sf}=I,(f)) (8EAg-B\ we cons;der A81B as a ~-module. 

Let a.E'I1IG) ; A) and a be a representa:ive of a in AG. SimIlarly, let (3E 

'11«$ ; B) and b a representative of J in BG;. \Ya have 

s(a'Sb) = sa ~sb = ag b 

and therefore a:SbE(A5 B)G;. Let r be the class of a'gb in ~(G) ; A®B). 

Here r depends only on a and~. For, ",~th a' E A, 

(a + od) § b = a ~ b -l.. 2J sa' f& b 
sEG; 

= a P b + 2J sa' ~ sb = a r8 b + o( a' (8. b) E r 
sEG; 

and simIlarly a 8 (b + ob') E r for b' E B. Thus the mapp.ng (a, (3) ~ r of 9( ® ; A) 

x9t(G) ; B) into 9((($ ; A(8.B) is bi-addItive and we obtain an addltive map 

T: 9c(G); A) 09'1(G) ; B)~9(G) ; A@B), 

-rvhich is 1D fact a (<$- )homomorphism. 

Let u, v be homomorphIsms of A, B into ®-modules A', B' respective­

ly. Then we have a homomorphism u€v of A€B into A'®B' such that 

(u®v)(a~b)=uafSvb (aEA, bEB). Let T' be the homomorphism of 

"]l(@ ; A') 1& IJ(:(@ ; B') into 9'1(® ; A' 8)B') defined similarly as T. Thus we 

-obtain a diagram 

9(GS; A)@IJ(:(~; B)~IJ(:(&; A®B) 

u'iJt 0 t)'iJt 1 1 (U0V)'iJt 

91(~; A')®9'I(®; B')'.!~~}HG>; A'@B') 

and this diagram is commutative as we readily verify. (A diagram is a graph 

each of whose vertices is a module and each of whose edges has an orientation 

and means a homomorphism, and a diagram is said to be commutative when 

all ways leading from M to N, with any given pair (M, N) of vertices in the 

diagram. give a same homomorphism.) 

A ®-module A is said to split when there is an additive subgroup X (which 

is not necessarily a (t~Hsubmodule) of A such that A = 2]sx (direct). For 
eEQS 

instance Z[®J splits. For Z[®] = 2:Z$;:::: 2]s(Ze) (direct). 
,EW .EQS 

THEOREM 2.1. If A sPlits, then m(~ ; A);:::: {O}. 
! 

1'0 prove thi$, let aeA and 11= 2Jsxs (~EX)_ Then. t~P=~t~a"""::E~t-ls. 
-3 •• 
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If here a E A os. then ta == a and ;r:s = X/-1S for all ~, t E~, whence Xs == Xc for all 

sEG) and a == ::Esx" = qX". Thus A Ui = aA, which proves our theorem . . 
LE\IMA 2.1. If A. B G1l' G)-modules and if A splits, so do A®B and B&A. 

For. A.5 B = 2JsY ,- B I direct) = ::Esx~ sB (direct) 
, . 

= 2J sLY 8 Bl I dIrect). SImIlarly, B (gl A = ::E s(B g X) . 
• 

No",,-, we see easily 

LEM~IA 2.2. If A=::E.4A (direct), B=::EBJL (dzrect) are GJ-modules (or 
A JL 

mere{v additive groups) and I , ,j are injection maps 0/ A;., B}. into A, B re-

spectively. Then the mappmgs txS'~ 0/ A}.~B .... into A&B are monomorphi~ 

and 

A$' B = ::E(I}. ~,~ l(A}.;-SB)I.) (direct). 
A .... 

Let next A. B, B' be G)-modules (or additive groups), I be the identity­

map of A, and tf be a homomorphism of B into B'. Let H be the kernel of Cf. 

and t be the injection map of H into B. From lemma 2. 2 we deduce easily. 

LEMMA 2.3. 1/ eitizer a) A has a base (over Z), or b) B is a direct sum 

H+K (direct), the injection map I~, : A®H .... A~B is monorJzorp1zic and its 

i'nage (I€ ,)(A8 H) is the kernel 0/ I0Cf. in case of b) we have indeed 

AS. B = II S ,)(A ~ H) + (I g 1') (A~K) (dzrect) 

r('/,ere " is the injection map 0/ K into B. 

Now. let G) be a finite group and Z[~J be its group ring over the ring Z 

of rational integers; we shall often denote Z[G>] by Z. Set O':<Es as before. 
8EQS 

Let I = l[~] be the set of elements x of Z such that dX == 0 ; I is a ®-module. 

Further. if X == ::E1.I(S)5 (l.I(S)E Z) is an element of Z, then O'X = 2]1.1(5)0'5 
SEQ! s 

= (£l.I(S»O'. SO I is the kernel of the homomorphism x .... X(x) =::EV(5) of Z 
• aeQS 

onto Z and we have the exact sequence 

o .... I .... Z ~ Z -+ o. 

The homomorphisms are also 0-homomorphisms if we consider Z as a @-module 

on which G operates trivially; observe that X(sx) ::= X(x) (sE@). 

On the other hand, Zo is an ideal of Z. Set ] :::: Z/Zo. As Zo is (GS-) iso-
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morp1:.c to Z, by :he co:-responc.ence Ul-Z; (vEZ'J. \ye ha-,e the e'~ac: sequence 

o ..... Z -> Z --> J ..... O. 

For sEQ), let s be the res;due class (mod Z,,) of s in J. \Ye have 2]s:= 0 and 
SEG) 

e=-2]s. J=2]Zs=~Zs. and:heset {s s=e?formabaseofJ. For,If 
s=e .5E{d) s=e 

LVi, s) s = 0, t:!:1en 2:: v( s) s = /(,J = ::s IeS (/. E Z l. Here necessarily Ie = 0, as we see 
~=e s=e s 

on comp~ring the ccefEcien"t:s of e. and ;;hus an vis) = O. Further, 2]v(s)$" = ° 
s 

if and only if all v are equ::l.l. For "'>'v(s)s=2.j 1v l s)-v(e»s. 
S ,:,.;;:e 

LE'vIMA 2.4. The (fJ;- lmodule Add(J, Z) of addziive mapping oj I into Z 

is (ISJ-lisomorplzic to J. Similarly Add(j. Z)?E 1. 

To prove the lemma, let x=:::Sv(s)s be an element of J. s-->lJ(s) gives 
BEG> 

an additive map of Z onto Z. Let v' be its restriction to 1. Then v' is deter-

mined by x. For, if x:=2.jv(s)s=>:{!(s)s. there exists kEZ such that pes) 
8E@ se@ 

:=v(s)+k for all s, and we see easily I" = v'. Now, if v';::O, then v(s)-lJ(e) 

== v'{s - e) = 0 and x = 0_ Thus x- v' is a monomorphism of ] into Add(I, Z). 

lt is an epimorphism (whence an isomorphism). For, if ~EAdd(I, Z), then 9 

is the image of XEJ with x = 2] C:(s - e) s. The isomorphism thus obtained is 
Be@ 

an G)-isomorphism, because, if x=2]lJ(s)s, we have tx=2]v(sHs;::2].u(s)s 

with pes) = vu-1 s) and p = tv, p' ;:: tl/. The isomorphism Add(j, Z)?E I can be 

obtained similarly if we associate with y=:8J.(s)SEI C8x(s) =0) the additive 
Be~ 

map of J into Z given by s -'> J.(s). 



§ 3. THE ALGEBRA En 

Let 6) be a finite group. Then we have associated to ~ two modules 1 =1[~J. 

J=J[~J. For any r>O, we denote by Jr (respectively: lr) the tensor product 

of r modules identical to J (respectIvely: 1); we set Jo = 10 == Z (considered as 

a (S-module on WhICh CS operates triVIally). According to our conventions of 

identification, we have 

for all r~O, r ~O. 
We introduce now a ~-moduJe III which is the direct sum of all modules 

Jp8}lq (O~p, q< (0). We set 

Thus. 

Let p, q, P', tI be integers ~O. Then there is an isomorphIsm 

which maps (u®v).&(U'~V') upon (u&u')&(v-8lv' ) if uE]p, VElq, u'E]/.', 

v'elq t , We define a bi-linear mapping (w, Wi) -+w 0 w' of III x a:! into a:! b.r 

the formulas 

This defines a multiplication in al. We have 

(u®v) 0 (u' ~v') == (u:3)u')®(v®v') 

if uell, vel", 'IIlE]p" vlE/ql; it follows immediately that our multiplication 

is associative. If se~, then we have 

s(wow')=(sw) 0 (sw') (w, w'EIll). 

We shaU now define a mapping q: r:a ..... !l1 in the following manner. Let 

p, q be iiiIa 0; consider the mapping 
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(where s is the resIdue class of s nod.:1o Z,,! 0: j", =- I, .::J.~O 1 _. 5' I~-. ThIS 

mappmg IS obviouSly bi-2-c.ditlve. >\s sue:"l .• : de":nes :::.n 2.Cc..t:';e mapp:ng r'?(j: 

p "m ..-?
PL l,Q+1},. ,"Ve de5.ne fj to be t:-.;e acd -:'.e ::12pp.ng v:l:ch extends all P,Qa. 

This mappmg fj is actually a hOrr:Offio::-pr::sm. Fo::-" e have, if t E (3, 

as follows from the fact that 2:; is = O. It foEo,,-s Imwedlately that 2:; s 'f (s - e) 
ssQj 8=(:\ 

is G3-mvariant, and therefore th?t (j is a homomorph'sm. 

We shaH now define a mapping p,,,S of P- ,,-1;:=1 ,nto Pi/::=;, the trace mop­

ping. The group Z SZ has a base composed of the elements s 8 t, s, tE G); let 

cp be the additive mapping of Z f Z mto Z de"ined by c: ( s '? t) = 0 1f s ~ t, 

cp(sQs)=1. Then y is obdously G)-linear. \Ve have c:(O"~s)=l for every 

s E G3, whence y (IJ '5' y) = 0 for every :y E I. I: follows Immediately that 'i 

defines a linear mapping 

indeed we have seen in §2 that AddU, Z\';Ej and Add(j, Z)';El. We may write 

P+l,Q+lm = jp '8' (j~ 1).g Iq; then It is clear that there exists a G)-linear map 

p,qs : PTl,q+lm -+ P,Qm such that 

if uEjp, ::eEj, yEI, vE/q • This is the trace mapping. 

Let n be the order of Gl. Then it follows immediately from the definitions 

that 

for every wEP,qm. 

For any p Os 0, we denote by IIp the group of permutations of the set {I, 

... ,p}. Let w bein TIp and w' in ITq ; then there exists an automorphism 

&(00,001) of p,qfa which maps ::e(1)® .,. @x(p)®y(l)® ••• @y(q) upon 

::e(w-1(1»® ••• ®::e(w-1(p»)®Y(W,-1(I»8> ••• @y(w,-l(q» whenever x(i)E] 

(I €.i €.p), yej)EI (I €.j~q). It is clear that ru(l'ih~ w:~) ;::0 al(ilh. w~)w(ili2.~) 

if ZUJ E IIp, zu: E IIIl, i = 1, 2. 
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Let u be in]p and v in [q, u' in jp', Vi in [q'. Then 

fJ«u3;v) 0 (u' g Vi» :::::E (zt2-i u' ;&s) \S «s - e) $) v® Vi) 
BE@) 

(zt ® v) 0 (j( u' :5) Vi) = :E (zt ® u' ® s ) €I (v ® (s - e) €I Vi) 
BE@) 

fJ(u®v) 0 (u' ®v') :::::E (u®s®u') ® «s - e) ®v®v'). 
BE@) 

It follows that, for WEP,I/r:a, W'EP',q'r:a, we have 

(j(w 0 Wi) :::: wO, 7C~+1) W 0 (j(w') :::: w(rrp'+l, 1) (j(w) 0 w' 

where 1 is the unit permutation, 7C~+1 is an element of TI q+q ; 1 which permutes 

cyclically the first q + 1 indices and leaves the last q' fixed, while 7CP'+l is an 

element of IIp+p'+l which leaves the first p indices fixed and permutes cyclically 

the last pi + 1 indices. 



§ 4. THE MODULE !f!CA) 

Let ® be a fimte group and A a ®-module. We set 

whence -'1-(A) = 2j P,q..!f-(A) (direct). 
p, q~O 

Then 1p-CA) is a G)-module. Moreover, since EE has a structure of algebra, 

1p-(A) has a structure of lIl-module, whose external Imv of composition is defined 

by 

It is clear that 

S(WDU) ==swDsze (wEEE, uE1p-(A». 

If ,( is any G)-linear mapping of P,qEE into P',q'lIl. then there is a ®-linear map­

ping ,(.1 of P,q1p-(A) into p',q'..!f-CA) such that 

Thus, to P,Q8, p,qs, there correspond ®-linear maps 

such that 

if n is the order of @. Moreover, if IIp is the permutation group of the set 

{I, ... , p}, then we have a representation (m, ill) -'> wA(m, iiJ') of IIp x llq by 

-®-linear automorphisms of P,q¥(A). 

Let M be any @-module. For any mE M, set 

Then A is an additive (but not ®-linear) map of Minto] -8J M. 

LEMMA 4. 1. If M t's a ®-module, and 2j s ® m(s) = x an element oj ]8) M, 
sS® 

then a necessary and suffict'ent condition jor x to be 0 t's that m(s) ::; m(e) jor 

.,all sE®. 

17 
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Smce ::8s=O, we may vvrite x=::8s@Cm(s)-m(e», and lemma 4.1 fol-
S=Q) s:t=e 

lows from the fact that the element s, s~e, form a base of ]. 

It follows th3.t the kernel of A is the set lv.f@ of invariant element of M. 

On the other hand, we have A(m) = <1Ce:[9m), whence A(M)C<1(j:[9M). Con­

versely, if sE@ and mE M, then <1('s g: m) = O'S-1(S :8>m) = <10]:,8) s-lm) = A(s-lm) ; 

it follows that A(M) = <1(j ,8)M). 

We apply thIS to the case where M = ¥-(A). Then 

and A gives nse to an additive mapping d.: ..!fL(A) -""1f.(A). It is clear that 

d.(P,q..!fLCA» = <1(p-l,q..!fL(A» and that the kernel of d 1 is (..!fL(A»@. Since 

Uf!.(A»@ contains <1(..!fLCA», we have d~=O. If wE EEl, aEA, then 

d.(w 3,a) =:b ($ 0 sw) ®sa. 
BE@ 

It follows immediately that 

(4.1) 

(4.2) 

(4.3) 

where 1 U w is the permutation of {I, ... , p + I} which leaves 1 fixed and 

maps i+1 upon w(i)+l (i=1, ... ,pl. 
Let f be a homomorphism of A into a ~-module B. Then there is a homo­

morphism of the ®-module ..!fL(A) into ..!fL(B) which maps w&a upon w®fCa) 

for any wE EEl. We shall denote this homomorphism by j. It is clear that it 

is also a homomorphism for the structures of EEl-modules of 1f!.(A) and .IF-(B). 

It follows immediately from the definitions that 

(4.4) { j o(j 4 = (JR o j j op,qS .. = MSBo j j ow .• (io, (;)1) ::::; WB(iV, iljl) oj 
jOdA=dBoj. 

If g is a homomorphism of B into a third ®-module C, then 

A -" A 

gaf=gof· 

TJIEOREM 4. 1. Let 0 ---+ ALB ~ C ---+ 0 be an exact sequence of 

homomorphisms of @.-modules. Then the sequence 

0---+ ..!fL(A) J> ¥-(B) L..!fL( C) ---+ 0 
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zs exa::t. 

Since j and I are free additive groups, the same is t.rue of jp, of Il], of l~ 

:s ]" and finally of !:fl. Theorem 4.1 then follows from a wel! known property 

of tensor products. 

Let A and B be 6\-modules. There is an isomorphism j of 

Jf.(A) ® EjL(B) = (Bi SA) 0) (~-a ®B) 

with (Bix gj)S(A-?B) wh:ch maps (w3a)~(w'gb) upon (w~w')(3;(a!S)b) 

If W, w'E FFl, aEA, bEB. On the other hand, the multiplication fJ. in Bi defines 

a homomorphism of !:fl 3' fB into 81, which maps w:&w' upon w 0 tU'. This gives 

rise to a homomorphism /.l10n: (E8<s)E8)®(AgB)->-¥(A3>B) which maps 

(w0;w')@(a8b) npon (WDw')&(a8b). We set 

!vIA, n = /.1 10B o j 

this is a homomorphism of ¥(A)&¥(B) into ¥(A®B), and it is clear that 

MA • L(fM]¥(A) &P', Q'-¥(B» ::: P+P',q"'~' JfL(A \8JB). 

Let x be in P,l]ljl(A), y in P',l}'ljl(B). Then it follows from the formulas es­

tablished in § 3 that 

(4.5) OA0B(MA,B(x@y»::: WA0n(1, lr~+l)MA,B(XS>OB(Y» 

::: W.10B(lrP'+1,1) M.4,n(rJA (X) ®y) 

where iTp'+lE IIp+p'+l, leaves the first p indices fixed and permutes cyclically 

the last P' + 1, while lr~+l E Ill} "ll'+l, permutes cyclically the first q + 1 indices 

and leaves the others fixed. 

If wE II,., Wl E lIs, we denote by W U Wl the element of IIr+s which coin­

<:ides with W on {I, ... , r} and which maps r+i upon r+wl(i) (lS;i~s). 

Then it is clear that 

MA,II(wA(w, i;J')X-8)W/3(Wb wf)y) 

= W.A0B(WU Wl, w'U wi) MA.B(X®Y) 

if wEIIp, w'EIIq , w1EIIp', wiEIIq. 

Theorem 4.2. Let x be any element of J!jt(A) and y an invariant element 

.a/ J!jt(B). Then we have 

{4.6) 
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It will be sufficient to conslder the case where x is of the form wQ9a 
h 

wEEE, aEA; set y=~w:Q9b" W;EfE, b,EB. Then d 4 0RM1,1,(XQ9Y) 
h ,,-1 

= ~ ~(5 0 sw 0 sw,) €; (sa 8lsb,). But we have by assumption 
sE@.=t 

h h 

~sw:®sb, =~w:®b, 
t=l t=l 

h h 

whence ~ (5 0 sw 0 sw;) ® sb, = ~ (50 sw 0 w;) ® b,. It follows immediately-
:.=1 z-l 

that 

It 

d.A0BMA,B(X 8ly) = ~ ~ (50 SW Ow;) @ (sa 8lb,) = MA,r(d lXQ9y). 
sE@.=l 

Now, let u and v be homomorphisms of A and B mto G)-modules A' and 

B' respectively. Then it follows immediately from the definitions that 

(4.7) 

Let A, B, C be G)-modules. Then we have, if xE!f.(A), yE1p.(B), 

zE1p.(C), 

(4.8) 

as one venfies immediately by consIdering the case where x = U 8l a, Y = v '& b, 

z=w:8)c, U,v,2OEfE, aEA, beB, cEC. 



§ 5. THE COHOMOLOGY GROUPS 

Let ~ be a finite group and A a ~-module. Then we set 

P,qH(A) = W(~ ; P,q!f.(A», 

whence 

H'(A) = 2J P,qH(A) (direct). 
p,q~O 

The group P'''H(A) IS called the cohomology grouP of type (p, q) of A. 

Let p be >0; then (p,q.!f!.(A)~ is the kernel of the mapping induced by 

d 4 on P,q.!f!.(A), while a(P,q.!f!.(A)) is the image of the restriction of d 4 to 

p-l,qEf!.(A). Thus, if we denote by p,qa the kernel of d 4 in P,q.!f!.(A), 

THEOREM 5.1. If n is the order of the group (§), then we have nC = ° for 

every CEH'(A). 

For, if uE (.!f!.(A))~, then nu = au E a Ef!.(A). 

THEOREM 5.2. Let the ~-module A be the direct sum 2]A. of a family 
.El 

(A')'E'1 of submodules. Then we have, for every p;ao, q .... O. 

P,qH(A) :?:2]P,qH(A.). 
tEL 

For we have .!f!.(A) = EEl .8> 2J A. = 2] EEl ® A. (direct); it is clear that 
,el lEI 

(.!f!.(A)~=2](1ji.(A.»Q), d1f!.(A)=2]d1p.(A.), WhIch proves the theorem. 
,El oEI 

THEORFM 5.3. If A is a finitely generated @-module, then each P,qH(A) is 

a finite group. 

If {aI, ••• , ah} is a set of generators of A as a @-module, then the ele­

ments sa., s E@, 1 ~ i ~ h form a set of generators of A as an additive group. 

Since 'p,qEEl has a finite base (as an additive group), P,I11ji.(A) is a finitely gener­

ated additive group; so is every subgroup of J>,I1-¥(A). and, iLl particular, 

(P·IlJ¥l.(A»Q). It follows immediately tbat P,qHCA) U$ finitely generated; ~ittg 

use of theorem 5.1. we conclude that P·/lH(A) is finite. 

21 
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THEOREM 5.4. Let n be the order of @. Let A be a @-module which satisfies 

.either one of the jollowing conditions: a) jor every aE A, there is a unique a' EA 

such that na'=a; b) A splits. Then R'(A)={O}. 

Assume first that condition a) is s:J.tisfied. Since [f! is a free additive group, 

we may conclude that, for every uE £fL(A), there is a unique u'E Ijl(A) such 

that nu'=u. If UE(Ijl(A»@, then n.(su'-u') =0 for sEG), whence su' = u', 

and therefore u = (Ju'; this proves that R'(A) :::: {O}. If A splits, then so does 

1p(A) '" s:r :&A, whence H'(A) = 9((6), lfL(A» = {O}. 

Let p, q be ~O. Then the mappings P,qfh P,qSA, (t).l(W, fii) (where WE Ill), 

,w' E IIq) gives rise to mappings 

p,qo~ : P,qH(A) ..... P+l,q+1H(A) 

p,qs~ : P+l' qt1H(A) ..... P'qH(A) 

(t) ~(W, fi/) : P,qH(A) ..... P'qH(A). 

From the formula (SA 0 OAHu) = (n. -1) u, uEP,q1p(A) and from theorem 5.1, it 

follows immediately that 

for (EP,qH(A), which proves that p,q{}~ is a monomorphism. We shall see a 

little later that it is actually an isomorphism. 

Let f be a homomorphism of A into a G)-module B. Then J is a homo­

morphism of lfL(A) into 1p(B), and J'irt is an additive mapping of H'CA) into 

H'(B). We shall denote this mapping by j*. It is clear that 

1f g is a homomorphism of B into a third G)-module C, then 

(g 0 f)*' =g* 0 j*. 

Now, let 

be an exact sequence of homomorphisms of @ modules. Then we shall associate 

to this exact sequence an additive mapping 8 of H'(C) into R'CA). Let z be 

in (!f.(C»@; since i is an epimorphism, there is ayE I;f.(B) such that iCy) 
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=Z. We have g(drY) :=;dLz=O since ZE(1f.(C»Gl. Since the kernel of g is 

the image of j, we may write dRy=j(x), XE1f.(A). We have j(d 4 x)=d}y 

= 0, whence d!x = ° since i is a monomorphism, and XE (!j!.(A) )Gl. Let ~ be 

the class of x in R'(A); then we shall see that ~ depends only on the class" 

of z in H'(C). Let z, be an element of (Ej1(C»Gl such that z'-zEa(lj1.(C». 

and lety' be an element of lj1.(B) shch that gCv') = z'. Set z, - z = t1U', wElf!-(C). 

and let v E If!-(B) be such that g ( v) = w. Then g (av) = dU', and g (y' - y - av) 

= 0. It follows that .y' - y - dV = i (u). wIth some uEJ¥.(A). Since av is G)­

i'lvariant, dn(dV) = 0, and dRY' = dnY + dp j(u) = j (x+ d 4 u). Since d,duEolf!-(A). 

our assertion is proved. Set ~ = o«(); then 0 is obviously an additive mapping 

of R'(C) into R'(A), which maps P,qR(C) into P"'l,qR(A). 

We shall see that, for any p iii:- 0, q;l!; 0, the sequence 

is exact. 

Since g 0 j = 0, we have g < 0 f :=; 0. Let conversely '1} be in the kernel of g* 

and lety be a representative of r, in (lj1.(B»Gl. Then g(y)=dW with some 

to E If!-( C); writing W in the form g (v) for some v in If!-(B), we have g (y - ov) 

= 0, and y - dV, which is a representative of "/}, may be written in the form 

j(x), x Elf!-(A). Since j is a monomorphism and j(x) is Gl-invariant, x is 

itself G)'invariant, whence "/}Ef! (H'(A». 

Let now 1. be in (!:j!.(C) )Gl, and let us use the same notation as above in 

the definition of o. If (Eg*'(H'(B», then we may assume that z=g(y) with 

some yE (lj1.(B»<Il; we then have dBY = 0, X = 0, whence 0 0 g .... = 0. Assume 

conversely that o«() =0. Then we may write x ==t1X', with some X, E Pi-l,Illj1.(A), 

whence x = d4X" with some x" E P,qlj1.(A). We have dBY:::: j (d,dx") = dBCj (x"», 

and therefore y- j(XIl)E("ff.(B»Gl. Since g(y- j(x"» :=;g(y) =1., we have 

(Eg*(P,QHCA) ). 

Still using the same notation as above, we see that l (x) E dBC!J,fJlf!-(B» 

=o(Pi-l,Q1f!.(B», whence f* 0 (]=O. Let conversely ~EPi-l,QH(A) belong to the 

kerenel of f"', and let x, be a representative for~. Then lex') Ed(Pi-l,Qlf!-(B)) 

=dJ1(AQ1f!.(B»; write l(x') == dBy', y'E P,Qlj1.(B). We have dci(y') =i<l(x'» 

=0, whence iCy') =z'E(lf!-(C»Gl. If (is the class of 1.' in P·QH(C), it is clear 

that ~ ... oC. Our assertion is thereby proved. 
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THEOREM 5. 5. Let 

O-+A-4B~G-+O 
u 1 v I w I 

"- "- "-If f o -+ AI ---7' B' ~ G' -+ 0 

be a commutative diagram oj homomorphisms oj (J,-modules, and let p, q be inte­

gers ~ O. Assu,me that the two horizontal lines oj our diagram are exact, and 

let a, 0' be two mappings P,qH(G) -,>P+1,qH(A), P,qH(C') ....".P+1,QH(A') associated 

to our exact sequences. Then the diagram 

P,qHCA) A MH(B) ~ P,qH(G) ~ P+1,QHCA) ~ 

u* 1 v ~ 1 w ~ 1 u~ 1 
P,qH(A') ~P,qH(B') ~P,qH(C/) ~P+1,qH(A') If") 

is commutative and its lines are exact. 

We know already that the horizontal lines of this diagram are exact, and 

that v* 0 f* = (v 0 j)* = (f' 0 u)"" = f'* 0 u*, w'" 0 g*' ::= g" 0 v.l<. It remains only to 

:prove that u* 0 a = 0' 0 w'. Let C be in P,QR(G), and z a representative of C in 

C1f!-(G) )<l5. Write z =- g (Y), yE!f..(B), dBy -:= I (x), xE (!f..(A) )<l5, whence XEacC), 

u(X)E(u*oo)(C). Set z'-:=w(z), y'=v(y); then g'(y')=z', dB,y'=oCdRy) 

= (V 0 I )(x) =- l'( u(x», whence u(x) Eo'(w*(C», which proves the theorem. 

COROLLARY 1. Let O-+A~B~G-+O be an exact sequence oj homo­

nwrphisms oj ®-modules, and let p, q be integers ~ O. If p, QH(A) = P+1, qH(A) 

=: {O}, then g* induces an isomorphism oj p, qH(B) with P,qH(G). If p, qHlB) 

=P+1,qHCB) = {a}, then a induces an isomorphism of P,qH(G) with P+l,'lH(A). 

If P,'lH(C);:: P+l,'lH(C);:: {O}, then j* induces an isomorPhism oj P+l,qH(A) with 

P+1,qH(B). 

This follows immediately from the fact that the lines of our diagram are 

..exact sequences. 

COROLLARY 2. Let R be the additive group oj real numbers. and R*::= R/Z. 
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Considering Rand R'" as (fly-modules on which @-operaies trivially. the exact 

sequence O...,.Z .... R->R* .... O defines an isomorphism (] : P,QH(R*) ?;;.P+l,QH(Z). 

This follows from our cor. 1 since H'(R) ={O} by theorem 5.4. 

The G)-modules 1= 1[®] and];:: ][®] were introduced in § 2. We have the 

exact sequences 

0...,. l-""Z .... Z .... O 

O->Z .... Z .... j ..... O 

of ®-homomorphisms. Since Z, I, j, Z are free additive groups, we have exact 

sequences 

0 ..... I®A .... Z®A .... A ...,. 0; 0 .... A ..... Z8lA ...,. j®A ...,. 0 

(where A is @-module). The module Z splits; the same is therefore true 

of Z®A, whence H'(Z§A) = {O}. Thus, the mapping (] associated to the first 

one of our exact sequences induces (for every P ie 0, q ie 0) an isomorphism 

(] : P'QH(A) ..... P+l·qHU8lAl. But we have P+l,Q-91U®A) =jp+l®IQ®I®A 

= P+l,Q+l-91CA), whence P"l,QH(l®A);;: P+l,Q+1H(A), and (] induces an iso­

morphism 

On the other hand, P,Q()'fl is also an additive !:(lapping of P,QH(A) into P+l,q+1H(A) ; 

we shall compare it to p,qa. Let xE (P,Q1f!.(A»~, and let f. g be the mappings 
f g h 

of the exact sequence 0 -4- I ® A -4- Z 8l A -4- A -4- O. Set x = 2J w, :& ai, W • 
• =1 

h. 

EP,qflj, a,EA; then we have x=i(y) • .Y=2Jw,®(e®a,) and 

k 

£=1 

h 

dBy = 2J 2Js@sw,®s8lsa" (B = Z®A). 
'E~i=l 

Write w, = 2J U'J 8> V'J, U'J Ejp, V/J E Iq. Denote by w the permutation of {I, ... , 
;=1 

P+l} which transforms P+l into 1 and i into l+i (l~i~p), and by w' the 

permutation of {I, •.. , q + I} which transforms 1 into q + 1 and 1 + j into j 

(l~j~q). Then we have s®u'J®vt}®s=cn(W,w')·u'J@s®S®V,j. Then 

h 

dBy:= J (cn.A(w, w')(O.AC2)w, ® a,») 
i= 1 

and 
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THEOREM 5.6. For any p ~ 0, q ~ 0, p, qfj'iJj is an isomorphxsm 0/ fJ, q H( A) with 

P+l,q+1H(A), and p,qs~ is an iSorJZOfphism oj P+l,Q+1H(A) with P,(JH(A)' 

The first assertion follows from the formula we have derived just above 

and from the fact that w.l(ill, ill') IS an automorphism. The second assertlOn 

follows from the first and from the formula (P,(Jslif 0 p,qo'J{) (C) = - c. 
Now we prove 

THEOREM 5. 7. Let p, q be integers iis 0, m a permutation oj {I, .•. , p} 

and iJjl a pernndation oj {I, ... ,q}. Let e(ill), e(ill') be the signatu1'es oj these 

permutations. Then we have w'f}(ill,illIH=e(m)::(ill')~ for any ~EP,qH(A). 

Let x be in (P,q1f-(A»Gl; denote by ill U 1 the permutation of {I, ... , p + 2} 

which extends ill and which leaves p + 1, p + 2 fixed, and by 1 U Wi the permu­

tation of {I, .. , , q + 2} which leaves 1, 2 fixed and maps 2 + j upon 2 + aiU) 

(l~j~q). Then it is clear that 

and that ill U 1 has the same signature as ill, while 1 U w' has the same signature 

as ill', Since P+l,Q+l0'iJ} 0 p,qo~ IS an isomorphism of P,qH(A) with P+2,Q+2H(A), we 

see that it will be sufficient to prove the theorem under the assumption that 

p ~ 2, q ~ 2. Let IIp and IIq be the permutation groups of {I, .. 0 , p} and {I, 

o •• ,q}. Then we know that (ill, ill') -'>w'if}(m, 11/) is a representation of IIp X IIq 

by automorphisms of P,qH(A). It will therefore be sufficient to prove our for­

mula in the following two case: a) ill exchanges p -1 and p and leaves 1, ... , 

p - 2 fixed; ill' = 1; b) m = 1, ill' exchanges 1 and 2 and leaves 3, • . . , q fixed. 

Since P-l,Q-lfj'if} 0 p-2,q-2fj'iJj is an isomorphism, any t;EP,(JHCA) may be represented 

by an element x of the form 

h 

with X'ECP- 2,Q-21f-CA»Gl. If x'=:8u,®v.'&a" with U,E]P-2, v,Elq - 2, then 
,-=1 

h 

x=:8 :8 :8ul®s<8Jt@(t-e)®(s-e)®vl~a" 
.=1 $EGl tEGl 

.and, in case a) 

h 

WJ1(m, w'h =:8 :8 u,@t@s0)(t-e)@(s-e)@v,@a •. 
• =18, tEGl 
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(P-2,q-2S 1 0 P-l,q-1S!l(X) = (17 -1)2x' 

cP- 2,q-2S, 0 P-l,q-1S 1)((0 jeW, Wi) x) = (n -1) x' 

27 

and the sum of these two elements is (n - 1) 11X' = (n - 1) ax/, It follows that 

(P-2,q-2S'!l 0 P-l,q-1S>J})(; + (O'if}(w, w' H') = 0. Smce P-2,q-2S>J} 0 p-l,q-1S>J} is an iso-

morphism, ; + w'!l( W, Wi); = 0, which proves the theorem in case a). The proof 

in case b) can be carried out exactly m the same way. 

Let A and B be G)-modules, We have difined above a homomorphism 

M ... ,B : -9l(A)@lf-(B)->-¥L4.€B), 

It is clear that M.J,B maps (¥(A»(1)®C1f.CBl)(1) mto (If-(A@B»(1), If 

xE If.(A), yE Clf-CB) )(1), then 

<:Ind similarly, if xE (J'f-(A»(1), yE!jL(B), aM'4,B(xg;y) = M.4,B(x&ay), It follows 

immediately that, if xE (!f-(A) )@, yE (-9l(B»@, then the class of MA,B(X.J5)y) 

in H'(A®B) depends only on the classes g of x in H'(A) and 7J ofy in R'CB); 

therefore, M,j,B defines an additive mapping 

M'if} B : R'(A) ®H'(B) -+H'(A®B). 

Let C be a third G)-module. Bya panng of A and B to C is meant a bi-ad­

ditive mapping <p of Ax B into C with the property that <p(sa, sb) = srp(a, b) 

for all s E ®, a E A, bE B. To any such pairing is associated a homomorphism. 

(/) of A.J5)B into C. We shall denote by <f' the mapping 

of R'(A) ®H'(B) into H'(C). 

It is clear that <pi< maps P,qHCA) :&P',q'R(B) into P+P',q+q'H(C). 

THEOREM 5.8. Let A, B, C, A', B', C', be ®-modules, u a homonwrphism 

0/ A' into A, v a homomorphism 0/ B' into B, w a homonwrphism 0/ C into C' 

and <p a pairing 0/ A and B to C. Set epl(a', b' ) = w'<p(u'a', v'b' ); epl is there­

fore a pairing 0/ A', B' to C'. Let ~ be in H'(AI), 7J in R'CBI); then 

<p'*(~ ®r;) = w*·ep*(u*(g) ® v*(r;». 

Let (J), (/)' be the homomorphisms fl) : A®B-+C, (/)' : A'@B'-+C' associated. 
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to cP, cp'. We then have 

(JJ' = wo(Oo (u(3)v) 

whence CP''''=w:ro(O·o(us>v)'''OM~,RI. Let x be a representative for ~ in 

(1jL(A'»QS and y a representative for r; in (1jL(B,»(i$. We know that 

u8v(MJ'.B'(X®Y» =M..4.B(U(X) ®iHy» 

(cf. formula (4.7». It follows that 

(u®V),'(M~.BI (~-19r;» = M~B(U*(~) ® v""(r;}), 

and theorem 5. 8 follows immediately. 

THEOREM 5. 9. Let AI, Aa, As, B 1, B2, C be CiD-moduies, CPI a pairmg oj A!' 

All to B1, IPt a pairing oj BI, Aa to C, cpa a pairing oj Aa, Aa to Ba, 1/12 a pairing 

oj A!, B2 to C. Assume that ¢l(CPl(al, a2), a3) = ¢2(al, CPa(al!, a3» whenever a. 

eA. (i = 1,2, 3). Then we have 

whenever ~.eH'(A.), i= 1,2,3. 

Let (01 be the mapping Al ® All -+ Bl associated to CPl. Then the formula 

leu, a3) = ¢I(tb!(u), a3) defines a pairing of AI®Aa and A, to C. SInce cpt(~! 

~$a) = «(Oi' 0 M~ . ..4.)(~1®~2)' it follows from theorem 5.8 that 

¢':(CP':(~1®~2) 8l~3) = ,r"(M~" 4.(~1&~2H9$3). 

Let A be the mapping Al 3> All ® As -+ C assoclated to ,t Then 

¢t( cpl($! ® ~2) ® ~a) = A'!<o M~'®4 •• ..4.(M~, ..4.( ~1 @ ~a) ® ~3). 

We have A(al(3)th@aa)=¢I(CPl(at, a2), Qa)=¢a(al, CP2(aa, a3», and A is also as­

sociated to the pairing of A! and A2®Aa to C which maps (aI, v) upon ¢2(a1. 

fMv»)(aleAl, veAa®Aa). It follows that 

¢:($I®CPt($Z®$3» =A* 0 M~,A.®A'<$I@M~.A.($2®$3)). 

We have proved that MA,®..4I.,A.(MAhA,(XI®Xa) ®Xa) is equal to M,.;I"A.®,A,(XI 

.®M"" •• A.(Xa®Xa» whenever x,E¥(A,), i=l, 2,3. It follows immediately that 

M~ • ..c.®"".($1®M~.,Aa(e2®$a» = M~®"" •• Aa(M~. A.($I@e2)18>$8), 

which proves theorem 5. 9. 



~ 5. THE COHOMOLOGY GROUPS 29 

f g 
THFOREM 5.10 Let 0 ~ Al - A2 - Aa ~ 0 be an exact sequence 01 

homomorphisms o/@-modules, and let 0 be the corresponding mapp£ng 0/ H'(A1) 

znto H'(A1). Let B be a @-module, and I the zdentzty mappmg 0/ B onto itself. 
/01 gel . 

1/ the sequence 0 -? Al®B ~ A2-8)B ~ A1®B - 0 zs exact, Zet J be the 

correspondIng maPPing 0/ H'(Aa®B) mto H'(Ar®Bl. Then we have M'1f"BCoga 

.s 1}) = JM'1,,] (g~®1}) if ~3EH'(A3), 1}EH'(B). If the sequence 0_ B®Al 

~ B ® A2 ~ B -8) A3 - 0 zs exact, Zet A' be the corresponding mapping of 

H'(B®Aa) mto H'(B®Al ). Then we have M~Al(1}®O~J = (-1)P'A1M E ,,d,(1) 

®g1) if ~JEP,qH(A), 1}E P',q'H'(B). 

Let Xa be a representative for ~1 in (!f-(Aa))@ and y a representative for 1} 

In R'(B). Wnte XJ = g(v), VEJ!f.(A2 ), and d.4,v = j (Xl), whence XIEo(~3). The 

element MA;,B(xa@y) IS a representative for 2kflB(~3®1}) and is equal to 

g;&i (MA2.B (V,&Y» by formula (4.7). We have 

~ 

by formula (4.6). The right side is equal to J®I(Xl8)y). It follows that Xl 

®y is a representative for J(Mt r (~3 -8)'1]». But it is also obviously a repre­

sentative for M!l" B(O~1®1}), which proves the first assertion of the theorem. To 

prove the second assertion, we shall first establish a formula. Let A, B be any 

6>-modules, then there IS an isomorphism P of A 0 B with B ® A which maps 

a®b upon b®a (aEA, bEB). Now, let ~ be in P,qR(A) and 1} in P',q'H(B). 

We shall prove that 

(5.1 ) 

Let u be in jp, v in I q , u' in jp" v, in 1,1'> x = u '19v8>a, y = u' ®v'0b, with aEA, 

bEB. Then we have M.4,B(X®Y) = (u®u')®(v®v')®(a®b), whose image 

under P is (u®u')®Cv®v')®(b®a). On the other hand, we have MB,A(Y 

®x)=(u'®u)®(z"®v)®(b®a); it follows that 

where w is the permutation of {I, ... , p + p'} which maps i upon pi + i if i ~p, 

P + i upon i if i ~P', while Wi is the permutation of {I •...• q + q'} which maps 

j upon q' + j if j ~ q, q + j upon j if j!!iii q'. The signatures of w, w' are obviously 

( -1)PP' and ( -l)q(l' respectively, whence, by theorem 5.7. 
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which proves (5.1). Making use 01 this formula, it IS easy to deduce the second 

assertion of theorem 5. 10 from the first. 

f g ~ r 
THEOREM 5.11. Let 0 ~ A ~ B ~ C -;> 0 and 0 ~ C' ~ B' -=----;> A' 

----* 0 be exact sequences of homomorphisms oj @-modules. Let D be a @-module, 

and let IX be a pairing of A, A'to D, (3 a pairing of B, B' to D and r a pazring 

of C, c' to D with the property that «Ca, f'(b'» = (3(f(a), b') for aE A, b' EB' 

and (3(b, g'tc'» = r(g(b), e') for bEB, c'EC'. Let 0 be the mapping H'(C) 

-+H'(A) associated to our first exact sequence and 0' the mapping H'(A') 

-+H'(C') associated to our second exact sequence. If (EH'(C), ~'EH'(A'), 

then we have 

Let 0', Ii, c be the mappings 

0': A®A'-+D; Ii: B®B'-+D; c: C®C'-+D 

associated to the mappings IX, (3, r. Then a 0 MA,,;I is a homomorphism of If.(A) 

~J.F.(A') into J.F.(D), b 0 MB,BI is a homomorphism of If.(B) 2>lf.(B') into ljl(D) 

and coMe, C' is a homomorphIsm of If.( C) ® If.( C') into If.( D ). We have 

'" ( A )!n.' ( A )!n -I: ( A )!n IX = a a M,hA' ,(3 == Ii 0 MB,B' ,y' = c 0 Nlc,G' • 

We want to show that 

It is sufficient to prove this in the case where x:= w®a, y' = w' ®b', w, w'E a:r, 
aEA, b'EB', We then have a 0 M.!l, 4'(X ® j'(y'» := w 0 w"IX(a, f'(b'», b 0 MB,B' 

(j(x)®Y'):=wow'{3(f(a),b'), which proves our assertion. 

This being said, let Z E (If.( C) )@5 be a representative for (, and let y E 9!( B) 

be such that g(y):=z, Thenwemaywrite,for sE@, sy-.y=j(xs), xsEJ.F.(A). 

We have dBy =::;8:s 0 sy = ::;8'SO (sy - y) == j (x), with x:=::;8:s 0 Xs, and x 
BEG! BEG! OEG! 

belongs to 0(, Similarly, let x, be a representative for ~'; write x, = j'(y'), 

y'EJ.F.(B') and sY'-Y'=i!'(z~), with clElf.(C'); then z':=::;8SDZ~ is a repre­
BEG! 

sentative for o'~'. The element IX*(O(®~') is represented by the element 

,a·M""Ax®x'), which is 
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Since j (x,) = sy - y, we have 

A similar argument shows that / «( ® a' ;') is represented by 

:s sOb 'MB,lJ'(Y ~ Csyl- y'». 
oE(j) 

Now, we observe that E'Ml',J,((sY-Y)C!«Y'-sf»=O because sy-y=J(xs), 

j'Cy' - sy') -= 0. Thus, we may wnte 

h 'MB,IACsy - y) (9y') = b'Mb,T'\ (sY - y);g sy') 

and the element a" (oC (9;1) + r C, (5' A' ~') is represented by 

If we set E'MB,E,CV2)y') =p, this is :SsD Csp-p) =a(eDP). It follows that 
.E(j) 

a-rCo'®~')+r*(090'e) =0. 

Let 0 ~ A ~ B ~ e ~ 0 be an exact sequence of homomorphisms 

of G)-modules, and let p, q be ",,0. Let 0 be the mapping R'(e) -"R'(A) as­

sociated to our exact sequence. Then we shall prove that 

C5.2) 

for any (EP,qHC e). Let z be a representative for' in (lfJ e) )(j). Write Y = gCz) 

wIth someyE1f.(B), and dpy=jCx), XE(1f.(A»(j). Then we have g(P,qOB(Y» 

=p,qOc(z) by the first formula (4.4). On the other hand, we have dB(P,qOBCy» 

=P+l,q{}B(dBy) by formula (4.1), and this is jep+1,Q{}.A(x», which proves that 

P+l,qO.A(X) IS a representative for o(p,qo'/!ec;»; formula (5.2) is thereby proved. 

Let <p be a pairing of the ®-modules A and B to the @-module e. Then 

we have for t;EP,qH(A), YjEP',q'H(B), 

(5.3) 
f <p*(8~(t;) ®1/) = (-l)P'(jW<p*(~®1j) 
l <p*(t;®{j~(7]) = (-1)q8~if*(t;®7J). 

For, it follows from formula (4.5) and theorem 5.7, and from the fact that a 

cyclic permutation of r+ 1 letters has signature ( -lY, that 

M~B(81J}(t;)®7]) = (-1)P'81J}®BM~B(t;S)7]) 

M~B(t;®8YJ(7]» = (-l)qO~®BM~B(t;®1/). 
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It follows immediately that, if ~EP+l,q+1H(A), r;EP',q'H(B), then 

(5.4) 

(5.5) 

We shall set 

rH(A) = r,oH(A) if 1'~O 

rH(A) =o,-rH(A) if 1'<0. 

The group rH(A) is then called the r-th cohomology group of A; the direct 
... oo 

sum 2J' H(A) is called the cohomology group of A and is denoted by H(A). 

To every homomorphism f of A into a G)-module B, there is asso:::iated an ad­

ditive mapping 

f'" : H(A)-+H(B) 

and we have (g 0 f) "< = go, 0 f" if g is a homomorphism of B into a G)-module C. 

Let 

be an exact sequence of homomorphisms of G)-modules. Let 0 be the associated 

mapping of H'(C) into R'(A). Then,if r~O, a induces a mapping ri] of 'H(C) 

into r+lR(A)' If 1'<0, then 0 maps rH(C) into I'-'"H(A). But o,-r-l(}~ is an 

isomorphism of rI-lHCA) with 1,-rH(A). It follows that there is a mapping, 

which we denote by ro, of rR(C) into r+lH(C). We shall denote by i] the 

mapping of H(A) into itself which extends all mappings ri]. 

THEOREM 5. 12. Let 

O-+A~B~C-+O 
ul vl wl 

/' , 
O-+A'~B'~C'--+ ° 

be a commutative diagram of homomorphisms of G)-modules whose horizontaf 

lines are exact sequen'Jes. Then the diagram 
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H(A) ~H(B)~H(C) ~H(A) f") H(B) 

u' 1 v~ 1 w·l u' I 
-!-

H(A') /") H(B') g'~ H(C') ~H(A') ~H(B') 

is commutative, and its hOJ izontal lines are exact sequences. 
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ThIS follows immed;ately from theorem 5.5 and from formula (5.2) above. 

Functional representation 

Any element ueP,QEj1(A) may be written in the form 2J 51 
81, .... t 8p, lIt ... , tqEGS 

@ ••• ®sp(f?Jtl ® ••• ~tq'F(SI' ••• ,sp. t1 , • •• , tq) where F is a mapping of 

the product ®P x ®Q of P + q copies of G) into A. We shall say that F is a fune-

tional representative of u. Not every function F on ®P x (t!l is representative 

for an element of P,QljL(A); for F must satisfy the following condition (which 

is also obviou&ly sufficient): if one of the last q arguments runs over all ele­

ments of ~, the p + q _. 1 others being kept fixed, the sum of the values assumed 

by F is O. On the other hand, two distinct functions F and pi may be repre­

sentative for the same element of p, q ljL(A): the condition for that is that F' - F 

can be represented in the form G1 + ... + Gp, where G,(sJ, ••• , Sp, t l , •••• 

tq ) does not depend on s,. 

Let F be representative for the element ueP,Qljl.(A), and let SE®. Then 

it is clear that a representative for su is the function 

) F( -1 -1 -It -It) 
(SI, ••• , sp, tl, •••• tfl .... S S SI,..., sSp, S 1,···. Sq. 

If uE (P,QljL(A»~, then we shall say that a functional representative F for 

u is also afunctional representative for the element of P,flH(A) represented by u. 

Let f be a homomorphism of A into a ®-module B. If a function F is a 

functional representative for an element ~eP,QH(A), then it is clear that fa F 

is a functional representative for f~ (~). 

Let cp be a pairing of the ®-modules A and B to a ®-module C. Let ~ be 

in :P,QH(A) and 1} in P','1'H(B); let F and G be functional representatives for 

$ and r;. Then the function 

(Slo ••• , Sp, $1>+1, ••• , Sp fop, tl, ••• , til. tq+h ••• , tq+o.') 

.... cp( F(Sl, ••• , Sp, t1. ••• , tq), G(SP+1, ••• , 51>+1-'. t '1+1 • ••• , t'1+(t» 

is obviously a functional representative for ~>I-(~ ®7J). 
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COHOMOLOGY GROUPS 

Let 0) be a finite group, and A a ®-module. Then we have 

In order to determine -lH(A), we introduce the additive mapping if : I®A--'>A 

defined by 

<pCb s@a(s» ::::: aCe) (where ba(s) '" 0). 
8E@) 

In order for x = bs®a(s) to be in (I®A)@), we must have, for any tE(!J;, 
BE(\) 

which gives the condition a(s)=taCr1s) (s,tE®). This condItion is easily 

seen to be equivalent to a(s) ::::: sa(e) for all sE@, which implies that IJ<p(x) = O. 

We shall denote by A(\) the group of all aEA such that IJa::::: 0. If aEA(\). 

then ::8 s ® sa belongs to (I ® A) (\); thus, <p maps (I ® A) (\) onto A(\). Let now 
sE(\) 

y=:8s®b(s) be any element of I®A. Then IJy=::8s®::8tb(r1s), where 
sE(\) sE(\) tE(\) 

<p(IJY) ::::: ::8 tb(t-l). Since::8 bet) ::::: 0, this may be written in the form 
tE(\) tE@) 

We shall denote by [IAJ the additive group generated by all tb - b, tE®, bEA; 

then <p maps IJ(I®A) into [fA]. Let conversely x =::8 s®sa be an element 
BE@) 

of (I.g;A)(\) (with aEA@) such that y(x)E[JA]. It is then clear that we 

may write a=::8(tb(r1)-bCr1», with b(r1)EA, ::8b(r1):::::0. Thus, <p(x 
tE~ tE@) 

-0"::8 s®b(s» = 0; since x- 0"::8 s(?b(s)E U®A)<M, this implies x = 0'::8 S 
8E@) sE~ BE@) 

®b(s). Moreover, we see in the same way that <p maps O"CI®A) onto [IAJ. 

It follows that 

We shall now determine lH(A). This group is isomorphic to °H(J.g;A). 

34 
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An element xEJ®A may be uniqueJy ·written in the form 2Js8a(s), where 
sE@ 

« : s-'>aCs) is a mapping oj Q) into A such that aCe) = O. We have, for tEG), 

tx :::: 2J is ® taCs) ;::; 2J s '8) taCrls) :::: 2J s@ (ta(r l s) - taU- l). 
sEG) SE@ sE@ 

Thus, a necessary and sufficient condition for x to be in (j @ A)'-ff! is that 

taU-ls) -taU-l) =a(s), a condition which may be written in the form 

dts) :::: aU) + ta(s) (s, tE®). 

The mappings s -'> a( s) which satisfy this condition are called the crossed homo­

m01'phisms of GI into A. It is clear that aCe) = 0 for any crossed homomorphism 

s->aCs). We have 

If we set b:::: 2J taCr 1), then 2J taU-lsi :::: sb, and 
tEG) tEG) 

IJX :::: 2J s ® C sb - b ). 
sEG) 

A crossed homomorphism which is of the form s-" sb - b, for some bEA, is said 

to sjJlit. Thus we have proved 

THEOREM 6.1. The group lHeA) is isomorpJzic to the factor group of the 

group of all crossed homomorphisms oj G3 into A by the group oj splitting crossed 

homomorphisms. 

COROLLARY 1. if G) opprates trz'vially on A, then lH(A) is isomorphic to 

the group oj all homomorphisms oj ® into A. 

COROLLARY 2. Let L / K be a normal separable extension oj finite degree 

oj a field K, and ® its Galois group. Consider the mult£plicative group L * oj 

elements ~O in L as a GI-module. Then IH(® ; L*) = {O}. 

This follows immediately from E. Noether's theorem. 

Consider now the case where A is the group Z, considered as a ®-module 

on which ® operates trivially. We have Z&';::; Z, aZ = nZ, where It is the order 

of ®. Thus 

O,OH(Z) :::: °H(Z) = Z/nZ 

The group Z&, is {O}, whence 
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Since Z has no element :!t: 0 of finite order and ® is finite, there is no homo­

morphIsm :!t: 0 of ® into Z, whence 

Il,OH(Z) = IH(Z) ;:: {O} 

By corollary 2 to theorem 5.5, the group 2H(Z) is isomorphlc to IH(R'); on 

the other hand, we have defined a canonical isomorphism of IH(R~) with the 

group of all homomorphisms of ® mto R'. The latter group will be denoted 

by Char G3, and lts elements will be called the characters of ®. Let ®' be thE' 

commutator subgroup of ®; since R" is abelian, we have Char ~;:; Char ~/~', 

and it is well known that Char@I®';:;®I®'. Thus 

To a character X of ® there is associated the element of IH(R") represented 

by the element 2]1@X(t) oj 1f.(R*). Let us determine the corresponding ele-
leW 

ment of 2HCZ). Let Xo be a mapping of ® into R such that, for any sE GJ, 
Xo(s) belongs to the chass Xes) modulo Z. Then we have first to construct the 

element 2]H9S(2]F@Xo(t» of 1f.(R); this is 2] s®F@Xo(s- l t). Set 
8eW teg) 8 teg) 

Since 2is= 0, we have 2] s@F@XO(S-l) = 2] s@F@Zo(t);::O, and 2] steF 
sEW 8, teg) 8 teg) s, teg) 

.8>XO(S-lt);::;:; 2] s@F®c,,(s, t). Thus, the element of 2H(Z) which corresponds 
.,teW 

to X is represented by the element 

of ]J. 

It can be proved in general that -Pil(Z);:;PH(Z) for any p. We shall prove 

here directly that -2H(Z) -;;;, ®I®'. We have -2H(Z) = -lH([®Z) = -IH(]) 

-;;: IQj/ [II]. It is clear that Ig) = I. Let 1'1' be the mapping s -+ S - e of ® into 1. 

We have, for s,tE®, 1T(st)=s(t-e)+s-e51T(s)+1T(t) (mod [IJ]). If we 

denote by n'(s) the residue class of rr(s) mod [11], then n' is a homomorphism 

of ~ into l/[l1J. It is clear that rr(®) is a set of generators of the additive 
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group I; T. is therefore an epimorphism. Since the elements s - e, s E ®, s ="'T e, 

form a base of l, there is a homomorphism w of I into the abelian group f»/(!j/ 

which maps any s - e upon the coset s of ® modulo Gi'; thus W°ll" is the ca­

nonical mapping of ® onto ®/®', and its kernel is therefore ®'. If s, tE®, 

then wCt( s - e» = w(ts - e) - wet - e) = is - t = s (we note ®I®' additively); it 

follows that w([IlJ) = 0, and therefore that the kernel of IT is ®', which shows 

that IT defines an isomorphism ITl : Gl®',;::;-lH(J). We may explicit this iso­

morphism as follows. In the isomorphism between l/[II] and -lH(I), the ele­

ment which corresponds to s - e is the cohomology class of ~ t® t(s - e). Thus, 
tE@ 

the element of -2H(Z) which corresponds to the coset (mod ®') of an sE® is 

represented by the element 

~t®(ts-t) =~ (t-e)@(ts-t). 
tEG) lEG) 

Observe now that M~,z induces a mapping of +2HCZ) ® -2H(Z) into 2,2H(Z). 

On the other hand o,os~ 0 l,lS~ is an isomorphism of 2,2H(Z) with °H(Z) =ZlnZ, 

where n is the order of ®. Let {I be the mapping o,oS~ 0 1,1S~ 0 M~,z of +2H(Z) 

®-2H(Z) into Z/nZ. Let X be a character of @ and s an element of ®; denote 

by ~O() the element of 2H(Z) which corresponds to l (by the isomorphism es­

tablished above) and by "lI(s) the element of -2H(Z) which corresponds to the 

cosetofsmodulo®'. We shall compute .u(~(l)~)"l7(s». We have to determine 

the value of 

0,°501,15, ~ cAu, v)-U@v@t@(ts-t) 
>t, v, tEG) 

=°'°5 ~ c/.(u,t)u®(ts-t)=~(c~(ts,t)-Ct.Ct,t». 
",tEG) tE@ 

We have, with the notation used above 

ChUs. t) - ct.(t, t) = lo(S-l) - Xo(s-lr1 ) - lo(t) - [Xo(e) - Xo(1) - lo(t)] 

and the value of our expression is n(Xo(s-l) - 7.o(e» == - nXo(s) (mod nZ), since 

lo(e) EZ. Thus 

(6.1) 

where nX(s) is the class of nXo(s) modulo nZ. 

Let A be a ®-moduJe which at the same time a ring, the operators of ® 

being automorphisms of the ring structure of A. Then the multiplication J' in 
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A is a pairing of A and A to A. It defines a mapping It : H'(A) 8>H'(A) 

-> H'(A), and this mapping defines in turn a bi-additIve law of composition in 

H'(A). Ie follows immediately from theorem 5.9 that this law of composition 

is associative. Thus, H'(A) has a structure of ring. 

In parcicular, Z is a ring; therefore JI'(Z) has a structure of ring. Let A 

b3 any ()j-module. Then we have A SlZ = A, and the mapping (a, v) ..... va(aEA, 

vEZ) is a p::!.iring of A and Z to A. This pairing defines a mapping of H'(A) 

®H'(Z) into H'(A), namely the mapping M'J},z; this in turn defines an ex­

ternal law of composition between elements of R'(A) and of H'(Z), with values 

in R'(A). It follows immediately from 5.9, that this external law of composi­

tion defines on H'(A) a structure of H'(Z)-right module. 

Denote by I' the residue class of 1 modulo nZ; this is an element of 

O,OH(Z). We have M A ,z(x811) =x for any xE1jL(A), whence 

M~z(~811 ) = ~ (~EH'(A». 

It follows that, if v' is an element of order n, equal to the order of ®, in °H(Z), 

then ~""'M.~z(~.gvi.) is an automorphism of R'(A); for 7)'1" is then obviously 

invertible in the ring H'(Z). 

THEOREM 6.2. Let '1 be iis 0, and let v be an element oj order n equal to 

the order oj ® in "'''R(Z). Then ~""'M~z(~8lv) induces an isomorphism oj 
P,qH(A) with P+".q+1 H(A) (Jor any PiisO, qiisO). 

We have just seen that this is true if '1 = 0. Assume that '1> ° and that 

our statement is true for r -1. We may write v = "-1,"-16~(Vl)' where V1 is of 
order n in ,-1.,.-lH(Z). We have 

M.4.z(~~V) = ( -1)q6~'MA,z(H9Vl) 

b, formula (5.3). Since 6~ is an isomorphism, it follows immediately that our 

assertion is true for r. 

Cohomology of cyclic groups 

THEOREM 6.3. Let ® be a cyclic group. Then we have 

f'R(A)-;;;;,,+2H(A) 

for every integer r. 

Let s be a generator of ®. Consider the ma.pping z ..... ($ - e) z of Z [®J int() 
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itself. Since G> is commutative., this mapping is a homomorphism of G)-modules. 

We have (s - e) s" E I[Gl] for every k; conversely, for any k, we may wri:e 

i - e:::: (s - e) Zk, z/,EZ[@], whence (s - e) Z[Gl] == 1[6)J. Let n be the order 
n-l n=l 

of @. Then (s-e)2jv"s/'==2j(v"-Vl'+l)i~1, where "lye have set Vn=Vo. It 
1.-0 k=O 

follows immediarely that the kernel of our mapping is Z(J, whence 1-;=J. 

Thus. we have Jp+2r:s\1q'8)A-;=Jp+1:!)18J1qgA::::Jp-lg1q~1;::)A, and P"'-?,qH(A) 

-;=P ,1,Q+lH(A) -;=P,qH(A), which proves the theorem. 

We shall give later an other proof of this theorem, based on a different 

principle. 



§7. THE RESTRICTION MAPPING 

We shall denote by B) a subgroup of the group ®. Any G)-module maj 

therefore be considered as an ,p-module. 

It IS clear that we may consider the group algebra Z [S)J of B) as a sub­

algebra of Z[®J; we then have I[s)JCI[®J. On the other hand, there is a 

"natural" additive mappmg of Z[@J onto Z[B)J which maps t upon itself if 

tEl{), s upon ° if s$B). ThIS mappmg maps O"® = 2J s upon O"SJ = 2J t, and 
.E® tE.\) 

therefore defines a natural mappIng cp : ][GSJ ..... ]m]. 

Bya normal mapping of EE[@J into EE[S)], we shall mean a homomorphism 

ifJ of the algebra structure of EE[@J onto that of EE[I{)J which satIsfies the fol­

lowing conditlOns: ifJ is a homomorphIsm for tbe structures of B)-modules; for 

any Pi:;:,O, qi:;:,O, (J) maps p,qru[@J onto p,qru[SO]; ifJ induces the identity mapping 

on the sub module 1[SOJ of 1[®J; (J) induces the natural mapping <p on ][@] 

THEOREM 7.1. There exists at least one normal mapping oj m[~] into 

EE[I{)]; if (J) is any such mapping, then the kernel 0/ ifJ sPlits. 

Let ~Sl (z" = 1, ... , m ; 5r = e, the unit element) be the distinct co sets of 

@ modulo SO. Let X be the subgroup of I[@J generated by the elements s, - e 

(2§i~m). Theelementst-e(tEB),t~e),ts,-t=t(s,-e) (tESO,t>l) clearly 

form a base of 1[@J. This shows that 1[®J is the direct sum of 1[SOJ and of 

the module Vi = 2J tX, which splIts. Let <X be the mapping of 1[@] onto 1[SOJ 
tE~ 

which coincides WIth the identity on 1[SOJ and maps Uz upon {O}. If P~O, 

q i:;:, 0, let p, q(J) be the mapping <p ® ... ® <p S) <X @ ••• ® a (p factors <p and q 

factors <x) of P,qEE[@] onto p,qm[SO], and let ifJ be the mapping which extends 

all P,l/ifJ. Then (J) is ObVlOusly a normal mapping. Now, let (J) be any normal 

mapping. The kernel ui of the restriction of (/) to 1[@] is clearly isomorphic 

to UI , and therefore splits; the kernel K of the restriction of ifJ to ][@] is the 

kernel of <po We shall see that this module splits, Denote by s the residue 

class of s in J[@J (if sE @); then we see immedIately that K is generated as 

an additive group by the elements 2J I, ts, (tE B), i> 1), whose sum is 0, there-
_ tE~ 

fore the elements tss (tEl{), i> 1) form a base of K, and K = 2J tY (direct), 
te8;) 

40 
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m 

where Y = ::E Zs.. The kernel of m is clearly the direct sum of the tensor 
,-2 

product of U~ by some ~-module and of the tensor product of K by some 

module. Smce the tensor product of any splittmg module by any module splits. 
theorem 7.1 is proved 

Let A be an ~-module, and I", the identlty map of A onto itself. If (J) is 

a normal mapping of EEl[@] onto EEl[~J, then (8)JA IS a homomorphIsm (biJ. of 

the ~-module EEl[@J®A onto !f.(~ ; A) whose kernel ~iJ. splIts. The exact 

sequence 0-+ R \-+ 1I1[@J 3l A -+ !f.(~ ; A) -+ ° therefore defines an isomorphism 

m'fJ: 91(~; S1[@J31A)==H'(~; A). Thus we have proved: 

THEOREM 7.2. Let 4> be a SUbgl0UP of ~ and A an 4>-module. Then we 

have P,QH(4) ; A);:~1(4) ; p,Qm[®J8>A) jor any p=o, qiii=O. 

Moreover, the Isomorphism m'fJ does not depend on the choice of m. In order 

to prove this, we observe that J[~] is the direct sum of the kernel K of cp and 
m 

of an ~-module V; for, using the notation of the proof of theorem 7.1, let y = ::E $., 
/=1 

and let V be the additive group generated by the elements ty, tE 4>. The ele-

ment cp(ty) IS the reSIdue class of t In J[4>J, and ::E ty = 0, which shows that r 
tE~ 

induces an isomorphism of V wIth J[4>J. Let r/J be the reciprocal isomorphism 

of J[4>J with V. Then there is an Isomorphism ?Jl' of the 4>-module E:![4>] with 

a submodule of ffl[~J which maps Xl8) ••• ®'xpi8lYl S> ••• ®Yq upon r/J(Xl) 

0 ... 8)r/J(Xp)S)Yl3> ••• ®Yq if x,EJ[4>J, l~i .... p'YIEI[4>J, l~j .... q. 

If m is any normal mapping, then (J)o?Jl' is the identity mapping of gj[4>J. 

S~t ?Jl'A = ?Jl' ~ liJ.; then myjIs the reciprocal of the mapping ?Jl'Yl, whIch proves that 

this mapping does not depend on the choice of (b. 

Moreover, since (b A 0 1J!.;l is the identity mapping, we see that any element 

of (1ij!(4>; A))~ is the image under (bA of an element of (1f.(~; A»)~. 
Now, let M be any @-module. It is clear that M~::>MG\S. We have t1GISM 

Ct1f)M; for, if 4>s.(i = 1, .•.• m) are the dIstinct cosets of @ modulo 4>. then 
n' 

O"(,\SX = <1f)<::Es, x) (xEM). This gives rise to an additive mapping 
1=1 

p(M) : !R«$3 ; M) -+ 91(ti ; M). 

If A is a @-module, we set 

rA is an additive mapping of H'(@) ; A) into H'(ti ; A), which is called the.-
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-:restriction mapping. It is clear that 1"4 maps P,QH(@ ; A) into P,QH(S) ; A). 

Let again M be any Gl-module, and let s,£)(l g; i g; m, SI == e) be the distinct 
In @ 

cosets of Gl modu1o £). Let x be in 1'vI~; then x'::: 2J s, x belongs to 111 and 
1.-1 

does not depend on the choice of the representatives s, for the cosets S,&). For, 

let s be in ®; then we may write ss, == Sw(t) t" w being a permutation of {I, 

... , m} and t, E £); it follows that sx' == x'. On the other hand, we have s,."!: 

:; s, tx for t E ig, which proves our second assertion. If x::;: O'~Y belongs to O'~ M, 

then x, = O'@y belongs to O'CMM. This gives rise to an additive mapping 

PCM) : m:C£) ; M) ..... m:C® ; M). 

We set 

RJ is an additive mapping of H'C£) ; A) into H'(® ; A); it is clear that R 1 

maps P,qHUg ; A) into P,qH(® ; A). We shall call RA the injection mapping. 

THEOREM 7.3. Let m be the index of S) in ®. Then we have, for any 

gEH'(® ; A), RA(rA(~» == m~. 

It is sufficient to prove that (PCM)op(M»(u) =mp. if pEm:C®; M), M 

being any ®-module. Let x be a representative for p. in M@; then, with the 
'Tn 

notation used above, xisalsoarepresentative for pCM)·p, and 2Js,x = m:c isa 
,=1 

representative for CP(M) 0 p(M) )(p.). 

COROLLARY. Let A be a ®-module and p, q integers "'" O. Assume that 

':p,qHC&); A)=={O} for every Sylow subgroup &) of ®. Then we have P,qH(C!iJ; A) 

=={O}. 

Let 12::: ql • •• qn be the order of @, each q, being a power of a prime p" 
with P, :I;: PJ for i:l;: j. For each i, there is a Sylow subgroup &), of index 12/ q, of 

~. Let ~ be in P,qH(® ; A); then, considering the subgroup &)" it follows 

immediately from theorem 7.3 that (n/ q,) ~:::: O. But the numbers 12/ q, are rela­

tively prime as a whole; it follows that ~ =: O. 

THEOREM 7. 4. Let &) be a subgroup 0/ ® and R a subgroup of &). Let A 

be a @-module; denote by r4(~)' r4(m the restriction mapping from H'(@ ; A) 

to H'(i;) ; A) and H'(ff ; A), by RA(i;) and R"t(Sf) the injection mappings from 

H'(f) ; A) and H'(~ ; A) into H'(@ ; A), by r~(~) the 'TestricUon mapping from 
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H'(f) ; A) to H'(fe ; A) and by R'I\fe) the injection mapping from B'(fe ; A) 

to H'(f) ; A). Then we have 

rACfe) = r'1(.~) 0 1'1(.1) ; Rl(~) = R-1(f) 0 R',(~), 

Let r]J be a normal mapping of ffl[(£)] into EE[f)] and 1p' a normal mapping 

of ffl[f)] into m[fe]. Then 1p'or]J is a homomorphism of ffl[G)] into runt] rela­

tIvely to the structures of algebras and ~-modules, and coincides with the iden­

tity on I[~J. If SE@, then clearly, 1p'or]J maps supan 0 if S is not in ~ and 

upon the resIdue class of S in J[~J If sE.If. It follows that 1J!o r]J is a normal 

mapping. If IA is the identlty mapping of A, then (1J!orD)®IA = (P'®IA)o(r]J 

(';)IA ). The first of our formulas follows immediately from this. Now, let' 

be an element of B'(~ ; A), and let W be an element of (If.(® ; A)~ such 

that (1J!o r]J) (w) represents '- Let s,.I) (1 "" i "" m) be the dIstinct co sets of @ 

modulo .I) and fl.. ~ (1 "" k "" n) the distinct cosets of ,I) modulo ~; then the cosets 
11 

of @ modulo ~ are the s, tk~, 1"" i "" m, 1"" k "" n. Set w':;: ~ tkW; then r]J(w' ) 
k=l 

n 

= ::Btkr]J(W) is a representatIve for R'I(~)'(; moreover, w' is clearly .I)-invariant, 
k=l 

and iis,w' is therefore a representative for RA(Sj)oR~lW)'" But this element 
l>::::l 

m n 

is ::B::BsdkW and is therefore a representative for RA(~)", which proves the 
z=lk=l 

second formula. 

Let cp be a pairing of the G)-modules A, B to a ®-module C. Then cp de­

fines mapping cp~: H'«£) ; A)@H'(® ; B)....,.. B'UM; C) and Cp~: B'W ; A) 

®H'(Sj ; B) --> H'(.'f;> ; C). We propose to prove the formula 

There are associated to cp a mapping cpo of A ®B into C, a mapping ~f' of 

If.(®; A®B) into 1f.(® ; C) and a mapping ~~ of 1f.(.I); A@B) into 1f.(Sj; Cl. 

On the other hand, we have mappings M~, B : 1p.(@ ; A) ®1f.(GS ; B) ...,.1p.(® ; A 

(8B) and M~,B: 1f.(.p ; A) ®1f.(.'f) ; B) ..... 1f.(.'f) ; A®B). Denote by 1M the 

identity mapping of any module M. Take representative u for ~ in (lj!.( ® ; A»t.\) 

and v for r; in (lj!.(® ; B»t.\). Let ([j be a normal mapping of EE(®) into Ea(.'f». 

Then (([j®Ic)?~ M~B(U®V) is a representative for rcsoJ;(~®ll). This is obvi­

ously equal to sO~({[j®IA®B)M~B(u®v); since {[j is a homomorphism for the 

algebra structures, we have 
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(7. 2) cf·~(1lJ 3)I 4@B) M~ B(U 8)v) = cf~ M~. B( (1lJ® I A)( u) 8l (IlJ@IB)(v» 

and the right side is a representative for so~(r4(~)@rB(1}», which proves (7.1). 

Now, let ~ be an element of H'(@ ; A) and 1} an element of H'(S';) ; B). 

We shaH prove the formula 

(7.3) 

Let U be a representatIve for ~ in (ijl.(@ ; A»@ and v a representatlve for 

1} in (If-(S';); B»iQ. Defining SOo, ?,!, fj~, MT,B, M~,B as above, so~(rA(~) Q5,1}) 

IS represented by the element r~M~,B«IlJ®IA)(u)®v). We may wnte v:=;(1lJ 

®IB)(w), where w is an element of (ijl.(@ ; B»iQ. We then have 

fj~ M~,B«<li®IA)(u) ®v) = fj~(IlJ®J 4@B)MT,B(UQS;W) 

= (1lJ® Ie )fj'! M91.E (u.8)w). 

Let s.S';) (1 ~ i ~ m) be the distinct cosets of @ modulo S';). By definition of the 
m m 

mapping, Rc st'~( r A(;;) ®1}) is represented by 2Js,i'! M91,B (u 3)w) == 2J<P'! s,M91. [' 
z=1 ~-l 

(u® w). Slllce StU = U, we have s.MT. R (u 3;w) :=; M~ B (u 8) s, w), and Rcsoi(rA(f) 
m m 

®1}) is represented by <P'!M91.BCu02Js,w). But 2Js,w is a representative of 
£=1 .=1 

RB1}, and formula (7.3) is thereby proved. 

Let ~ be an element of P,oH(® ; A) and Jet F be a functional representa­

tive for ~; this is a mapping of @t) into A. The restriction of F to if is a 

functional representative for rAe;;). For, ~ IS represented by the element 

U = 2J SlQ9 ••• @SPQ9F(Sl, ••. ,sp). Let IlJ be a normal mapping of m [@] 
81. ., , spe@ 

into E£:][S';)]; then IlJ(Sl ® ... ® sp) is 0 if S1, ••• ,Sp are not aU in S';) and IS 

(S1)iQQ9 • •• Q9(sp)t> if S1, ••• , SpES';), where (s,)t> is the residue class of s, in 

J[.~]. Thus 

which proves our assertion. 

The transfer mapping. Let ® be a finite group and S';) a subgroup of <£. 
We have established in §6 isomorphisms of 2H(<£ ; Z) with Char @ and of 

211(9) ; Z) with Char S';.J. Thus the injection mapping Rz defines an additive 

mapping of 2H(f> ; Z) into 2H(® ; Z). We propose now to explicit this mapping. 

Let X be a character of c; let Xo be a mappmg of f> in to R such that X( s) is, 
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for any sE.p, the resIdue class of /.o(s) modulo Z. We may obviously assume 

that lo(e) = O. Set e~(s, t) = /'Q(S-l t ) - 10(S-I) -/'o(t)(s, tES); then the element 

~(X) of 2H(S); Z) which corresponds to X is represented by the element 

~ eA s, t) s\j :8l T ~ = u (if s E~, ss;, is the resIdue class of s in ][S)J). Let s,9) 
BtEs;, 

( 1 5l Z 5l m; Sl = e) be the distinct coset of ® modulo ~; then there is a homo-

morphism 1Ji of a:t[9)J mto a:t[®J (relatively to the structures of algebras and 

of 9)-modules) whIch maps ss;, upon ~SS;-l (where 5S;-1 is the class of SS;-l in 
• 

][<SJ; cf. the proof gIven above that ][®J is the direct sum of the kernel of 

'P and of an 9)-module V). We have 

and Rz~(X) is represented by 

Let s' be any element of ®. For any k, there exists exactly one index i such 

that si/ s' s. E 9); set si/ s' s, = r(k ; s'), and we have 

'" 
V= ~ (2jex(r(k,s'), r(k,t'»s'~T'. 

s', t'SQS k=l 

Let X' be the character of ® whlch corresponds to the element Rz~(X). If 

s'E®, let /.~(s') be a real number belonging to the class X'es') modulo Z; we 

may assume that XHe) = O. Set ex'(s', t') ::. X~(S'-lt') - X~(S'-I) - X6(t'), v' 

= ~ c'x,,(s',t')s'®T'. Then we have v-v'=(Jw, with wE 2'0a:t. We may-
8',t'E~ 

write (JW = dWl, where WIE 1,oEl =][®J; write WI = ~ v(t/)t', where vet') EZ. 
t'EQI 

and we may assume vee) = O. Then 

v - v' = :L: s'@s'w~ = ~ v(S,-lt')S'@t' 
.'E~ s'. t'EQI 

= ~ (V(S,-lt') -V(S,-I) -v(t'»-S'®t' . 
• f,t'eQS 

... ( 1 Set C(s', t') = ~e,,(r(k, S'), r(k, t'», C'(s', t') = cAs', t'l and W(s', t/) ::: v s'- t') 
k=l 

- V(S,-I) -vet'). Then we have ~ (C(s', t'l - C'(S', t') - W(s'. t'»s'®t' == o . 
• ',t'E~ 

It is clear that ex(e, s) = e,,(s, e) = 0 for every SEt), ex,(e, 5') = Cx,(s', e) = 0 

for every s'E®, W(s', e) = Wee, s') = 0 for every s'E~ and that r(k, e) =€ 

for 1!!!5 k!!!5 m. Thus C(s', t') - C'(s', t') - W(s', t') ::: 0 if either s' or t' is e .. 
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and therefore C(s' t') - C'(s', i') = W(s', t'), whence ::s C(s', t') - 2J C'\S', t') 
, • E@ .'E@ 

== 2J W(S', i'). For every sE iQ and every k (1"" k "" 112), there are exactly m ele-
.'E@ 

ments s'E G) such that r(k, S') = s, namely the elements s!.ss;-\ 1"" i <f, 112. Thus, 

2J%'o(r- 1(k,sl)Y(k,t' »=m2J%'o(s-lr(k,t'» = m'2J XO(S-l). If n is the order of 
~~@ -~ ~~ 

@. we have 2J C(S', t') = - nS%'o( r(k, t'». It IS clear that 2J C'(S', t') = - nX~(t'), 
.'E@ k~l .'E(j} 

2J W(s', t') == - nv(t' ). Smce v(t') is an integer, we obtam 
<J'E@ 

X'(t') ==::E X(r(k, t'». 
7.;:::1 

Denote by ,,(t') the residue class modulo f)' of the product of the m elements 

r(k, t') (1 g; k g; m), these elements being arranged in any order. Identlfying 

Char G) to Char ®/@', we see that X'(t') == X( ,,(t'». Now, X' depends only on 

X, not on the chOIce of the representatives S,; and two elements of f)/ f)' to 

which every character of f) assigns the same value are equal. It follows that 

T(t') does not depend on the choice of the representatives St. Moreover, since 

X and X' are characters, it is clear that ,,(titD == ,,(t;h(t~) for any tf, t~E($. 

The homomorphism T of ~ into f)/f)' IS called the transfer mapping. It 

is clear that the kernel of T contains the commutator subgroup (2)' of 6), and T 

defines a homomorphIsm of @/@' into f)/iQ'; this homomorphism is also called 

the transfer mapping. 
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Let .1' be a normal subgroup of GI. Then there e"l{ists an additive mapping 

fof Z[@/,I)] into Z[Gi] which maps every element s EGJ/fi;) upon the sum 2Js 
8E8"" 

of the elements of the coset s. It is clear that f IS a homomorphism of @­

modules (Z[@,'I)] bemg considered as a GI-module on which fi;) operates trivially). 

Moreover, [(O"@/I;) == O"@, whIch shows that [ defines a homomorphism i/: j[G3/~] 

-> j[GI]. For any group @, we denote by EE C[@] the sub algebra of EE[GI] 
o 

generated by 1 and j[@], thus [lC[GJ] == 2Jjp[GJ]. The homomorphism if may 
1 -0 

be extended to a homomorphIsm L of EEC[@/fi;)] mto EEC[GI] which maps Xl 

Q9 ••• r&xp upon f,(Xl)®." ,g,fJ(xp) If x,Ej[I]/fi;)] (l~i~P). Let A be any 

@-module, and AS) the set of fi;)-mvanant elements of A. Then AS) IS a submodule 

of A; for, if SE®, tEfi;,J, aEAS), then tsa==st'a=sa If t'=s-ltsE$j, whence 

saEAS). Smce ~ operates trivIally on ASj, A'9 may be considered as a GI/~­

module. Let IA be the identIty map of AS) into A; then 

Ll =L3)IA 

is a homomorphIsm of EEC[GI/fi;)]'& A <g into EEC[CD] 8: A. 

We shall prove that, for any p>O, Ll maps jp[G)Ifi;)]"; A.\1 mto O".\1(Jp[G3]@A). 

Consider first the case where p = 1. If we denote by s" an element of ®/ fi;), by 

a an element of AS), by ? the image of s' in j[GI/fi;)], then we have L 4(S*0a) 

= 2J s ® a, where s is the image of s in j[@]. If S1 is any element of s*, 
8Ea'" 

then 2Js(5:,a==O'S)(:slSla), sInce ta=a when tE~; thIS proves our assertion 
SEa'" 

when p == 1. Assume that p> 1 and that our assertion is proved for p -1. Set 

B=jP-l[®]®A; then L4 mapsjp_l[G)/~]®A5;) into O'S)B, and, ajortiori, into­

B'fJ. On the other hand, it is clear that 

LA(x' ®b*) == LB(x"'r;sL",(b"'») if x'"Ej[®/~], bi E jp-l[@!fi;,J] ®A.\1. 

Our assertion being true for p == 1, L1,(x f. 0L,A,(b*)) is contained in O"S)(j[®J r;sB) 

== O'S)(fp[®] ®A), which proves our assertion for p. Since LA is a homomorphism 

for the structures of ®-modules, it maps (jp[®/fi;)J ®As:l)@;;::: (jp[®!~J ®AS)@/~ 
into (Jp[®] ®A)@. It follows from what we have just proved that, for :P>O~ 

47 
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LA maps d@!/S)(jP[®Is.;>] gAS) into d@!/~Cd~(jp[@] ®A», which is obviously 

q@!(jp[@] ®A). It follows that LA defines in a natural manner a mapping 

A4: !l1(@Is.;> ; ]p[@Is.;>] ®A~)~ !l1(® ; ]p[®] ®A). 

This mapping of PH(®Is.;> ; ASj) into PH(® ; A) is called the lift mapping; it IS 

only defined when p> O. 

THEOREM 8.1. If P .... 1, then AA maps PH(®If{) ; A~) into the kernel 0/ tlze 

restriction map rA : PH(@ ; A) -+ PHCs.;> ; A). 1/ P = 1, then AA induces an iso­

morphism 0/ IH(®Is.;> ; A~) with the kernel 0/ the restriction mapping r4 : 

IH(@ ; A) -+ IH(f{) ; A). 

It follows from what was proved above that, for p .... 1, 

"The right side is obviously in the kernel of the restriction mapping r ,. 

Next, we shall prove that 

(8.1) d~(J[@] ®A)IL_J(j[@Is.;>J ®ASj) ~z[®Ifi;)]® (AI ASj); 

in this formula, AI A Sj is considered as a (@Is.;»-module on which @Is.;> operates 

trivially, and the isomorphism is to be constructed as an isomorphism of ®I.({;)­

modules. If a( s) E A for s E ®, then 

d~C:2j '!@a(s» := :E 2i ts('$ ta(s) :=:E 2i s® ta(rIs) 
.E@! .E@!tE~ .EQStE~ 

;::::E s®sb(s) 
BE@! 

where b(s):= 2i (t-I S)-l a(r1 s). If s'" is the coset of s modulo s.;>, then b(s) 
tE~ 

:=:E s,-la(s'), which shows that b(s) depends only on s"; set bCs)=b(s') • 
• 'e,· 

Conversely, if s"'~ bCs"') is any mapping of ®/f{) into A, and if we set b(s) 

;:::b<s*) for SES*, then 2is8lsb(s) belongs to d~(j®A); for, if s""E(!t)If{) and 
BE(4I 

SlES"', then :E'!®Sb(S);:::d~(Sl®SIbCs*». Moreover, ifs*~b'(s~) is any other 
.es te 

mapping of ®Is.;> into A, then a necessary and sufficient condition for 2]s®sb(s) 

to be equal to :Es@sb'(s) is that s(b'(s)-b(s» should not depend on s; since 

b(s) and b'(s) depend only on $"', this implies that b(s"} - bl(S*)EA~. It follows 

that there is an additive mappingwof df)(j®A) into Z[®If{)]®(A/A~) which 

maps any element of the form :E s@sb(s*) (where s" is the coset of s) upon 
.. E@! 

2J s*@b(s*), where b(s*) is the residue class of 0(5*) modulo A~. If uE~. 
"·E®/~ 
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then (f)(u· ~ s@sb(s*» = (f)( ~ s g sb(u- l s"» = u' o(f)( ); s <8 sb(s~». which 
sE@ ,E@ SE(j) 

proves that (f) is a homomorphism. Any element of LA(j[($/,p] .:8:IA~) is of the 

form ~ s:;Ssb(s"') with b(S>')EA~, and is therefore mapped upon 0 under (f). 
sE@ 

Conversely, if ~s@sb(s*) IS in the kernel of CJ) then b(s»EA~ and our ele-
"e@ " 

ment is the image of ~ s'!'@sibCs*) under L. The isomorphism (8.1) is 
8'E(j)f~ 

thereby proved. 

It is clear that L 1 is a monomorphism; thus we have an exact sequence 

Since Z[($/,pJ @ (AI AIQ) splits, we see that the mapping L: is an isomorphism 

(8.2) Ll : H'«$/,p ; ][®/Rj] 8A'Q) ~H'l®/f;) ; aIQ(][®J (S A». 

In p::trticular, A.1 induces an isomorphism of 9W~/'\) ; ][($/RjJ g A~) with the 

submodule 9((®!Rj; aIQ(j[®J®A») of 1)(($; ][0)] 8.. A). This submodule is 

obviously the kernel of the restriction map 1'A of IH(® ; A) = 91«$ ; ][®J ISlA) 

to IH(,p ; A), and this proves the second assertion of theorem 8.1. 

THEOREM 8. 2. Assume that I H( Rj ; A) ::=; {O}. Then AA induces a?l isomor­

plzism 0/ 2H( f!/J! Rj ; A ~) with the kernel of the restriction map: 

Let xi", x;- be in ][($)/~] and aEA~; then we may write 

To the mapping LA, considered as a mapping of ][G)/,pJ @AIQ into (j[($)J @A)IQ, 

there corresponds a mapping J.tA of IH(®/Rj ; ][®/Rj] ®AIQ) into IH(®/Rj ; (j[®] 

(S'>A)'¢), and it is clear that AA(~>') = AJ[(j)]®A(J.t"~(~"'». Since IH(S) ; A) = {O}, we 

have (J[®J ®A)'Q;:: aIQ(][®J &A); therefore, it follows from the isomorphisms 

(8.2) that J..tA is an isomorphism. By theorem 8.1, applied to ][®J €lA, AJ[(j)J®A 

induces an isomorphism of IHU&/,p ; (J[®J €lA)'Q) with the kernel of the re­

striction map rJ®A of IH(® ; ][®J ®A) to IH(S); ][®] ®A). We have 

IHVS ; ][®J ®A) =2H(® ; A). To every normal mapping rP of !f![®J into 

!f![S)] there is associated an isomorphism m5.J1 of IHCf; ; J[®] €lA) with. 

2HW ; A), and it follows immediately from the definitions that (rP~ 0 rJ®..t)(7}) 

:::; rA(7j) if 7}E 1H(® ; ][®J ®A) =2H(® ; A); theorem 8.2 is thereby proved. 
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Let ~+ be an element of PH(®/ff) ; ASJ) and let F< be a functional repre­

sentative for ;:-1-. Denote by 'Ir the mapping of ®P onto (®/ff)P which assigns 

to (S1, ••• , Sp)E®P the element (Sf, ••• , sp), where s.~ is the coset of SI 

modulo fJ). Then the function F*" 0 IT, defined by 

(F* 0 IT)(Slo ••• , sp) =F"(st, ••• , s1) 

is a functional representative for A 1(~"')' For, it is clear that 

L 4( 2.i st® ••• (f9st'SJF'(st, ••• ,st» 
81'. o •• 8p'EQl/SJ 

:: 2J sli9 ••• (f9sp(f9(F*O'lr)(Sl, ••• ,Sp) • 
• 1 ..... 8/JEQl 

Using this fact, we establish immediately the following results: 

THEOREM 8. 3. Let ~ be a normal subgroup of ® contained in ff). Denote 

by AA(ff) and AA(m the lift mappings from RC(@/ff) ; ASJ) and RC(@/~ ; A~) 
into H C«$$; A) and by A'4(ff) the lift maPPing from HC(®/ff) ; ASJ) into 

HC(@/~ ; A~) (where ®/ff) is identified to (®/[e)/(ff)/fe». Then we have A.1(ff) 

= AA(fe) 0 A~(fJ). 

THEOREM 8. 4. Let ®' be a subgroup of @ and ~ a normal subgrouP of ($$ 

such that ®' ff) = @; set ff)':: G)' n$!>o Denote by rA the restriction mapping from 

H C«$$ ; A) to HC(®, ; A), by AJ! the lift mapping from HC(®/fJ) ; ASJ) into 

H C(® ; A), by A~ the lift mapping from HC(®'/fJ)' ; ASJ) into H C(®, ; A). Iden­

tifying canonically ®/ff) to ®'/.'i)'. denote by ,1< the mapping: HC(®/ff); A~) 
=HC«$$'/Gj' ; A~) -+ HC(®'/fJ)' ; A~) which corresponds to the identity map 

I : A~ -+ A~'. Then we have rA 0 ,l.J! =,l.~ 0 l. 

For, under our identification, the restriction to ®,P of the mapping 'Ir : ~P 

-+ «$$/ff))P introduced above is the mapping (s!, .•• , s~) -+ (sf*, • •• , s~*), where 

s: E ®' (1 ~ i ~ p) and s~ * is the coset of s: modulo fJ)'. 

THEOREM 8. 5. Let ff) be a normal subgrouP of ® and fe a subgroup of ® con­

tainingfJ). Denote by r~ the restriction mappingfrom H C(® ; A) to IJCCfe ; A), 

by r~/~ the restriction mappingfrom HC«$$/ff) ; A~) to HC(Ilt/fJ) ; A~), by ,l.'}S the 

lift mappingfrom l1C«$$/f) ; A~) to HC(® ; A) and by ,l.~ the lift mapping from 

HC(tels[) ; A~) to HC(~ ; A). Then we have ,l.~ 0 r~/~ = ~ 0 ,l.fJ. 

THEOREM 8.6. Let tp be a pairing 0/ the @,-modules A and B to the ®­
module C, and let tpfJ be the restriction of tp to A 0 x ~: this is a pairing of 
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A'i';) and B'fJ to Cs.:>. Then we have 

Ac( SO'i';)r (~~ (8)7]") = SO' (AA(~ ) 3,1 All(7]'» 

(~'EHC(C!!J/.ro ; AlQ), 7/EHC((FJ/fl;); B'i';)), where A4, AB, Ac are the lift mappings. 

THEOREM 8. 7. Let f be a homomorphism oj a @-module A into a @-module 

B; then f determines a mappzng f@ of HC(f$ ; A) into H C(® ; B) and its 

restriction to AlQ a mapping j~/tJ oj HC(@/f{) ; A) into HC«($/fl;) : BlQ). We have 

fcilA4'f =Af'f~/'l;)·t; jor any fEHC(@/fl;) ; A), where AA, AB are the lift map­

pings. 



§9. THE THEOREM OF TATE 

LEMMA 9.1. Let ® be a finite group and A a @-module. Assume that 

°HCf) ; A):::: {O} jor every subgrouP ~ oj ®. Then the conditions: 

A. lH(~ ; A) == {a} jor every subgroup ~ of GI. 
B. -lH(~ ; A) ::: {O} jor every subgroup ~ oj CD. 

are equivalent to each other. 

We prove this by induction on the order [®J of ®. There is nothing to 

prove if [@] == 1. Assume that [®] > 1 and that the lemma is true for every 

proper subgroup of ®. If condition A (respectively B) is satisfied for GI, 
then we have 1 H (@' ; A) == {O} (respectively: -lH( ®' ; A) :::; {O}) for every 

proper subgroup ®' of @. If the order of ® is not a pOl'v'er of a prime, then 

every Sylow subgroup of ® is ~ @, and it follows by the corollary to theorem 

7.3 that -lH( ® ; A) == lH( ® ; A) :::: {O}. Assume now that the order of ® is a 

power of a prime. Then ® has a normal subgroup ®' ~ ® such that ®/<3' is 

cyclic. Assume that condition A is satisfied; since lH( ® ; A) :::: 1 H( ®', A) == {O}, 

it follows from theorem 8.1 that lH(@I®' ; A@') == {O}. Since GI/G)' is cyclic, 

this implies that -lH(@/@' ; A@') == {O} (by theorem 6.3). Let a E A be such 

that lJ@a == 0; then o@/@'(O'@,a) :::: 0; SInce -lH(@/®' ; A@') == 0, this implies that 

O'@'(a) is in the group spanned by the elements b - tb, bEA~)'. tE@ : O'f!!/(a) 

But we have A@' == IJ@' A, and we may write b, :::: IJ@'C., 
m 

c, EA, whence IJ@'(a - 2J (c, - tet» == O. Since -lH((~/; A) :::: {a}, this implies 
,;1 

". 

that a-2Jee.-te,) is in the group spanned by the elements a'-s'a', a'EA, 
i=l 

s'E®'; it follows immediately that a belongs to the group spanned by the ele-

ments a" - sa", al/EA, SE@, whence -lH(@ ; A) :::: {O}. Assume conversely 

that condition B is satisfied. We shall prove that -lH(@/®' ; A@') == {a}. Let 

a E A@' be such that IJ@/@'a::;: O. Since lH(@' ; A) == {O}, we may write a = O'@'b, 
m 

bEA, and we have O'@b::::O. Since -lH(® ; A) = {O}, b is ofthe form 2J Cc, - s,c,), 
.=1 

m 

e, E A, $, E ®; thus a == a@'b == 2J (a@'c, - S,I1@'c.). Since 11@'c.E A@', it follows. 
;=1 
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immediately that -lH(fS,/®'; A@') = {O}. Since Gl/Gl' is cyclic, we have 

IHCC!9IC!9' ; A Oi') = {O}, and, SInce IH(®' ; A)::: {a}, we have IH(® ; A) = {a} by 

theorem 8. 1. 

THEOREM 9. 1. Let ® be a finite group and A a @-module. Assume that, 

for some integer d, d H(fij ; A)::: d-lHUi;) ; A) ::: {O} /01' every subgroup fij 0/ ($. 

Then H(® ; A) ::: {O}. 

We prove by mduction on I that d~IH(S) ; A) ::: {O} for every subgroup ~ 

of G) and [;;" O. This is true for [::: O. Assume it IS true for 0 "" I :5i k, where 

k;;" O. Then we have d+}'H(fij ; A) ::: dH-IH(~ ; A) = {O}. If d + k;;"O. set 

B==h+k[®J@A; if d+k<O, set B:::L(d+",[®J8)A. Then it follows from 

what we have proved in § 5 that, for everj subgroup ~ of ®, we have 

d+k+11lH(fij ; A) = 11lH(S) ; B) for everj m. Thus we have °HCS) ; B) = -lR(~ ; B) 

= {O}; it follows by lemma 9.1 that lR(~ ; B) = {a}, whence d+k+lH(~ ; A) 

= {a}. Now we prove that d-IH(S) ; A) = {0}, for every [;sO. ThIS is true for 

1= 0, 1; assume that it IS true for O:5i [ :5i k, where k> O. If d - k ;S 0, set 

B =h-,,[6)J @A; if d - k<O. set B = Lrd-J.JG3J ,g,A. Then we have °H(S) ; B) 

= IHCs) ; B) = {a} for every subgroup S) of 6), whence -IHeS) ; B) = {a} and 

d-k-1HCf{) ; A) ;;:::. {O}. Theorem 9.1 is thereby proved. 

THEOREM 9.2. Let ® be a finite group and A a ®-module. Assume that 

the following conditions are satisfied: for every subgroup fO of ®, we have 

IHCfij ; A) == {O} and 2HUr;; ; A) is cycNc of the same order as fij. Then, for 

any integerd, we have dH(G) ; A);:d-2HC® ; Z). Moreover, if ~o is a genemtor 

of 2HCG3 ; A), then '~M~,AC'®~o) induces an isomorphism of P,qH(G) ; Z) 

with P+MHCC!9 ; A). 

Let B =h[@] ®A; then, for any subgroup fij of ®, we have -lH(f{) ; B) 

= {a} and °HCf() ; B) is cyclic of the same order as~. Let bl, be an element 

of B@::;::(2,0lf.(® ; A)(,j) belonging to the class S;o. From a @-module F:::::Z[@J 

+B which is the direct sum of Z[@] and B; since boEB(,j), Z((i+bo) is a sub­

module of F. Set E::::, F)Z«(i + bo). The canonical mapping of F onto E clearly 

maps B isomorphically onto a submodule B' of E and Z[@] onto a submodule 

Z'ofE. We have E=B'+Z', and Z'nB' is Z(i', if (11 is the imageof(i, whence 

B)B';:]. This shows that we have an exact sequence 
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0---")- B -4 E..!4 ][~] ---")- 0. 

We have O'(e+bo) ::::a+n:7o= (n-1)bo (mod Z(O'+bo», where n is the order of 

~. Let 110 be the class of bo in °H(~ ; B), then j~«n -1) 110) :::: 0; since nao 

= 0, we have r~([3o) :::: 0. Smce 190 generates °H(~ ; B), we have rtD(OH( C!!J ; B)) 

= {o}. Let S) be any subgroup of C!!J, of index m; then R I1 ( r1 ({3u») =- 111 (:)o is of 

order 121m, which proves that rlJ({:)o) is of order =0 (mod nlm). Smce 

°Hl!!;) ; B) is cyclic of order 121m, it is generated by rB({:)O). Smcej(bo)EO'GjE, 

h is clear th::tt f!i(rB({30» = 0, whence r~(oH(f{) ; B» :::: {O}. On the other hand, 

we have °H(ff) ; J[C!!J]) -;:: °S(ff) ; ][!!;)]) -;::lH(ff) ; Z) :::: {O}. Making use of the 

exact sequence theorem, we conclude that °H(!!;) ; E) = {a} for every subgroup 

!!;) of G>. 

Let 0 be the mapping H'(I?) ; ][~]) ..... H'(ff) ; B) associated to the exact 

sequence written above. Consider the exact sequence 

We have just proved that l,lH(ff) ; E):::: {O}; it follows that Q induces an epi­

morphism of O,lH(ff) ; J[~]) onto l,lH(ff) ; B). The latter group is cyclic of the 

same order [!!;)] as!!;). On the other hand, O,lH(!!;) ; ][C!!J])-;::o.lHUO ; ][ff)]) 

-;::l,lH(!!;) ; Z), and the latter group is likewise cyclic of order [!!;)]. It follows 

that the epimorphism of O,lH(!!;) ; J[~]) mduced by Q 1S actually an isomorphism, 

and therefore that g> (0, lH(E» ::: {O}. Thus, f.... induces an epimorphism of 

O,lH(!!;) ; B). But the latter group is {a}. It follows that -lH(!!;) ; E) = O,lH(!!;) ; E) 

={o}. 

We conclude by theorem 9.1 that H'(~ ; E):::: {a} and therefore that Q in­

duces an 1somorphism of P,qH(~ ; J[C!!J]) with Prl,qH«($ ; B) for every p, q. 

But we know that IMH(CS; ][CSJ):;:P+l,qH(CS ; Z), whence P'l,qH«(£, Z) 

:;:P+l,qH«(£ ; B):;:P+3,qH(~ ; A). This being true for every jJJii;O, qJii;O, we 

have dH«(£ ; A):;: d-2H«(£ ; Z). 

Consider nOW the digram 
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where the mappings are defined as £o11o\;;s: those of second l;ne are the map­

pings of the exact sequence 0....,. Z ....,. Z (6)J -+ ][G] --)0 0 which we have already 

considered; we have zt( 1) == - bl ; v is the mappl11g :nduced on Z [G)] by the 

canonical mappmg F==Z[G)]+B....,. E; to:s the :dent,ty'". ,\Ve see immediately 

that this diagram IS commutatIve. Let 0' be tl:1e mapping: H'(j[G)]) -> H'(Zl 

induced by the second horizonlalline. Then we have u-' 0 0' == 0 0 zc = a, which 

shows that zt is an isomorphlsm H'((;9 ; Z) -> JI'(!.YJ ; B). On the other hand, 

it follows immediately from the definition of zt that u (c:) == - 2\1~, p( ~ ,,'S ;io). If 

(EP,qHUfb ; Z) is the class of an element zE (P,qR (Z»)(i3 = (P,qm )G>, then 11IIz,} (:;, 
n 

8/30) is the class of Z®boE]p'S IqSh:::':A. V;rite bo=:8x,ga, a,EA, x,E]J; 
2.=1 

n 

then MZ,A«(@~O) is represented by'" ::8Cz[Jx,),ga" which is deduced from z 
,=1 

12, bo by a permutation automorphism. This proves the last assertion of theorem 

9.2. 

If 6\ is a cyclic group of order n, then the character group of (fy/fJJJ' (i.e. of G) 

is cyclic of order n, which shows that 2,OH«(J; ; Z) is cyclic of order n. 

THEOREM 9.3. Let fJJJ be a cyclic group, and let (l be a gznemtor oj 

2,OH«(£ ; Z). Then, Jar any (fb-module A, ~..,. M~:Z(;:S.(l) induces an isomor­

phism oJP,qH(A) with P+2,qH(A) (jor any p..-sO, q..-sO). 

Since every subgroup ~ of (£ is cyclic, O,2H(.p ; Z) is cyclic of the same 

order as ~; moreover, we haye IH(~ ; Z) = {a}. It follows that' -> 1J;I~,z«(l 
o () induces an isomorphism of O,2H(Z) with 2,2H(Z) (observe that M~,z«(! € () 

=-M~,Z((:g,(1) by formula (5.1». The latcer group is cyclic of order 12 equal 

to the order of ®. Let C;fEO,2H(.p ; Z) be such that M~.Z«(l®W = 11 is of order 

n. We haye M~,z(M~,z(~;z, (1):8 (() = M~,z(~®v) (because H'(A) is an H'(Z)­

module), and ~ --)0 M~,Z(;®11) induces an isomorphism of P,qH(A) with 

P+2,q+2H(A) (theorem 6.2). It follows immediately that; -'> M~,Z(~®'l) is a 

monomorphism. Let;' be any element of P,q+2H(A); then we may write 

M~zW gCD =M~:Z(;®11) with some ;EP,qH(A). Set;" = M~,Z(~®(l) - e; 
then M~,Z(~If®(D=O; since M~.z('{·8J'l)=7J, we have M~,Z(;I/®11)=O, 
whence ;" = 0; this completes the proof of theorem 9. 3. 



§10. HERBRAND'S LEMMA 

Let ® be a cycllc group, and A a @-module. We know that I is isomorphic 

with]; let l be an isomorphism of I with]. If P ~ 0, q?: 0, there is an iso­

morphism lp,Q of P rl,Q+l1f..(A) = ]P+l ®18J lq® A with P+2,Qljl (A) =jP+l?,)] 8J Iq®A 

which maps u®y:8)v@a upon u®l(y)8)v®a if UEjp+l, yEl, vElq, aEA. 

Then IRq 0 fJ'!1 is an isomorphism P,q"A of P'(]H(A) with pr2,fJH(A). If j is a 

homomorphism of A into a GJ-module B, then, clearly, 

(10.1 ) f* 0 K'.p,(] == "p,(] 0 j' 

We shall say that A is an Herbra1zd module if °H(A) and lH(A) are finite 

groups (which implies that PH(A) is finite for every p). If this is so, then 

the quotient of the order of °H(A) by that of lHCA) is called the Herbrand 

quotient of A. 

THEOREM 10. 1 Let A be a (f)-module and B a submodule of A. Assume 

that A, Band A/B are Herbrand modules, and denote by QCA), Q(B), Q(A/B) 

their Hel'brand quotients. Then we have 

Q(A) =Q(B)QCA/B). 

The exact sequence 0 ~ B -+ A -+ A/ B -+ ° gives rise to an exact sequence 

°H(B)AOHCA) i\OHCA/B)A1H(B)A1H(A) i 5)lH(A/B) 

f 6 ) 2H(B) /7) 2H(A). 

For each finite group H, we denote by [HJ the order of H; we denote by F, 

the order of the image group of ft. We then have 

[OHCA)] = F1F2, [OHCA/B)] = F2Fa, [lH(B)] = F~F4' [IHCA)] "" FIF., 

[IHCA/B)]:: FsFg, [2H(B)] = F.F •. 

On the other hand, it follows immediately from formula (10.1) above that 

F. :; Fl. Thus we have 

[OH(A)][lH(B)][lH(A/B)];:; [OH(A/B)] [lH(A)] [2H(B)]. 

Since [2H(B)]:: [OH(B)]. theorem 10.1 is proved. 
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THEOREM 10.2. Let A be a finite ~-module. Then the Herbrand quotient 
of A is 1. 

We have a finite sequence {a} = AoCAIC ... CAh = A of submodules of 

A such that A.! A'-I is an irreducIble ®-module. Making use of theorem 10. 1, 

we see that it suffices to consider the case where A itself IS IrreducIble. Since 

A<iS is a submodule, we have eIther A<iS=A or A~={O}. If A<iS=A, O'A=A, 

then we have nA = A, where n is the order of (S, and, for every aEA, there 

is a unique a'EA such that na' = a, whence °H(A) = IH(A) = {a}. If A~::;: A, 

dA:lt:A,theo dA={O} because aAisa ®-module, whence OUCA)=-A, -IHCA)=-A 

and therefore IHCA) =- A. If A<iS = {a}, then °H(A) = {O}; moreover, if s is a 

generator of ~, then the mapping a -+ C 1 - s) a is a monomorphlEm, and there­

fore an epimorphism, since A is finite; it follows that -IHCA) = {a}, wher:ce 
IH(A) = {a}. 

LEMMA 10. 1. Let ® be a cyclic group of prime order, and let V be a simple 

representation space of ® over the field Q of rational nurnhers. Then V is iso­

morphic either to Q (considered as a ~-module on which ~ operates trivially) 
.or to Q@J. 

If x is :It: 0 in V, then V is spanned by the elements SX, SE®. Let t be 

a generator of ®. Then the polynomials P[X] in a letter X with coefficients 

in Q such that P (t) • x = 0 form an ideal ~, which contains xP - 1. This ideal 

is generated by a polynomial PI which divides xP -1. Were H = Pl P3 reducible 

(with H, P3 of degrees =.:0), then the set of yE V such that P2(t)·y=O would 

be a subspace and a submodule of V, different from V (since p2$~n and from 

{a} (because it would contain P,(t)x); this is impossible, which shows that 

PI is irreducible. Now, the only irreducible factors of xP -1 in Q[X] are 

X-I and l+X+ ... +XP- I • If H==k(X-l), then sx=x, V=-Q. If not, 

then x, tx, ... , t P- 2x form a base of V, and V=Q®J since qX == O. 

THEOREM 10. 3. Let ® be a cyclic group of prime order p, and let A be a 

finitely generated ~·module. Let t~ be the rank oj A as an additive group, and 

B that oj Ali. Then the Herbrand quotient of A is p(P~-(f.'/(P-l). 

Set V == Q®A; then V is a finite dimensional representation space of ~ 

over Q. Since every representation of ® over Q is semi-simple. it follows from 

lemma 10.1 that V == Ui. + ... + Uk + Wl + ... + WI (direct), where each Us 
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is -:::= Q, while each WJ is -:::= Q:g. ]. Every element of V is of the form q e a. 

qEQ, aEA. It follows that we may take elements UI, ••• , Uk, WI, ••• , WI 

of A such that {u,} is a base of U; (l~i~k), and, for each j~l, (w;, tw;, 

... , t P- 2 wJ) is a base of W; (where t is a generator of ®). We have u, E A 0;, 

wjE A@. Let B be the submodule of A spanned by U1, ••• , Uk and C) the 

submodule spanned by the t" wJ (0 ~ h €i.P - 2, 1 §j €i.!). For any Berbrand 

module M, we denote by Q(M) the Berbrand quotient of M. We have Bo;:::: B, 

oB ::::pB, Bo;:-:: {O}; it follows that °HW) is of order pk, and that -lH(B) ::::: IHW) 

== {O}, whence Q(B) :::: pk. We have C@::::: {O}, whence °H(C) ::::: {O}. It is clear 

that CJ -:::=] under a mapping which assIgns S to SWJ (for SE~). Then -IH(CJ ) 
I 

:;:-IH(j)-:::="H(Z), Vihich shows that -IH(C) is of order p; and that -IHC'2jCJ ) 

,=1 
I 

is of order i. Thus we have QC8c) ;:::p-I and 
;=1 

I 

Q(B + 2J C) :. pk-I. 
;=1 

I 

Now. for every aEA, there IS a 7.1>0 such that vaEB+2JC}. For, we have 
i= 1 

k I 

l@a E ~ U. + 2J W), which shows that there is an integer 7.11> 0 such that 
t=l ;=1 

I 

1 ('9 lIla;::: l®a', a'EB + 2Je). Since 1@ (vIa - a'l =:: 0, VIa - a' is of finite order, 
,=1 

I 

which proves our assertion. Since A is finitely generated, AI (B + 2J CJ ) is finite, 
;=1 

and it follows from theorem 10.1, 10.2 that 

On the other hand, it is clear that «== k + (p - 1) 1. Since Q 3) A 0; C UI + .. ~ 
+ U~, BCA@, we have S;:::: k. Theorem 10.3 is thereby proved. 



§11. LOCAL COHOMOLOGY 

Lel K be a field which is algebraic of fimte degree over the fieJd of p-adic 

numbers. for some prime P. and let L / K be a normal extension of finite degree, 

of group <.$. We denote by L the group of elements "'" 0 of L, which we con­

sider as a <.$-module, and by U the group of units of L. 

Let x ~ Ilx II be a valuation of L which extends the p-adic valuation of the 

field of rational numbers. There is a number Ci: > 0 such that the condition 
'" 

Ilx II § a implies the convergence in L of the senes ::;s (n ! ) -1 x". For, let p( n) 
n=Q 

be the exponent of p in the prime factor decomposltlOn of n !, and let a = I:p 11- 1 ; 

then II (n ! ) -1 x"ll tiii a'(1ll a ". Now, an elementary computation gives 

It will therefore be sufficient to take a' so that Pal P-1 a j! < 1. Having thus selected 
,» 

a, we set exp x = ::;s (n ! )-1 x" (for Ilxli < a'), and we denote by M the additive 
n=O 

group of all x such that Ilxll<a. It is clear that a<l; the elements of Mare 

therefore integers. I et x, y be in 110[; then 

( ) ~ ( ! ) -1"" n ! k I exp x+y :::::~ n. ;r.fz!nkTlTX y. 

The series ::8::8(k!)-l(l!)-lX"i is convergent, because (k!)-1(l!)-1X"'i tends 
k=O 1=0 

to 0 as (k, 1) tends to (00, 00). It follows that 

exp (x+ y) = (expx)(expy). 

The mapping x -'> exp x is therefore a homomorphism M -'> L >1-. It is clear that 

exp(sx)=sexpx (sE<.$). 

We shall prove that expM is a subgroup of finite index of U. If Uxlltiiia, then 

Ilx"l! <!lx II for n> 1, whence Il (exp x) - III = \lx II < 1, which proves that exp Me u. 
Let al == a> «2> •.• > a" > . •. be the values ="to 0 and tiii« taken by the 

fUnction x -? Ilxll, and let Un be the group of elements uE U such that 

1Iu-ll1Ei«n. If uEUn, then u=:exp(u-1) (mod Un+1); it follows that 

V'n+l(expM)-:JU", and therefore, by induction, that Ui.==Un+1(expM) for every 
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n. This means that exp M is dense in UI • On the other hand, it is clear that 

x ...,. exp x is a continuous homomorphism; since lJ1 is a compact additive group, 

exp M is compact and therefore closed, whence UI ::;:. exp M. 

Bj the theorem of the normal base, there is an xoEL such that the trans­

forms of Xo by the operations of @ form a base of L / K; and we may obviously 

aEsume that xoE M. Let 0 be the ring of integers of K; set M' == ::s o(sxol. 
"=<li 

Then M' is a submodule of M. Moreover, M / M' is finite. In fact, it is well 

known that M, which is an ideal in the ring D of integers of L, is a finitely 

g::merated o-module. Let M::::; OXl + ... + OXh, x, EM; since the elements s, Xo 

from a b3.se of Lover K, there is a 1) olf 0 in 0 such that pX, E M' (1 ~ i ~ h), 

whence pM CM'. On the other hand, I,M is an ideal in D, which shovvs that 

0/ pM, and therefore also M / pM, is finite. It follows that M / M' is finite, and 

the same is true of (expM)/(expM'). Now, it is clear that M' splits as a ~­

module; the same is therefore true of exp MI. Thus we have proved: 

LEMMA 11.1. There is a sub module Vof the group U oj units in L which 

is oj finite index in U and which splits as a @-module. 

Now we prove: 

THEOREM 11.1. The notation being as above, assume jurthe1'more that G} 

is cyclh Then °HC@ ; L"") is oj the same order as ®. If L / K is not ramzYied, 

then H'(@ ; U)::::; {O}, if U is the group oj units of L. 

By Hilbert's theorem 90, we have -IH(L"') = {O}, whence 1H(L i )::::; {O}. Let 

V be a submodule of U with the property stated in Lemma 11.1. Then we 

h3.ve H'C V)::::; {a}, and the exact sequence 0....,. V...,. L-l< ....,. L*/V..,. 0 gives rise 

to isomorphisms °H(L'+')?EoH(Li</V), {O}=-lHCL*)?E-1H(LI/V). The group 

U/V is finite, and (Li-/V)/(U/V)?EL""/U. If 7r is an element of L of order 1 

for the place of L, then every element of L"' is uniquely representable in the 

form r:'u, uEU: it follows that L'"/U=.Z. Since U/Vis finite, it follows im­

mediately that L'" / V is an Herbrand module and has the same Herbrand quotient 

as Z. Since °H(Z)?EZ/nZ, -1H(Z) ~ {O} (where n is the order of @), the 

Herbrand quotient of L*/ V is n. Since -lH(L*/ V) ~ {O}, we see that aH(L*/ V) 

is of order n; and °H(L*) is of order n. Now, assume that L/K is not rami­

fied. Then we have -lH(U) ~ {O}. For, let u be an element of U such that 

NL/xu ~ 1. Then we may write u = i-s, where s is a gener<l.tor of ® and YEL*. 
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Since L / K is not ramified, there is a rr E K which is of order 1 at the place of 

L; we may write y = rrkv, vE U, kEZ, whence u = vI - S, which proves that 

-lH(U) = {O}. The Herbrand quotient of Ubeing 1, we have also °H(U)={O}. 

whence H'(U):;::: {a}. 

THEOREM 11.2. The notation being as above, the order oj 2H(@ ; L~) divides 

[L: KJ. 

We proceed by induction on [L: KJ. The theorem being obvious if 

[L : KJ:;::: 1, assume that it is true for all extensions of degrees < [L : KJ. It 

is well known that ® is solvable; thus L contains an overfield L' of K such 

that D / K is cyclic of prime degree. Let ~ be the Galois group of L / D. Since 

IH(ro ; L*) = {a}, the kernel of the restriction mapping from 2H(@ ; L*) to 

2H(f() ; L") is isomorphic to 2H(@/fl); D>-) (theorem 8.2). The order of 

2H(f() ; L"') divides [L : DJ by the inductive assumption. Since <S;/f() is cyclic, 

2H(('1;/f() ; L'*) is isomorphic to °H(@/f() ; L") (theorem 6.3) which is of order 

[L' : KJ by theorem 11.1. It follows that 2H(@ ; V) has an order which di­

vides [L : L'J[L' : KJ:;::: [L : KJ. 

Now, let MK be the set Mno; this is clearly an ideal in 0, whose image 

under the mapping x ~ exp x is a subgroup V.z,: of the group of units U:s: of K. 

It is clear that VK = VnK is of finite index in UK. Let q be any prime number, 

and r a cyclic group of order q which we consider as operating trivially on. 

the various groups under consideration. The group °RC r ; M:s:) is MK / qMK. 

and therefore isomorphic to 0/ qn. If w is the normalized valuation which 

defines the place of K, then o/qn is of order w(q)-l, The group -lH(r; ME.) 

is {O} because MK has no element ~ 0 of finite order. Thus, M:s: is an Herbrand 

module for r, whose Herbrand quotient is W(q)-l. Since UK/V:s: is finite, and 

K* / UK. -;::: Z, K* / VK. is an Herbrand module for r, whose Herbrand quotient is 

the same as that of Z, namely q. We conclude that K* is an Herbrand module 

for r. with qW(q)-l as its Herbrand quotient. We have °H(r ; K*) = K-!</(K*yl~ 
while -lH(r, K*) is the grpup of elements of order q, i.e. of q-th roots of unity 

in K*. Thus we have proved 

THEOREM 11. 3. Let K be a finite algebraic extension oj the field of p·at1ic 

numbers, p being a prime, and let q be any prime. Let K* be the multiplicative 

group of numbers =\=0 in K. and (X*)q the group of q·th powers of K*. Then 
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Ie jCK*)Q is a finite group; denoting by w the normalized valuation which de­

fines the place of K, K" /(K")Q is of order lW(q)-l or qW(q)-l according as to 

whether K contains a primitive q-th root of unity or not. 

COROLLARY. The group CK*)q is open in the topology of K"'. 

For we know that UK, the group of umts of K'\ is compact and open. 

Since x ~ x q is a continuous mapping, Uf!. is compact, and therefore closed. 

But we have Ufi. == uKn (K ~)q; since (K+)q is of finite index in K!, Uf!. is of 

finite index in UK, and therefore open, which proves the corollary. 



§ 12. COHOMOLOGY IN THE IDELE GROUP 

Let K be a field of algebraic numbers of finite degree, and let L / K be a 

finite normal extension of K, of Galois group G3. Let JL be the group of ideles 

of L, whIch has a structure of ®-module. 

THEOREM 12. 1. Let p be a place oj K, and let Jf be the group oj ideles oj 

L whose components at all places not above .p are 1. Let ~ be a place oj L 

above p, and ®C~) its decomposition group. Denote by L$ the ~-adic completion 

of L and by Lib the group oj numbers * 0 in L$, wJzich is a ®(~)-module. 
Then P,qH(® ; Jt)?:lP,QH(®C'f3) ; L~) j01' any p~O, q~O. Let U~ be the group 

of ideles in J~ whose components at all places above p m'e units; if p is not 

,'amified in L, then P,qH(® ; U£) = {a}. 

Let ~ =:: 'f31, ••• , 'f3m be the dIstinct places of Labove 1>; if 1 sa i & 111, let 

J~ be the group of ideles whose components at all places ~ \{5, are 1. Then, if 
on 

we write iL additively, J~ = 2jJ~ (direct). We may select representatives Sj 
1=1 

forthecosets s,G)C?J.5) ofG>module ®(?J.5) in such a way that s,]i=J~ (1&i&m), 
1n 

and S" = e. Set M = EEl @J1; then If.(Jf) = 2j S, M (dIrect). Let 9 be the map-
,-I 

'" ping of Minto 1f-(J2) defined by 9(fJ.) =::::::Ss,.a (f-IEM). We have Ji?:lL'f,. and 
t~l 

we may consider M as a ~.H~)-module. Let s be in ®, and ss, = S<;:;",5)t,(S), 

t,(S)E®(~); then i ->- w(z ; s) is a permutation of {I, •.. , m}, and we have 
m 'm ?it (J. 

s·2js'fJ.,=::::SSll1(t,S)t,CS)/tl (fJ.1EM, l~i""m). Thus, ::::SS,fJ., belongs to (1fL(J2» 
i:=l i=l ,=1 

if and only if It7lJ(',S)=t,CS)fJ., for all SE® and l~i""m. We have w(l,s.):::=i" 

ft(S,) =:: e, whence fJ., =:: Ill. If tE®(~), then t 1(t) =:: t, whence tpi = fJ.I, whence 

i21EM05($l, ~S'P' = <P(fJ.l). Conversely, we see immediately that, if pEM~($). 
£;1 

then <p(fJ.) E (If.(J~))~; thus <P induces an isomorphism of M~{$) with (If.(J~) )~. 
m m 

IE fJ.EJl, then <pC<1~($)p) =:8 ::::s sdfJ.=::<1~fJ.. Conversely, if 2JSlfJ.L is any ele-
,;1 tE~($) .=1 

m '" '" 
ment of If.(JY) (fJ.. E M, 1 si i sa m), then <1~(2Js,p,);;:= ::::SO'P, = p(O'~($). 2Jpj). 

f,::;1 ie;:l i=l 

whence <p(t1~(\13)M) =0'~lf.(J2). It follows that 91(®(\13) ; M)?:lH'(® ; JY). But 

~(®(?J.5), M) is isomorphic to H'(®(~) ; L~) by theorem 7.2, which proves the 

first assertion. Let U$ be the group of units of L$, and U~ the image of U~ 
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:in s=! (19ft Then SC<<U~)@(\13) == (4"-(®; Uf»@, and we know that H'(G)(jj5) ; Ulp) 

={o} (theorem 11.1). Theorem 12.1 is thereby proved. 

THEOREM 12.2. Denote by Ap the homomorphism oj f L onto f~ which as­

signs to every idele a the ldUe whose jj5-component is the same as that of a 2f 

~ is above .)J, 1 in the opposite case. Let At be the corresponding mapping oj 

H'(@ ; h) into H'(® ; f~). In order jor an element ~EH'(® ; h) to be 0, 

it is necessary and sufficient that ~~ (~) == 0 for every place .).J of K. 

The condition is obviously necessary. Assume that it is satisfied. We may 
h 

obviously assume that ~EP,QH(@ ; h) for some p~o, q~O. Let u:::: ~w,:8 a, 
;=1 

be a representative for ~ in P,QIfl @h, the w,'s forming a base of the additive 

group P,qEE and the o,'s being ideles. Let E be a finite set of places of L con­

taining aU places ramified with respect to K and such that, for any place ~ 

not in E, the ~-components of all ideles a, (1:$ i ~ h) be units. Let Ex be the 

set of places of K below places in E. Then, if .)JE\::Ex, it follows from theorem 
h h 

12.1 that 2iw,(I9Ap(a,) may be written in the form O"@(~w,®L~), with L~EUt 
20==1 20::-;1 

h 

If .)J E EI{, then it follows from the assumption that At (~) :::: 0 that 2J w, @ Ap( 0,) 
i 1 

h 

= O"I])(2iw,(l9bn, b~EJt Since b~EUY if .pE\::Ex, there exists, for each i, an 
,,:::::1 

idele b, such that it~(b,) == b~ for every place .)J of K. It is then clear that 
h 

u == Q@(::8w.(I9'6,), which proves the theorem . 
• =1 

Let a be an idele of K, and let .p be a place of K. 

We shall say that a is a local norm from L at .)J if, ~ being any place of L 

above .)J, the .p-component Q.p of a at .)J is the norm from L\13 to K." of some ele­

ment of L\13 (if this condition is satisfied for some ~ above .)J, then it is clearly 

satisfied for any other). As a special case of theorem 12.2, we obtain, making 

use of theorem 12. 1, the following 

THEOREM 12.3. In order jor an idele a oj K to be the norm (from L to K) 

{)j an idete oj L, it is sufjicient that a be local norm from L at every place .)J 

()j K. 

Moreover, a will certainly be local norm at ~ in either one of the following 

two cases: a) ~ is not ramified in L and a." is a unit of the completion K\) of 

K ; b) ~ splits completely in L (i.e. the decomposition group of any place of L 

above .p reduces to {e}). 
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THEORFM 12.4. Let p, q be integers ~ 0; then p,q HUSJ ; h) is isomorphic 

to the direct sum ~P,qH((?; ; If)' extended to all places oj K. Let E be a set .p 
oj places oj L containing all pla~es ramified with respect to K and all infinite 

places and moreover with the condition that E S =E jor every sEG), and Ex. the 

set of places oj K below places oj E. Denote by If the group of ideles oj L 

whose components at all places not zn E moe units. Then P,QH(G) ; If) zs %SO­

morphic to the direct sum ~ P,QH(® ; If). 
.pEP],. 

Using the same notation as in the proof of theorem 12.2, we observe that, 

for any "fj E p, Q H(j L), we have At (7i) = 0 for almost all places p of K. For, repre­
h 

sent 71 by an element ~w,€ C" c,Eh. Then there is a finrte set F of places 
t=l 

of L which contains all places ramIfied with respect to K and is such that, for 

each D not in F, the O-components of '1, ..• , c" are units. If q is a place of 

K not below a place of F, then H' (@ ; U~) == { O}, and conversely, Aq (7j) == 0_ 

It follows that the formula A(fj) = ~Ap(7j) defines an additive mapping of 
.p 

P,flH(@ ; h) into ~MHC@ ; I~). This mapping is a monomorphism by theorem 
.p 

12.2. Let ~(p be any element of ~P'flH(@ ; 1£). For each p select a repre-
.p .p 

h 

sentative v.p=~w,®3:.p) of '.p in (P,qr:B®}f)®; then we may assume that a: P' 
i= 1 

::::: 1 (1 €$ i €$ h) for almost all .)1, since '.p = 0 for almost all .)1 (it should be re-

membered that 1 becomes 0 if we write if additively !). It follows that there 

exist ideles a, such that A.pCa,) =B~ for aU 11; it is clear that ~p,qr:B®a, is in 

(If·(h))® and represents a class' such that Atc') = '.p for aU .)1, which proves 

that A is an isomorphism. Let At* be the mapping MH(@ ; If> ...,. P,flHC@ ; }i) 

mduced by A.p, and let A' be the mapping r/ -'> ~At*(7j') of P,qH(f$) ; Jf) into. 
.pEE h 

the direct sum ~P·qH(@; It). Assume first that A'(7j') =0. If v'=2Jzo,®c;. 
lJEE h ,=1 

C;EJ[ is a representative of 7}', then, for ,p$E, 2JW,€'All(C;) is of the form 
;=1 

h h 

O'(~ZOI®UP), with ufEUf, in virtue of theorem 12.1. If l1EE, then ~zo,®A.p(C:) 
1=1 I ;=1 

h 

= O'(~w,®U~), with UfEJ~, since Ar{~') = O. 
i=l. 

There are ideles u, such that 

h " 
All(U,) =: U~ for all 11, and these ideles are in Jf; we have ~zo, ®c: = a(2Jw.®u,). 

i~l ,~1 

whence 7j' = 0, and A' is a monomorphism. We see immediately that it is also 

an epimorphism. which proves the second assertion of theorem 12. 4. 
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COROLLARY. The notation being as in theorem 12.4, we have lH( 6) ; JD 
= lH(@> ; h) = {a}. 

In fact, IH(@; ]l)-;.:::lH(@(\15\ L~) If \15 is a place above fl. Our assertior 

therefore follows from corollary 2 to theorem 6.1. 
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THEOREM 13. 1. Let K be a field oj algebraic nu'mbers of finite degree anti 

L I K a cycZzc extension oj K oj pnme degree p, oj Galozs group~. Let ~L be 

the group of itfeZe classes oj L, considered as a CflJ-module. Then ~L is an 

Herbrand module, whose quotzent of Herbrand is p. 

Let E be a finite set of places of L which satisfies the following condltions; 

a) E contains all infiDlte places and all places which are ramified with respect 

to K: b) every idele class of Land K contams an idele whose components at 

all places not lD E are UDltS. c) E S = E for every s E~. Let PL be the group. 

of prrncipal ideles and pf =JfnPL. Then we have 

ij'L-;;=Jf/pf. 

We shall denote by N the number of places in E and by n the number of 

places of K below the places of E. Above a place of K, there lies either 1 or 

p places of L; let nl be the number of places of K above which there hes 

exactly one place of E; then N = nl + P( n - nl) • We use the notation of the 

last section. If.p is a place of K above which lie p dIstinct places of L, then,. 

clearly, °H(j~) = {O} (by theorem 12.1). If j.l is a finite place of K above whlch 

there lies only one place of L, then it follows from theorems 11. 1 and 12.1 that 

°H(j~) is of order p. The same is true if ./> is infinite instead of being fiDlte. 

For, we must then have p = 2, .p is real and the place ~ of Labove ./> is im­

aginary. The field Kll is the field of real numbers. while L",$ is the field of 

complex numbers, and only the real numbers >0 are norms (from L$ to Kll ) 

of complex numbers ~ O. making use of the scholium to theorem 12.3, we see 

that °H(jf.) is a finite group of order pHI. On the other hand, we have -lH(Jr) 

= {O} (corollary to theorem 12. 4). 

We know that the group pI is a finitely generated group of rank N -1. 

Le-t pg be the group of principal ideles of K, and p~ = pfnpze = (pDt.»; then 

we know that p~ is a finitely generated group of rank n - 1. Therefore. it 

foHows from theorem 10. 3 that pf is an Herbrand module, whose Herbrand 
quotient is p'PCn-l)-N+l){(P-l) = pn1-1. 
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We have -lH(Pf) = {O}. For, let xEPf be such that NL/J'x = 1. Then we 

may write x = i-s, y E L " where s is a generator of ®. Let, be the canonical 

isomorphism of ls. with Jr;. If ~ is a place of L not in b~ then the order of 

sy at ~ is the Same as that of y, since l-sEPf. It follows that the orders of 

y at all places conjugate of ~ with respect to K are equal. On the other hand, 

~ is not ramified with respect to K from which it follows that there is an idele 

UEJK such that leU) is of order 1 at~; we may furthermore assume that the 

components of u at all places of K not below ~ are 1. We conclude easIly that 

Y=l(V)V', where v is an idele of K and v'EJ£' We may write V=ZVl, ZEP}", 

vIEJ~, whencey = zv", v"EJf. It follows that v"EJfnPL = pf and x = (V,,)l-S, 

which proves our assertion. 

It follows that °H(Pf,) is of order pn,-l. To the isomorphism ~ '?!JI I pr, 
there corresponds an exact sequence 

-1HUD -+ -lH(~) -'Jo °H(pD -+ °H(JD -+ °H«(Q,) -'Jo IH(pD; 

it follows immediately that -lH«(Q,) and °H(C£) are finite groups. By theorem 

10. 1, the Herbrand quotient of C£ is 

p n'lpn,-1 = p. 

COROLLARY 1. The group °H(C£) is of order == 0 (mod p), and is of order 

p if and only if -lH«(Q,) = {O}. 

COROLLARY 2. There are infinitely many places of K which do not split 
in L. 

Assume the contrary, and let F be the set of places of K which do not 

split in L. Let ~ be any idele class of K, and a an idele in m-. If pEF, then 

K is everywhere dense in its lJ-adic conlpletion KlJ. Since (KPP is open in 

K; (corollary to theorem 11.3). there is a number xll~O in K such that x~lall 
E (Kt)/). 

Morover, xll(Kt)/) being a neighbourhood of xl' in K'tJ, it follows from the 

theorem of independence of valuations that there is a number x ~ 0 in K such 

that x-1x'tJE(K;)/) for all 1JEF. Set o=x-1a; then b belongs to W. For each 

~E F,' op is a local norm from L because op E (K;)O; if q is a place of Knot 

in F, then llq is a local norm of L because q splits in L. It follo-ws that bENL/ldL 

(theorem 12.3). whence 2l~NLfB:C£L and NL/K.~L;:': ffg , in contradiction with the 

fact that °H«s ; (h) is of order == 0 (mod p). 
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Let K be a field of algebraic numbers of finite degree, and let L/ K be a 

cyclic extension of prime degree p, of group <S. Then we propose to prove that 

°H(Cf!J ; (h) is of order exactly p. However, for technical reasons, we shall have 

to assume that K contains a primitive P-th root of umty. The group °H( Cf!J ; (h) 

is (fx I NLIKr£L; we know already that its order is == 0 (mod P) (corollary 1 to. 

theorem 13. 1); it will therefore be sufficient to show that NLIA. r£L is of index 

s.p in (fx. Since L / K is cyclic of degree p, we may write 

L= K(x~/P), 

where Xo is a number ~ 0 in K We denote by E a finite set of places of K 

which satisfies the following conditions: 

a) E contains all infinite places of K and aU places of K above the prime 

number p. 

b) for any place p not in E, Xo is a unit in Kp (the p-adic completion of K): 

c) any class of ideJes in K is represented by an idele in r:. (where Jf IS 

the group of ideles a such that, for each place p not in E. tbe p-component of 

n is a unit in Kp). 

It is clear that there exist set E with these properties. We denote by PE. 

the group of numbers ~ 0 in K, and we set pi = PE. nJ:'. If p is a place of K 

not in E, then p is not ramified in K(x1/P). For, if x is not a p-th power in Kp .. 

then the different of xl/P with respect to Kp is pxP-1, and is a unit, because x 

is a unit in K~ by assumption, and p is a unit in Kp by condition a) above. 

Since XoEP;, it follows that no place outside E is ramified in L. 

Moreover, if xEP; and if p is a place not in E, then every unit in Kp is 

the norm from Kp(x1/P) to Kp of a unit of Kp(X1/P ) (by theorem 11.1). It fol­

lows immediately that the group u:' of ideles of K whose components at all 

places in E are 1 while their components at any place p$E are units of Kp is 

contained in NLIKh. It is clear that the group 11 of p-th powers of ideles of 

K is contained in NL/Ich. Finally. let q be a finite place of K not in E which. 

splits in L (i.e. there are P distinct places of L abo.ve 11'). If tilt is an idele whose 

q·oomponent is of order 1 while its other components are 1. then 'UfeNu~],.-
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We shall denote by ~ the subgroup of (h generated by the classes of ide1es 

belonging to uf or to It and by 1} the group generated by ~ and by the classes 

of the ideles uq defined above, for all finite places q which split in L. Then 

fjCNLiKfJL, and we shall prove that fj is of index €i:.p in fJL. 

We shall compute the order of~. In order to do this, we shall first esti­

mate the ~rder of the group If/]fn(j~· uD =II../(]J:YUJ:. If ClEIL let p(a) 

be the element of the group IIpEF Kt whose coordinates are the components of 

a at the places lJEE. Then p is an epimorphism of kernel uf, and <p( (jDt) uD 
= TIPEr' (K;)P, whence 

If lJ is finite, then we know that Kp'/(Kn p is of order p2!!p!!il1, where !Ip!!p is 

the value at p of the normalized valuation attached to lJ. Let Q be the field 

of rationals, and n the degree of K/ Q. Since all places above p are in E, we 

have 

If lJ is infinite, then CKt : (j<t)P] is 1 if lJ is imaginary. Now,.jJ can only be 

real if p = 2, since K contains a primitive p-th root of unity; if 1.1 is real, 

[Kt : CKp)2] = 2. Let N be the number of all places in E and r the number 

of real infinite places of K. Then the number of finite places in E is N - r 
1 -2(n-r), and we have 

Every idele class is represented by an idele in I; (by c) above), and ~ is the 

group of classes represented by elements of (J;)P U;; for, since h = PKIJ:, we 

nave Iff.ufCPs:(]%Yufi. If an idele ClElk represents a class belonging to ~, 

then there is an o'E (Jk)P uff. such that 0 = xa', XEPs:; but x = 00,-1 then belongs 

to Pk. Every element of (Pk)P belongs to (jk)P uf; let 

Then the number of cosets of Ik represented by elements of Pk is 

Q-l [pfi : CPfi)P]. Now, pfi is of rank N - 1; it is the product of a free abelian 

group of rank N - 1 by a finite group F consisting of all roots of unity in K. 
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Thus, F IS cyclic of order == 0 (mod P), whence [p{ . (pIY] = p v and 

We shall prove in a moment that a = 1. 

Let T be the field obtamed by adjunction to K of the p-th roots of all ele­

ments in P::' Then we know that LCT, that no place of K outside E 1S rami­

fied in T and that [T . K] = cpr : (pI)P] = p \; moreover, the Galois group of 

T/K is of type (p, ... , Pl. 

The Galois group of T/ K is generated by N elements SJ, ••• , S.\ of order 

p and we may assume that the Galois group of T/ L is generated by Sl, ••• , 

5'1-1; let T, be the field of fixed elements of s, (1 5i i 5i N). Then we have KC T, 

and TIT. is cyclic of degree p. It follows from corollary 2 to theorem 13.1 that 

there exists for each i a place 0, of T, which does not split in T and such that 

the place q, of K below O. is not in E. We shall prove that, if Z/K is a cyclic 

extension of degree p such that the places of E all split in Z, then it is impossi­

ble that the places of K ramified in Z should occur only among ql, ... , q.\. 

Assume the contrary. Let V, be the group of umts in the q,-adic completion of 

K. For every xEPf, denote by ,u,(x) the residue cIa'>s of the element xE V. 
;y 

modulo vf, and by ,u(x) the element (,u1(X), .•• , ,u.v(x» of the group II v,/vf. 
i-1 

If fl(X) = 1, then x is a p-th power in each one of the fields Kq" which mean 

that (fl, ••• , qLV all split in K(x1IP ). But the decomposition group of (j, in T 

contains 5, and is cyclic, because (f" not being in E, is not ramified in T. This 

group is therefore generated by S" and the decomposition field of q. in T is T,. 

Since q. splits in K(X1IP ) , we have K(X lIP )CT. (l5ii5iN). Since 51, ••• , SlY 

generate the Galois group of T/ K, this implies that K(x1/P ) = K, i.e. xE (pDP. 

The index of (prY in PI: being pN, we see that ,uCpf) is a group of order pN. 

On the other hand, since q, is not above p, [K 4; : K~!J = p2 by theorem 11.3. 

We have obviously [Kq; : V.(K~)PJ = p; it follows that V,(KqY/(KqY' is a 

group of order p. This group is isomorphic to V; I v,n (Kq;)P == 17,/ vf, which 
LV N 

proves that [V,: vf]=P and that II [V. : VfJ=pN. Thus, ,u(P':) = II v,/vf. 
t=l .=1 

Now, let ~r be any idele class of K; then ~l may be represented by an idele 

alEff. Let n(Z) be the residue class modulo vf of the qrcomponent of at 

(l5ii~N); then there is an XEP': such that ,u,(x)=n(') (l5ii~N). We have 

a:;=: x-1 al E~! and aq£E vf (1 s¥ i!S N). If fiE E, then a is local norm at .p from 
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Z because lJ splits in Z. If q is a place of K not in E but distinct from qt, ... , 

11"" then a is local norm from Z at q because aq is a unit and q is not ramified 

in Z. Finally, a is a local norm of Z at q, because aq, E vf. It follows from 

theorem 12.3 that aENz/Klz , whence ~rENLi/K~Z and ~K=NLi/I...cSZ. But we 

know that Nz/A. (fz is of index == 0 (mod P) in ~K (corollary 1 to theorem 13.1) ; 

we have therefore arrived at an impossibilIty. 

Let U, be an idele of K whose qt-component is of order 1 at q, but whose 

other components are all 1, and let U, be the idele class of U,. We shall prove 

that the condition 

N 
nU~(')E~ (e(i)EZ) 
,=1 

implies e(i)::=O (mod p) (l€ii€iN). In fact, assuming this condition satisfied, 

we have 

N 

nu~(')::::: zaPb ZEPK , aEIK, bE ufo 
,,,::1 

Let Z=K(ZI/P). If lJEE, then we have z:::(apl)PECKpt>, which shows that 1J 

splits in Z. If q$E, q~ql, ••• , q.v, then we have z = (Oql)l)bqt, and Kq(Zl/J» 

== Kq(D¥P). But Dq is a unit in Kq; since q is not above p, we conclude that 

Kq(Zl/P) is not ramified over Kg, i.e. that q is not ramified in Z. By the result 

derived above, we have Z = K, and z is a p-th power in K. But the order of z 

at LI, is clearly == eCi) (mod p); it follows that e(i) == 0 (mod p), which proves 

our assertion. Moreover, the argument actually shows that the condition 

zE (JK)P uf implies that z is a p-th power. This means that the number (] 

introduced above is 1, and that 

(14.1) 

Now, if i€iN-1, then LeT, and q, splits in L, whence UIENL/K~L. It 

follows from our result that the group ~I generated by ~, Ul , ••• , UN-l contains 

~ as a subgroup of index pN-I, Thus, [!fx : NU.:(£LJ, which divides [(fx : ~IJ, 

is t&P, and our assertion is established. 

THEOREM 14. 1. Let L I K be any normal extension of finite degree of the 

field K of algebraic numbers, and let ® be the Galois group of L I K. Then we 
hove lH(® ; ~L) = {o}. 
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We proceed by induction on the degree n of LIK. If n = 1, the statement 

is obvious. Assume that 12 > 1 and that the theorem is true for all extensions of 

degree < n. If ® is not of prime power order, then we have IH(S') ; f L) = {a} 

for every Sylow subgroup S') of 03, and our assertlOn follows from the corollary 

to theorem 7. 3. If ® is of prime power order. then it has a normal subgroup 

.\;,) of prime index p, and it follows that IH(@ ; ~L)-;;:.lH(@/S') ; «('d~) (theorem 

8.1). If Mis the field of invariants of S'), then «(iL)~-;;:.(h. and M/K is of prime 

degree p. If p<n, then IH(@/f) ; «(h)$) = {a}, ard our assertion is true. As­

sume now that n = p; denote by K' and L' the fields obtained from K. L by 

adjunction of the P-th roots of unity, by @, the Galois group of L' I K' and by 

sr that of L'!K. We have just proved that °H(CSJ' ; (iu) is of order €!.p; by 

corollary 1 to theorem 13.1, this implies that IH«(~/; ('L') = {a}, and therefore, by 

theorem 8.1, that IH(~; ~u)';;;llH(~/~'; fA.')' where Sf/(!j;' is identified to the 

Galois group of K'IK. Now, [K' : KJ dividesp -1; it follows that IH(Sf/®'; [A') 

= {O} by our inductive assumption; thus we have IH(~ ; ~ L') = {O}. The group 

G) is isomorphic to Sf /S!., where 53 is the Galois group of L'! L; therefore it fol­

lows from theorem 8.1, that IH(® ; C'L) = {a}. 

THEOREM 14.2. Let L / K be any finite normal extension 0/ the field K 0/ 

algebraic numbers and ® its Galois group. Then the order 0/ 2H(rJJ ; ~L) divides 

the degree [L : KJ 0/ L / K. 

We proceed by induction on [L : KJ = n. The theorem is obvious if n = 1. 

_Assume that n> 1 and that the theorem is true for all extensions of degrees 

< n. Assume first that n is not a prime power. Let p be any prime divisor of 

nand s:> a Sylow subgroup of rJJ whose order is a power of p. Let 2Hp(® ; (h) 

be the group of elements of 2H(® ; IS"L) whose orders are powers of p. Then 

the restriction map r of 2H(® ; (h) to 2H(S';) ; (h) maps 2Hp(® ; tr.lJ mono­

morphically. For, let np be the contribution of n to p. If I; belongs to the 

kernel of r, then we have (n/12p) I; = 0 (theorem 8.l). But n/np is prime to p; 

thus,ifI;E 2Hp (®: ~L)' the condition (n/np)~=O implies 1;=0. We conclude 

that 2Hp(® ; ~r.) is of an order which divides np. This being true for any 

prime divisor of n, it is clear that the order of 2H(® ; ~) divides 12. Now as­

sume that n is a power of a prime p. Then G> has a normal subgroup ~ of 

index p, and the order of 2H(fi;> ; @.zJ divides nip by the inductive assumption . 

.on the other hand, since IH(S';) ; ~L) = {a} (theorem 14.1), the kernel of the 
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restriction map of 2H(@ ; [L) to 2HCfQ ; (h) is isomorphic to 2H(fSJ/.1j ; (~L)S)) 

?=2H(®/fi;) ; ('\,1/), if M is the field of invariants of ro. But @/,Ij is cyclic; it 

follows that 2H(<YJ/fQ ; ~1II) -;=°H(@/fQ ; (£31). Since -lH«(J;/f?) ; (5'1/) ?=lH(0)>/,p ; ~.Ifl) 

= {O} (theorem 14.1), it follows from corollary 1 to theorem 13.1 that 

2H«($/fQ ; ~~l) is of order p. We conclude that the order of 2H«(J; ; (,IIJ divides 
n p·P=n. 



§ 15. THE SYMBOL <~, x> 

Let K be a fieJd of algebraic numbers of finite degree, and let L / K be a 

finite normal extension of K whose Galois group we denote by @. Then we 

have associated to every character 1. of the group @ an element '(X) of 3H(Z) 

(cf. §6). This element is defined as follows. For each SE@, let Xo(s) be a 

real number whose residue class (mod Z) is X(s); set 

then ,(X) is represented by the element 

Now, Jet 2£ be any element of C;K. We have °H(@; @'A):::::@'x/NL/xfh; let 

a be the class of ~ module NLIK@',L. We set 

Then we have obviously, 

(15.1) 

(15.2) 
OIIJI', X>::::: <m, 1.>+<~1',;0 (m, ~'E(h) 
01, X + X'>::::: <2r, 1.) + <W, 1.') (X, X'E Char @). 

Let Sj be a subgroup of @; we shall denote by 1'.\;1 the restriction map 

relative to this subgroup Sj. On the otber hand, the restriction to ~ of a charac­

ter 1. of ~ is a character of Sj, which we shall denote by 1'.\;11. We shall prove 

the formula 

(15.3) 

The notation being as above, !U is a representative of the element 1'.\;)a 

EOH(Sj; @'L). Taking formula (7.1) into account, we see that it will be suf­

ficient to prove that l".\;),(X)::::: C(1'.\;)1.). Let (b be a normal mapping of I!l[@] 

into !ff[~J. If sE@, (bCs) is 0 if s$~, while, if SESj, then (b(s) is the residue 

-class s.\;) of s in J[~J. Thus, 

(b( ~ Cx(s,t)s®t) = ~ Cx(s.t)s.\;)®t.\;). 
8, tEGS 8, IE.\;) 

which proves that 1",f)C(;() = '(1".\;1 X). 
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Assume IlOW that 5) is a normal subgroup of ~, and denote by A~ the lift 

mapping from ®/.!Q to G). Let;(I be a character of ~!fQ; denoting by sJ the 

coset of an sE® modulo 5), the formula Xes) == l*(s') defines a character X of 

®; we shall denote this character by A~ X '. We shall prove the formula 

(15.4) 

For any s' E®/,p, let Xo'(s~) be a real number whose residue class modulo 

Z is X"(sr). Set Xo(s)=l~(s~); then Xes) is the residue class of lo(s) modulo 

Z (where l == A~l>j,), and we have cx(s, t) == cx'(s!, t i ). The idele class ~{ is a 

representative of A~a; taking theorem 8.6 into account, we see that it will be 

sufficient to prove that ,(X) is A8)'(X"), where '(X') is the element of 2HUS/5); Z) 

associated to X'. The lift mapping has been defined by means of a homo­

morphism L of st[®/5)J into I33 C [®J; if s'" is the class in ][0)/,!QJ of the coset 

s' of an sE® modulo 10, then L(s*') is 2J u. Therefore 
11128* 

and formula (15.4) is proved. 

THEOREM 15. 1. Let K be a field of algebraic numbers of finite degree and 

L / K a normal extension of K of finite degree.. let @ be the Galois group of L / K. 

The set of elements ~(E~x such that 01, X> == 0 for every XEChar ® is nxNx/x~x, 

where X / K runs over all cyclic extensions of K contained in L. If X E Char ®. 

is such that or,;O == 0 for every ')lE f§'x, then X::;:: O. 

Let X be any character of @, and let 5) be the subgroup of G> CClU1posed 

of the elements s such that Xes) == O. Then ®/fQ is cyclic of the same order m 

as X, and X may be written in the form A8jX" where X* is a character of order 

m of ®/fQ. Let X be the subfield of L corresponding to 10. We know that 

a -.. Mllx,z(a®(X*» induces an isomorphism of °H(~/Sj ; (§'x) with 2H(®/5) ; (£x) 

(theorem 9.3). If W is not in NX1x{§'x, then or, X*)::lfO. We have or, X> 
== AS,;'<~i. Xi<>; and, since IH(Sj ; (£.z;) == {a}, A8j is a monomorphism; it follows 

that 01,/.'),",,0. On the contrary, the condition ~lENx!K(£x implies <~r,X)=o. 

Since every cyclic extension of K contained in L may be obtained by means of 

suitabJe character X of ®, the first assertion is proved. Assume now that X is 

of prime order p; then X/K is of degree p, which implies °H(<YJ/fQ ; (tx):!;: {O} 

and therefore that there is an ~! E 0'K such that <~, X)::lf O. If X is any character 
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~ 0, there is an integer h > 0 such that hI. is of prime degree, and this proves 

the second assertion. 

Let ~CL be the group n4N.lIK~X of theorem 15.1. If u is the residue class 

modulo 9c of an element QIE([K and I.EChar@, we set <u,1.>=or,I.). Then 

(u, X) ->- <u, 1.> is a pairing of the groups rJ}"/9c and Char ® to 2H(® ; rJL ), and 

it follows from theorem 15.1 that this pairing is regular, i.e. a) if uErJx /9c, 
the condition < «, I. > = 0 for all X E Char ® implies that « is the neutral element; 

b) if XEChar®, then the condition <<<,1.>=0 for every aEf$.x/'R implies that 

X = o. 



S 16. THE ARTIN SYMBOL FOR 
CYCLOTOMIC EXTENSIONS 

Let K be a field of algebraic numbers. An extension L I K is called cyclo­

tomic if it is contained in an extension of the form K(z), z being a root of unity~ 

In order to study such extensions, we shall first consider the group ~ Q of 

classes of ideles of the field Q of rational numbers. Let U be the group of 

ideles u which sattsfy the following conditions: a) for any prime number p, up 

is a unit in the field of p-adic numbers; b) if fJ is the infinite place of Q, then 

nt' > O. The only units of Q being .± 1, it is clear that unPQ:= {I}. PQ being 

the group of principal ideles. Now, let a be any idele of Q; if P is a prime, 

let e( a ; p) be the order of at' at p; and let s( a) be + 1 or - 1 according as 

to whether at' is >0 or <0. If we set r= e(a)TIp pC(Cl Pl, then it is clear that 

r-1aE U. It follows immediately that every idele class of Q has a unique repre­

sentative in U. and that ~Q -;;: U. 

Now, let z be an moth root of unity, m being an integer > 0, and let n be 

any idf)]e in U. Let Um be the group of Ideles u' E U such that, for every prime 

p, up - 1 is of order at least equal to that of m at p. (this is no restriction if 

p does not diVIde m). Then it is clear that, for any UE U, there is an integer 

u such that u == u (mod Um ); any such integer is prime to m, and two integers 

u, u' which satisfy this condition are congruent to each other mod m. Let z 

be any moth root of unity; then we see that ZU depends only on n, not on the 

choice of the integer u. Moreover, z may also be considered as an m'-th root 

of unity if m' is a multiple of m; if u' is an integer such that u == u' (mod Um'), 

then zU' = z". We shall denote ZU by zU; and if IJ! is any element in trQ, we set 

z'll =::: ZU 

where U is the ideIe in U belonging to m. The following facts are obvious: 

1) we have (zz,)2I= z'llz,'ll if z, z' are roots of unity; 

2) we hava z2I'll'=(z2I)'ll' if ~1,'lI'E~Q 

3) if z is a primitive root of unity, then so is z2I (because, in the conditio])! 

above, u is prIme to m). 

78 
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Let Z / Q be any cyclotomic extension of Q; let z be a root of UnIty such 

that ZCQ(z), and let WE[Q. Then It follows from 3) that there is an auto­

morphism s of Q(z)/Q which changes z into z~C!. The restriction of s to Z does 

not depend on the choice of z. For, let Zbe contamed in Q(z) and Q(ZI). where 

z, Zl are roots of umty; then we may write z = Z"k, Zl = zITk', where zIT is a root 

of unity. It follows, by 1), that z'U = CZIf'U)k, z12! = (Z,,~!)k', which proves our as­

sertion. We shall denote the restriction of s to Z by 

(Z/Q; ?O. 

If Z' is an intermediary field between Q and Z. then (Z' / Q ; ?1) is the re­

striction of (Z/Q; 9[) to Z'. If '2{, ~(I are in li'K, then (Z/Q; '2{S(') 

= (Z/Q ; ~O • (Z/Q ; ~1'). 

Let K be any field of algebraic numbers, L a finite normal extension of K, 

\:)3 a finite place of Land p the place of K below~. Denote by f the degree of 

\:)3 with respect to K, by P~ the residue field of 1J and by P\T5 that of~. Then 

P\T5 I P1l is a cyclic extension of degree f. If we denote by Np the absolute norm 

of .p, then the Galois group of P\T5 / P1l is generated by an operation which changes 

every ~EPl(3 into ~.v1l. Every operation of the decomposition group G\(~) of lj5 

defines in a natural manner an automorphism of the extension Pl(3! P1l' It is 

well known that the resultmg homomorphism of ®(~) into the Galois group of 

Pl(3 I P1l is an epimorphism, and is even an isomorphism if lj5 is not ramified 

with respect to K. In the latter case, ®(lj5) is therefore generated by an oper­

ation s such that 

s:e::;:eN.ll (mod~) 

for every :eEL which is integral at \:)3. This operation is called the Frobenius 

automorphism and is denoted by (LIK ; \:)3). If s is any operation of the Galois 

group of LI K, then (LI K ; s~) = s(LI K ; \:)3) S-l; thus, if LI K is abelian, then 

(L I K ; \:)3) depends only on the place j:l of K below \:)3, and is then denoted by 

(LI K ; p). It should be remembered that this symbol is only defined when j:l is 

not ramified in L. 

Now, let ~ be an infinite place of Land j:l the place of K below~. If.j) is 

real and ~ imaginary, the p-adic completion K,p of K may be identified to the 

field of real numbers and the \:)3-adic completion Lv of L to the field of complex 

n1.Ullbers. The restriction to L of the unique automorphism distiAct from the 
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identity of L<~ / Kp is denoted by (L / K ; \:j3); thIS operatIOn is called the Frobenius 

automorphism. If L / K is abelian, we see as above that this automorphIsm de­

pends only on j,J; it is then denoted by (L/K; lJ). 

Let 111 be an Integer > 0. We shall say that an idele a of the field K is 

=: 1 (mod in) If the following conditIons are satisfied: for every place lJ above 

a prime divisor of m, the order of ap - 1 (at j,J) IS at least equal to that of m; 

for every real infinite place j,J, we have ap> 0. Let a be any ide Ie. If lJ IS a 

place at whIch the order of In is >0, then the elements xpEKp such that xp =: 1 

(mod mo.p), (where op is the nng of integers of Kp) form an open subgroup of 

Kp. Making use of the theorem of Independence of valuatIOns, we see that 

there is an xEPK such that x-1a == 1 (mod in). Thus, every ide Ie class is repre­

sentable by an Idele == 1 (mod in). 

Now, let z be an m-th root of unity. Let lJ be a finite place of K which 

is not above a prime divisor of m, and let 0 be an idele of K which is =: 1 (mod 

in) and which is such that Oq is a unit in Kcr, for every finite place q ~ p of K. 

Let a be the order of Oq. 

Then we shall prove that the restrictwn 01 (K(z)/K; Py' to Q(z) is 

(Q(z) ; N"'/Q(~O), il ~l is the class of o. In fact, it is clear that N ... /Q([ IS =: 1 

(mod iii) in JQ and is of the form pa/u, where 1 is the absolute degree of lJ and 

u is in the group denoted above by U. Thus we have u-1 =: pal (mod m) and 

(Q(z) ; NKJQ(~» changes z into zaP!. On the other hand, we have 

(K(z)/K;.p) ·z=:zP! (mod \:j3) 

if \:j3 is a place of K(z) above lJ. But (K(z)/ K ; lJ) • z is a power Zk of z; since 

the order of m at \:j3 is 0, the congruence Zk == zp! (mod \:j3) implies Zk = zpl ; 

thus, (K(z) / K ; lJ)a changes z into zapl, which proves the assertion made above. 

Now, let z be an m-th root of unity, and ~ any idele class in (fx. Let 0 

be an idele of ~! which is =: 1 (mod in). Then it is obviously possible to repre­

sent a in the form (11' •• ah, where each a, is =: 1 (mod in) and has the property 

that there is at most one finite place of K at which a, is not a unit (if there 

is one, then the order of m at this place is 0). Making use of the result 

proved above, we conclude that there is an automorphism (and, obviously, only 

one) of K(z)/K whose restriction to Q(z) is (Q(z) ; NK/Q~n. We shall denote 

this automorphism by (K(z)/K; ~O. Let Z/K be any cyclotomic extension of 

K. Then there is a root of unity z such that ZCK(z); the restriction ot 
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(K{ z) / K ; ~O to Z does not depend on the choice of z. For, if Z CK( z), 

ZCK(z'), then there IS a root of umty z" such that K(z)CK(z"), K(z')CK(z"), 

and (K(z)/K, ~O, (K(z')/K; ~() are restrictions of (K(z")/K; ~O. We shall 

denote the restriction of (K(z)/K ; ~1) to Z by (Z/K; ~). Then we have obvi­

ously the following results; 

1) If z' is an intermediary field between K and Z, then (Z'/K;~) is tlte 

restriction of (Z!K; ~O to Z'. 

2) If W, ~i' are in ~J.., then (Z/K ; ~lW) =: (Z/K ; 2!). (Z/K ; ~'); 

3) Let Z be contained in K(z), where z is all m-th root 0/ unity. Let a be an 

·idele = 1 (mod nz) such that there is at most one finite place p at which a:p is 

not a unit; denote by a the order 0/ a at lJ, and by ~ the class of a; then 
(Z/K; ~O = (Z!K; fl)a. 

The last assertion follows from the obvious fact that (Z/ K ; p) is the re­

striction of (K(z)/ K ; fl) to Z. 

3') Let p be an in/inzte place of K. Let a be an idele of K whose com­

ponents at all places :!t: pare 1, and let ~! be the idele rlass of a. Then (Z / K ; ~O 

= (Z / K ; fl)a where a is determined as follows: a = 0 if p is real and a:p> 0; 

a = 1 if fl is real and a:p < 0 ; a = 0 if lJ is imaginary. 

Let p" be the unique place at infinity of Q; set 0 =: NAIQ a. Then the com­

ponents of 0 at all places ~ PJ> of Q are 1, and its component at P" is >0 if fl 

is imaginary or if fl is real and a:p> 0, but is < 0 if P is real and G.p < O. Let z 

be an m-th root of unity such that ZCK(z). If op,,>O. then we have 0=1 

(mod Um), whence (Z / K ; ~n = e (the unit element). If op", < 0, then - be U1/!, 

and (K( z) / K ; ~O changes z into Its imaginary conjugate 2-1, whence (Z / K; ~[) 

= (Z/K ; pl. 

4) Let K' be an extension oj .finite degree of K, and ~t' an element 0/ ~A/; 

then (Z / K ; NEllE. W-') is the restriction to Z of (Z' / K ; 2{'). 

For, if Z=K(z), 2 being a root of unity, the restriction of (K(z)!K; 

NE.IIK.W-') and (K'(z)/K' ; 21') to Q(z) are both equal to (Q(z)/Q ; NA.IIQ~'). 

THEOREM 16.1. Let Z!K be a cyclotomic extension. Then ~ -+ (Z/K; ~) 

is an ePimorphism of (f K on the Galois group of Z / K. whose kernel contains 

Nz/xCSz• 
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Let Z' be the field of elements of Z left fixed by all operations (Z / K ; ~1), 

~(E~K. Assume that ZCK(z), Z an 1n-th root of umty, and let .j:l be a fimte 

place of K at which the order of m is O. Let a be an idele whose .j:l-component 

is of order 1 and whose other components are 1; it follows from ::3) that 

(Z/K ; ~i\ = (Z;K; p), if ~( is the class of a. Thus. (Z/K; p) leaves the ele­

ments 0/ Z' invariant, which means that .j:l splits in Z'. Were Z' "" K, then Z' 

would contaIn a cyclic extension Z" / K of prime degree of K, and almost all 

places of K would split In Z": this IS impossible by the corollary 2 to theorem 

13.1. Thus Z' = K, and the mapping W --> (Z; K ; ~O is an epimorphism. That 

its kernel contains NZ/K~Z follows immedIately from 4), applied to the case 

K'=Z. 

COROLLARY 1. Let Z / K be a cyclzc cyclotomic extension 0/ K. Then 

2 H( CftJ ; ~z) is isomorphzc to CftJ, if G) is the Galois group 0/ Z / K. 

Let n be the order of G). It follows from theorem 16.1 that G) is isomorphic 

to a factor group of QH(® ; ~z) = rJ,K/Nz'K~Z. Since CftJ is cyclic, °H(CftJ ; rJ,z) 

is isomorphic to 2H( ® ; ~z), and the Jatter group IS of order ;§. n by theorem 

14.2; this proves the corollary. 

COROLLARY 2. 1/ Z / K is a cyclir: cyclotomzc extension, then the kernel oj 

the maPPing ~( --> (Z/K; '.10 is NZIKf£z. 

In fact, °H( G3 ; rJ,z) ~ 2 H( ® ; IFz) is isomorphic to Gi by corollary 1, and 

corollary 2 follows immediately from theorem 16.1. 

Let Z / K be a cyclic cyclotomic extension of degree n, and let s be a 

generator of the Galois group ® of Z/K. Let W be an idele class of K such 

that (Z/K; '.ll) = s. Let l be the character of ® such that Xes) is the class of 

1/ n modulo Z. Set 

Then ~ does not depend on the choice of s. For, replace s by another generator 

s' = sk; if X' (Sf) is the class of 1/ n modulo Z, then kX' = X. On the other hand, 

we have (Z/K;lJ1k )=s', and <~lk,X'>=k<~l,X'>=O[,kX'>=('.lr,x>, which 

proves our assertion. 

The cohomology class ~E2H(® ; (Sz) defined by the formula given above 

is called the canonical class of the extension Z / K It is obviously of order n, 
and it generates 2H(G) ; @'z}. 
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THEOREM 16.2. Let K I / K be a finite extensio/~ of the field K and Z /K a 

cyclic cyclotomic extension oj K, whose canonical class we denote by ~~I}.. Set 

K" = K' nz; denote by ~ and S) the Calois group of Z I K and Z / K", and by 

m the degree 0./ K'/K". Let rig be the rest1iction map oj H'(@ ; (\z) to 

H'(S) ; ($'~) and c" the mapping oj H'(S) ; ($'z) into H'(S) ; ~ZA') induced by the 

identity map, : (\~ -> ('ZlV. (S) bezng identified to the Calms group ZK'IK'). 

Then c" r:v~~/" == m~Zh.'/J,." where ~zJ,.'jh.' is the canomcal class of ZK'/K'. 

Let s be a generator of @, n the order of @, X a character of @ such that 

Xes) is the class of lIn modulo Z and ~[an ide Ie class of K such that (Z/K; ~[) 

= s, whence ~ZIh. = Of, X>. Then r:V~ZJK. == Of. r:vX>. Let h be the smallest ex­

ponent such that Sh E S); then Sh generates S), and is the restriction to Z of an 

automorphism s' of ZK'IK'; (rg;;,X)(s') is the class of 1/(n/h) modulo Z, and 

[ZK': K'J==nlh. It is clear that ,"rSj~ZIK. is the element of 2HCS); (fZK') repre­

sented by the symbol Or,1':OX> when we consider ~f as an element of (\K.' and .. 
r:oX as a character of the Galois group of ZK'IK'. 

The restriction of (ZK'IK' ; ~!) to Zis (ZIK; NE.'JK~[) = (Z/K; ~(mh) == sm", 

whence (ZK'I K' ; ~O == s,'I1Z. It follows that /" rSj ~Z'K == m;:~h.'/K'. 

THEOREM 16.3. Let Z, Z' be cyclic extensions oj K of respective degrees n 

and n'; denote by ~/IIC and ~z'/h. their canonical classes. Let v, v' be integers 

> 0 such that n / n' = 1) I])'; denote by J..~ (respectively: Az') the lift mapping from 

the Calois group of ZIK (respectively: Z'/K) to that of ZZ'/K. Then AZV~Z!K 

== ).Z>1/ ~Z'/K' 

We can find generators Sz, SZ' of the Galois groups of Z/K, Z'/K which 

have the same restriction to znz'; this being the case, there is an auto­

morphism s of ZZ' / K whose restrictions to Z and Z' are Sz and SZ'. Let m: be 

an idele class of K such that (ZZ'/K; m:) =s (d. theorem 16.1). Then we 

have (Z I K ; Ill) = 5z, (Z'/ K ; ~n == 5z'. Let X (respectively: X') be a character 

.of the Galois group of Z/K (resp: of Z'/K) such that X(sz) (resp: X'(sz,) is 

"the class of l/n (resp: l/n') modulo Z. Then 2z~z'K=01,AzX>, ;'Z'~Z'IK 

= <Ill. Az'X'>, and 

We have (VAg X)( s) ::;:: r ~-J. (:/)I I.z' X')( s) == r ~: j, where [p] denotes the class of 
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p modulo 1. If follows that (VAzl.-V'Az'X')(s) =0. Let Sbe the field left in­

variant by s; then VA71.-V'A7'1.' may be witten in the form A9X", where X" is 

a character of the group of S / K. and As is the lift mappmg from the group of 

S / K to that of ZZ' / K. It follows that 

<~, VA" I. - v' Az' X') = As< W, I.") 

(formula (15.4». If t is a generator of the Galois group of ZZ' / Z, then sand 

t clearly generate the group of ZZ' / K, which shows that S / K is cyclic. Since 

(ZZ' I K, ~n = s, we have (S / K, ~n = e (the identity). This shows that ~(E NbIK~S, 

whence Of. X") = 0, which proves theorem 16.3. 

COROLLARY. The notation being as in theorem 16.3, assume furthermore 

that Z'CZ. Then the lift from the Galois group of Z'IK to that of Z/K oj 

~Z'IK is n/ n' • ~Z'K. 

THEOREM 16.4. Let K be a field oj algebraic numbers of finite degree, p a .. 
finite place oj K and n an integer > O. Then there exists a cyclic cyclotomic 

extension Z / K with the jollowing properties: .p is not ramified in Z, and, if lj3 is 

a place of Z above p, then lj3 is oj degree n with ?'espect to K. 

Let K'{J be the p-adic completion of K. It is well known that the unramified 

extension of degree n of K'1J may be generated by adjunction to K'1J of a root 

of unity z. Tilen p is not ramified in K(z), and (KCz)/K; p)=s is of order n. 

By a well known theorem, there exists a character X of the Galois group ® of 

KCz)/K such that Xes) is of order n. Let ~ be the group of elements tEG> such 

that XU) = 1. Then ®/rp is cyclic; let Z be the correspondmg cyclic cyclotomic 

extension of K. Then (Z / K ; p) is the restriction of (K(z)/ K ; p) to Z, and 

is therefore of order n; Z therefore has the property stated in theorem 16. 4. 



§17. CANONICAL CLASSES 

We shall use in what follows the following notation. If L / K is a finite 

normal extension of the field K of algebraic numbers, (£\ the Galois group of 

L/ K, .p a subgroup of (£\ and L' the sub field of L attached to .\), we shall denote 

by rl, .... U the restriction mapping of H'«(£\ ; ~L) to H'(Sj ; l'L), by RV ... K the map­

ping Rr£r, of H'(f;) ; (\L) into H'«(lJy ; (h) which was defiend in § 7; if L' is 

normal over K, we shall identify its GalOIs group over K with ($/.\), and we 

shall denote by )W .. L the hft mapping of HC((!i;/.\) ; (1L') into H C($ ; (h). The 

restriction of this mappmg to 2H«(J;/f;) ; (fL') 1S an isomorphism of this groUI> 

with the kernel of the mapping of 2H( G) ; (f L) induced by rh. .... v, as follows from 

the fact that 1 HUg ; (f L) = {O} and from theorem 8. 2. 

Let K be a field of algebraic numbers of finite degree and L/ K a finite 

normal extension of degree n of K. There exists a cyclic cyclotomic extension 

Z / K of K whose degree rm is == 0 (mod n) (theorem 16.4). Let ~ZiK be its canoni­

cal dass. The class rK .... LJ..Z ... LZ~Z!K is m;ZL L (theorem 16.2), where m::;: [L : LnZ] 

and ~':L/L is the canonical class of ZL/L. On the other hand, we have [ZL: L] 

::;: [Z : Z nLJ ::;: nv [Z nL : K]-1 = mv; thus, the order of ~':LiL is my, and 

rb. ... d.: ... u • V~Z/K = O. It follows that we may write 

where ~ is a uniquely determined element of 2H(ffl» ; (h), @ denoting the Galois 

group of LI K- We shall see that ~ does not depend on the choice of Z. Let 

Z'I K be any cyclic cyclotomic extension of degree v' n divisible by n. Making 

use of theorem 8. 3, we have 

Similarly, if ).£-->'LZ,~I=).Z, ... LZ'1J'~Z'JK, ~z'JK. being the canonical class of Z'IK, then 

But we have Az .... Z.:I1J~Z/K == Az, .... zz, v' ~Z'JK by theorem 16.3. Since A£-->.LZZ' is a monO­

morphism, we have ~::;: ~'. 

If L 1 K is cyclic and cyclotomic, then ~ is obviously the canonical class of 
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L I K (take L = Z 1). In general, we shall call ~ the canonical class of L I K and 

denote it by ~ LIK. 

THEOREM 17.1. Let K be a field of algebraic numbers of finite degree and 

L I K a normal finite extension of K; we denote by ® the Galois group oj L I K, 

and by n the order of ®. Then the canonical class ~ LIK is of order n and gener­

ates 2H(® ; ~L). 

The notation being as above, lJ~ZII' is of order nlJIlJ = n; it follows that 

~ = ~LIK is of order n. Since 2H(® ; G'L) is of order !!5 n (theorem 14.2), it is 

generated by ~ LIX. 

THEOREM 17.2. The notation being as in theorem 17.1, let further p and 

.q be integers ~O. Then' -+ M~L'Z(~LIK®') induces an isomorphism of 

P,qH(® ; Z) with P+2,qH(~ ; (h). The group (fxINLIKfFL is isomorphic to ~/(!D', 

where ®' is the commutator subgrouP of (!D. 

If ~ is a subgroup of ®, then ~ is the Galois group of LIL', where L' is 

the invariant field of~. We know that lH(~ ; ($;L) = {O} and that 2H(~ ; ~L) 

is cyclic of the same order as~. Thus the first assertion follows from theorem 

9.2. In particular, fFxINLlxC£L= O,OH«(!D; C£L). which is isomorphic to 2,2H(®; (fl.), 

is isomorphic to o.2H«(!D ; Z), i.e. to ®/®' (cf. §6). 

THEOREM 17.3. The notation being as above, let further L' / K be a finite 

normal extension containing L / K; if h = [L : L'], we have 

Let n = [L ; KJ, whence [L' : K] = nh. Let Z / K be a cyclic cyclotomic 

extension of K of degree lJnh == 0 (mod nh). Then we have AL'~L'zAL .. L'~LIK 

=ALZ .. L'zAL"LZ~Llx=).z .. uz])h~Z/X (theorem 8.3), while ).L .... UZ~1,.IK=Az .. L.Z'1l~ZIK. 

Theorem 17.3 then follows from the fact that AL' .. 1,'Z induces a monomorphism 

of 2H(®' ; (£1,.), where ®' is the Galois group of L'/K. 

THEOREM 17.4. The notation being as above, let further K! / K be an ex­

tension of finite degree of K; set m = [K' : K'nLJ. Denote by ~ the Galois 

group of LK' / K', which we identify to that of L/ LnK'. Let ,* be the mapping: 

2H(~ ; ~L) .-to 2H(~ ; ~LK') assocIated to the identity map , : C£L.-to C£u.::" Then 

:we have 
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We first consider the case where K'CL, in which case the formula to be 
proved becomes 

Let Z / K be a cyclic cyclotomic extension of degree nv of K, where n:::; [L : KJ. 

We have ).L-7LZrK-7K'~Ll(= rK-+K').L-7LZ~L/K (theorem 8.5), and this is 

(theorem 7.4). We have 1·K .. K'''''Z).Z-7LZV~Z/K=).z''''LZrK-'K'''ZlJ~Z/K (theorem 8.5). 

and rK-7K'nZ~&IK = ~Z/K'''Z (theorem 16.2). The Galois group of LZ/K'n Z is 

generated by those of LZ / K' and of LZ / Z. Denote by ,3 the Galois group of 

K'Z/K', which we identify to that of Z/K'nZ, and by ,r the mapping: 

2H(:[3 ; (£z) ->- 2H(,3 ; (£K'Z) associated to the injection map '1 : ~z .... {£K'Z. Mak­

ing use of theorem 8. 4, we have 

On the other hand, ,t ~ZIK'''Z = [K' : K' n ZJ ;K'Z/K' by theorem 16.2. Thus 

).h'Z-.r..Zv,t~Z/K'''Z=v[LZ:K'ZJ[K':K'nZ];:LZIK' by theorem 17.3 above. 

We have [K': K'nZ]=[K'Z: Z], and therefore [LZ: K'Z][K' : K'nZJ 

= [LZ : ZJ, and 

We have [LZ: KJ = [LZ: LJ[L : KJ = [LZ : ZJv[L : KJ. whence v[LZ : Z] 

::: [LZ : LJ; since [LZ : LJ ~ LZ /K' = h ... r..z ~ L/K' (theorem 17. 3), we see that 

whence rK"'K'~L/K:::; ~LII". 

We consider now the general case. Let K"/K be a finite normal extension 

containing K'/K. We have rK ... LnK'~LIK=~LILnK' by the result just proved. The 

Galois group of KilL/ L n K' is generated by those of KilL/Land of KIIL/ K'. 

Therefore, 

by theorem 8.4. This is equal to 'l'LnK'->K,[K"L : LJ~K"LILnKI by theorem 17.3, 

and therefore to [KilL : LJ~K"LIK' by the result established in the first part of 

the proof. But 
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[K"L : L]~"'''L/I(' = [K'L : L][K"L : K'L]~"'''LII.! 

= [K'L : LJ J.lc'L .... h."L~I"L/I,' 

by theorem 17.3. Smce m = [K'L : L], theorem 17.4 is thereby proved. 



§ 18. THE RECIPROCITY MAPPING 

We shall use the same convention of notation as in § 17. Moreover, if Y is 

a character of the Galois group of a fillIte Galoisian extenSIOn L I K, and if 

KCK'CL, we shall denote by rr..-. .. :X the restrictIOn of X to the Galois group 

of L I K'. If L' I K IS a fillIte GalOlsian extension of L I K, we shall denote by 

Al-'>L' X the character of the GaloIs group of L' I K whIch aSSIgns to every element 

s of this group the value X( SL), SL being the restnction of s to L. Finally, for 

any fimte group ®, we shall Identify Char G) to Char ('j)! Gi', where 1£1 is the com­

mutator subgroup of ®. 
Let LIK be a finite normal extenSIOn of a field K of algebraIc numbers 

of fimte degree, and let ® be its Galois group. Denote by ~L!K the canonical 

class of LIK. Then every 1jE 2H(® ; ~L) may be written in the form k;LIK, 

where k IS an integer whose resIdue class modulo nZ is umquely determmed 

(where n is the order of ®). Let [!] be the resIdue class of kl n modulo Z; 

then 1j ..... [kin] is an IsomorphIsm p of 2H(® ; (£L) WIth a subgroup of R'''. 

If ~[E (h., XE Char 1£, then or, X) is an element of 2H( 1£ ; (h). Set 

Of, X)"" = p«~.(, X». 

Then (~[, X) ....,. Of, X)"- is a paInng of ~K and Char ('j) to R'"'. The mappmg 

X ..... < ~i, X)'" IS a character of the group Char ®; it follows that there exists a 

uniquely determined element sE ®I®' such that <~, X)'" = xes) for every 

XEChar ®. We set 

s = (LIK ; '}.f)*. 

If ALIK is the largest abelian extension of K contained in L, then ®/®' is the 

Galois group of AL I K and (L I K ; W) * is an automorphism of AL I K. 

Let L'IK be a finite normal extension of K contaming LIK. Then we 

have ALCA'h and we shall see that (LIK ; ~)* is the restrIction of (L'IK; ~)* 

to A L. Let X be any character of ®; write Of, X) = k~LIK, whence X«LI K ; ~)*) 

= [ ! J. We have 

<~, .. h ... uX) = AL ... L'<~' X>;:: k[L' : LJ$LIli.· 
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This being true for every X E Char ®, it is clear that (L I K ; ~O" is the restric­

tion of (L'IK; 20" to A L • 

Now, we shall see that (LIK; ~O'" = (LIK; ~O in case LIK is a cyclotomic 

extension. Consider first the case where L! K is cyclic; let St be a generator 

of its Galois group ®, and X, the character of ® such that X(St) = r ! J. n be­

ing the order of ®. Let ~!t be an idele class such that (LIK ; 2ft ) = S1, whence 

< ~r1' X) = ~ L/K. Set (L I K ; ~O = sf ; then (L I K ; ~(~lk) = e, whence 2!~(1': 

ENL/K'lLand Or,X)=<~tX>=k;L/K. It follows that X«LIK; 2()l->=[!J 
= X(sf), which proves our assertion in this case. In the general case, we may 

assert that (L I K ; 2f) and (L I K ; ~()* have the same restriction to any sub field 

X of L which is cyclic over K, whence (LIK ; m) = (LIK ; ~O-l<. 

Thus, there is no inconvenient in denoting in genera] the element (LI K ; ~() 

by (L!K; 2f). The mapping ~ -+ (LIK; ~O is called the reciprocity mapping 

for LIK. 

THEOREM 18.1. Let K be a field of algebraic numbers of finite degree and 

L I K a finite normal extension of K, whose Galois group we denote by ®. Then 

the reciprocity mapping for LIK is an ePimorPhism of tfK on (!!;I®' (where ®' is 

the commutator subgroup of ®) whose kernel z's NL/K. ~L. 

Let ~ be the intersection of all groups Nx/xtfx, where X I K runs over all 

<=yclic extensions of K contained in L I K. Then it follows from theorem 15.1 

that the pairing (2f, X) -+ < ~r, X>* defines a regular pairing of ~K I~ and Char ® 
to R*. By a well known theorem, this implies that t' K I~ is isomorphic to 

ChadChar®):=:®I®'; more precisely, (LIK; ~O depends only on the class « 

of 2! modulo ~,and, if we set (LIK ; «) = (LIK ; 2(), then « -+ (LIK ; a) IS 

an isomorphism of (£g/~ with ®I®'. 

tflCINL/lCtfL:=:®I®' by theorem 17.2. 

18.1 is proved. 

But ~ obviously contains NL/lCtfL, and 

It follows that ~ = NL/lCtfL, and theorem 

THEOREM 18.2. Let the notation be as above and let L'I K be a finite normal 

.8xtension containing L I K. Let AL and Az;, be the maximal abelian extensions 

contained in LIK and L'IK. Then, for any 2fE(£g, (LIK; m:) is the restriction 
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This has been proved above. 

THEOREM 18.3. Let the notation be as above, and let K' be an i'ntermediary 

field between K and L; denote by &) the Galois group of LI K'. Let III be in ~E; 

then (LIK' ; ~O is the image of (LIK; ~O under the transjer mapping from 

r.JJ1r.JJ' to &)I&)' (where (5)' and &)' are the commutator subgroups of ($ and -l». 

Let X be any element of Char &), and ~ the class of III in °H( @ ; (!L). Then 

the class of ~£ In °H(&) ; ~L) is rA-+A' ~. 

Let '(;() be the element of 2H(&) ; Z) which corresponds to the character X~ 

and let X' be the character of @ which corresponds to Rz'(l), where Rz is the in­

jection map: 2H(&); Z) -+ 2H(@ ; Z). Then we have RE''''KM~L.z(rA'''A'~~H(X» 
=M~L.Z(~$)Rz'(X» by formula (7.3). Thus, we have 

Set (~, X> = ML/E' = krK .... K'~LfA (theorem 17.4). We have RK'-+KrA"'K'~L/K: 

= [K : K'J~L/K (theorem 7.3), whence (Ill, 7.'> = [K : K'Jk;L/K, and l'( (LI K ; "Jl» 

= X«L I K' ; ~!). On the other hand, we have X'es) = l( .(s» if ds the trans­

fer map. It follows that (LIK' ; Ill) = T'( (LIK ; ~!). 

THEOREM 18.4. Let K' be any extension oj finite degree oj K and let III be 

an idele class oj K'. Then the restriction oj (LK'I K' ; "Jl) to AL (tke largest ab­

elian ove1iield oj K in L) is (LIK ; NK'/KIll). 

Let K"IK be a finite normal extension of K containing K'/K. Then 

(LK'! K' ; "Jl) is the restriction of (LK"! K' ; "Jl) to the largest abelian extension 

of K' contained in LK' (theorem 18.2). It follows that it will be sufficient tOo 

consider the case where K'CL. Let ii) be Galois group of L!K' and ~ the ele­

ment of °nC&) ; ~L) represented by Ill. Then the element of °H(@ ; ~L) repre­

sented by NK'IK~r is clearly RK' .... K~. Let X be any character of @, and let ~<;(} 

be the corresponding element of 2H(@ ; Z). Then it follows immediately from 

formula (7.3), that 

,Rg'-+x:M~L. z(<< ®rX:-+K' ~(X» =- M~L. Z(RK''''K«®~(X», 

The element rK"">K'~(X) is the one which corresponds to the restriction X' of X t() 
~. Thus we have RK, ... x('2l, X') = <NK,IK"Jl, P. 
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We have seen in the proof of theorem 18.3 that RK, .... K!;L/A' = [K' : KJ!;L/I,. 

Thus, if <~, X'> = k!;L/A', we have <NK'/K~f., X> = lz[K : K'J!;z;/z" whence 

X'«L/K' ; Ill» =X«L/K; NK '/1>..IJO). Since X' is the restriction of X to &j, the 

left side is X(s), where s is the restriction of (L/K' ; IJO to Az;; thus we have 

s = (L/K ; NK'/K~O. 

If a is any idele in K and 1}1 the idele class of a, we set 

(L/K; a) = (L/K ; ~1). 



§ 19. THE NORM RESIDUE SYMBOL 

Let K be a field of aJgebraic numbers of fi...'1ite degree. If p is any pJace of 

K, we denote by Kp the p-adlc completion of ]{ and by K; the multiplicative 

group of elements *' 0 of Kp. If L / K is a finite normal extension of K, we 

shall donote by LKp I K a composite extension of Kp / K and L I K; this extension 

is determined up to isomorphism. If ~ is any place of Labove p. then LK:p is 

isomorphic to the ~-adic completion of L. We shall denote by (LKp» the group 

of elements """ 0 in LKp. The extension LKp I Kp is normal, and its Galois group 

is isomorphic to the decomposition group of ~. 

We denote by /f the group of ideles of L whose components at all places 

not above :p are 1. If ® is the Galois group of L! K, ] L is a ®-module, and If 
a submodule of fL. The identity map of I~ into IL, followed by the canonical 

mapping of fL onto (h, gives a G)-module homomorphism IlJ of If into (£L. and 

IlJ defines a mapping It of H'( fJJ ; I~) into H'( ® ; (h). 

THEOREM 19.1. Set n=[L: K], n(p) = [LKp : KpJ. Then n/n(p)~LIK be­

longs to the image oj 2H(® ; J~) under ri). 

If p is finite, then there exists a cyclic cyclotomic extension Z I K whIch 

satisfies the following conditions: .)J is not ramified in Z, and N( p) == [ZKp : KpJ 

is divisible by n(p). If p is infinite, set Z = KU), where Z2 = -1; then it is stilI 

true that N(p) = [ZKlJ : KlJ] is divisible by n(p). We denote by S the Galois 

group of Z / K. The decomposition group of p in Z I K is generated by the oper­

ation (Z / K ; p) of order N / N( p) (where N is the order of S); we may there­

fore write (Z / K ; j.J) = SN/NUr), where s is a generator of S. If P is finite, let a:­

be an idele of K whose p-component is of order 1 at p and whose other com­

ponents are 1; if p is infinite real, let a be an idele of K whose p-component 

is - 1 and whose other components are 1; if p is infinite complex, set a = L 

Let ~t be the ide Ie class of a; then we have (Z/K; %() == (Z/K ; p) (cf. 3) and 

3'), §16). Let X be the character of S such that X(s) is the class of l/N modulo 

Z. Since X«ZIK, ~O) is the class of (N/N(p»l/N modulo Z, we have or,x> 
= NI N(p) $z/x. Let a: be the class of ~ in ()H(S ; ([z) and ,(X) the element 

of 2H(S ; Z) which corresponds to the character X; then we have 
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<~, X) ::: M~L' Z(Q' ® CCX) ::: N/ N( p) ~L/b.. 

Let T be the Galois group of LZ / K; set M::: [LZ ; ZJ. Denote by Q'I the class 

of ~ in °H(r ; ~LZ)' whence Q'I::: Az ... uQ'. Let (I be the Image of '(X) under the 

lift mapping from 2H(:S; Z) to 2H(r; Z). We have Az ... U~L/K=M~u/K (theorem 

17.3). Making use of theorem 8.6, we have MN/N(pHLZ/b.:::M~[z,zCQ'le(I). 

If u is a representative of (I in (J2[T])r, then MN/ N(p) ~L7/K is represented by 

~® u. SInce uE (J2[T])r and aEI~( = (iLd', a®u is in (Jfz®I2[r])r, and repre­

sents a certain cohomology class r;E 2H(T ; IfL). It is clear that 

,tr;::::; MN/ N(p) ~LZ/K. 

We shall prove that the restriction of N(p)/n(p)r; to the Galois group S) of LZ/L 

is O. If (3 is the class of aNql)/n(1)) in °HU/;) ; Ifz), then the restriction of N(p)/n(p)r; 

to S) is M'rz,z({3-8)''')' where '" is the restrictIon of " to S) (formula (7.1». 
It will therefore be sufficient to prove that [3;::: 0, i.e. that 0-'1\1)/11(1)) belongs to 

NLzldEz. Assume first that p is finite. Let $L be any place of Labove p, and 

e its ramification index with respect to K; the order of oN(1))/n(ll) at $L is there­

fore eN(p)/n(p). On the other hand, the largest unramified extensIOn of K1) in 

LKfI is of degree n(p) / e over K1), and is therefore contained in ZKll / Kll , since 

ZK1)/K1) is unramified of degree N(p) divisible by n(p). Since ZKll/Kll is un­

ramified, its intersection with LKfI / Kfl is the largest unramified extension of Kll 

in LKp, and LZKfI/LKp is of degree N(p)/Cn(p)/e) = eN(p)/n(p); moreover, this 

extension is unramified. It follows that the $L-component of oN(fI)/1I(1l) is in 

NLZK'1l/LK'1l (LZKJ;1) *. This being true for every place ~L of Labove p, aNq))/n(jl) 

belongs to NLZ/dfz (theorem 12.3). 

In the case where p is infinite and NCp)/n(p) :::2, we have aN (jl)/1I(1l) =1. 

Assume that N(.j:l)::: n(ll); if .j:l is real, then N(p) = 2 by our definition of Z, 

whence n(p) ;::: 2, and the places of Labove p are imaginary; the same con­

<:lusion is valid if .j:l is imaginary. It follows immediately that oN(ll)/n(jl) ENu/dL. 

If ~LZ is any place of LZ above p and S)(~LZ) the decomposition group of 

~LZ with respect to LZ, then 1H(S)($LZ) ; (LZ)~LZ);:::: {O}. Therefore, it follows 

from theorem 12.1 that 1H(S) ; IfL) = {a}. Making use of theorem 8.2, we see 

that we may write 

N(p)/n(p)r; = ,Hr;I) 

where A is the lift mapping from 2H(® ; If) to 2H(r ; It), ®;::: r/1,) being the 
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'Galois group of LIK. It follows that N(p)ln(jJ) Ipr;= h ... ,A,;l/) (theorem 8.7). 

The left side is MNln(fJ)~LZ!b.=nln(p)J.L->LZ~LlK (theorem 17.3) since [LZ: LJ 

MNln. Thus we have 

h ... LZ(n/n(fJ) ~Lli. -';1)'):::;: 0 

whence n/n(p)~L/}: = 1;1)', which proves theorem 19.1. 

If a is any idele In K and ~[ the class of a, we set 

(LIK; a):::;: (L/K; ~n. 

If fJ is a place of K and xEKri, denote by apex) the Idele whose fJ-component 

is x and whose other components are 1; we set 

THEOREM 19.2. Let K be a field of algebraic numbers of finite degree and 

L I K a finite normal extension of K. Denote by .)J a place oj K and by .3 the 

decomposition group oj p in ALI K, where AL is the largest abelian extension 

contained in L. Then x -+ (X, ~ / :!f") is an epimorphism of K; on .3, whose ker­

nel is NLKpIKpCLKp)*. 

Let T be the decomposition field of p in the extension AI. I K; then.3 IS 

the Galois group of ALIT, and p splits completely in T. It follows that, if xEKt, 

then aPex) may be written in the form NT1Kb, where b is an idele of T. We 

have (~/K) = (ALIT; b) E.8 by theorem 18.4. Let T' be the field of ele-

ments of AI. which are left invariant by all elements of the form (x.~/K), x 

EK,ri. Then T' contains T, and we wish to prove that T':;::; T. Let Px be a 

place of T above jJ, and b an idele of T whose components at every place ~.jJx 

are 1. Then NXIKb is of the form apex), with some XEK;; it follows that 

(ALIT; b) belongs to the Galois group of ALIT', whence (T'IT; b) = e (the 

neutral element). Assume for a moment that T/~ T; then T'IT contains a 

.cyclic extension T" /T of prime degree of T, whose Galois group we denote by 

%. Since T is the decomposition field of jJ in AI. I K, there is only one place of 

Til above jJx; therefore, it foHows from theorem 19.1 that the canonical class 

~T"!X may be written in the form ';T(1j), where "IJ is an element of 2H('%. ; 1fT). 
Let , be a generator of 2H('%. ; Z); then 1j may be written in the form 

M'~T.Z(a;f9')' where a is an eJement of °H('%. ; JfT). Thus we have 
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If b EJ~T IS a representative of fl, then the idele class ~ of b IS a representatIve­

of '~Tfl. Smce (T"IT; 58):;:: (T"IT; 11) ==e, we have mEN2"IT~T" and '~TS=O, 

whence ~T' IT::= 0, which brings a contradiction. This proves that T'::= T and 

that x -4 (X, ~ I K) IS an epImorphIsm on 3. 

Assume now that (X, ~/K) ::= e. Denote by )j3 some place of Labove 1J 

and by To the decomposition field of )j3 in the extension L I K. Among all sub­

fields X of L containing To such that XENupIKp(XKp) " select one, whIch we 

now call X, of maximal degree. Let 1J(X) be the place of X below )j3; then 

we may write aP(x):;:: NY/b.oPP,,)(y), where y is an element of XP(J.) whose norm 

with respect to ](p is x. We wish to prove that X == L. Assuming for a moment 

that this is not the case, let Y I X be a cycllc extension of prime degree q of X 

contained in L I X (there eXlsts such an extension because the GalOIS group of 

LIX is a subgroup of the decomposition group of )j3 and is therefore solvable). 

The decomposition group of 1J(X) m the extension YIX IS the whole Galois 

group 'D of Y IX. Therefore, it follows from what we have already proved that 

u ->- (Up(~~) is an epimorphIsm of Xp'tX) on 'D; the kernel of this epimorphIsm 

is therefore of index q. This kernel clearly contains NYXPCo\)/XP(x/ YXpCol)-l; but 

we know that the latter group is of index q in X~~l); it is therefore exactly 

the kernel of our epimorphism. Now, we have e == (L 1](; oP(x» :;:: (L I X ; a\lC ',) (y) ) 

(theorem 18.4). It folIows that (YIX, aP(X)(y»:;:: (Yplif) =e, and therefore 

that y is the norm with respect to XP(\) of an element of (YXpP.)\ whence 

XENtKpIKp(YKp)*, m contradiction with the definition of X. Theorem 19.2 is 

thereby proved. 

The symbol (X, ; I K) is accordmgly called the norm residue symbol. It 

has the followmg forma! properties which follow immediately from the corre­

sponding properties of the reciprocity mapping: 

1. Let L'IK be a finite normal extension of K containing LIK; if xEKp, 

then (x,~/K) is the restriction oj (x,~/K) to the maximal abelian extension 

of K contained in L 1](. 
2. Let K' be an intermediary field between K and L; denote by ~ and ~ 

the Galois grouP oj L with respect to K and ](1, and by ~, and ~' their Com-
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mutator subgroups .. let x be in K ll; then nll'(X,~! KI) (the P10duct being ex­

tended to all places pi of K' above 1J) is the mzage 0/ (oX, ~ / K) under the trans­

jer mappzng of r.!!J/C?/ into fQ/fQ'• 

3. Let K'! K be a finzte extenszon of K, .!J' a place oj K' above .p and x, an 

element oj K~,; then the restnction 0/ (XI, ~:IKI) to the largest abeHan exten-

sion of K contamed in AL!K zs (NA ll"1..ll;" LIK). 

THFORFM 19.3. Assume that 1J is finite and not 1'amified in L. Let x be an 

.£lement 0/ K;, and a the order 0/ x at.p. Let ALIK be the largest abelian ex­

tension oj Kin L/K. Then (X, ~/K) = (ALlf(; jJ)". 

Let Z! K be a cyclic cyclotomic extenslOn of K 10 which .p is not ramified 

and such that [ZK;p : KllJ is divisible by [LKll : KllJ. Then p IS not ramified 

in LZ; let ~L7 be a place of LZ above p. Its decomposition group is generated 

by (LZ!K ; ~u). If \llL, ~7 are the places of L, Z below ~LZ, then therestric­

tions of (LZ!K; ~L/) to Land Z are (L!K; \llL) and (Z!K; ~4) = (ZIK; .p). 

The operation (~,_L;! K) 1S the restriction to the maximal abelian extension 

ZAL! K of K contained 10 LZ! K of an operation s of the decomposition group 

of ~LZ; write s = (LZ/K ; ~u)h. The restnctlOn of s to Z is (X, ;!K) 

= (Z!K; p)" (cf. 3), §16); thus (Z/K; .p)"= (Z!K; p)h, whence o=h (mod 

[ZKll : KllJ), since (ZIK; p) is of order [ZKp ; KpJ. The restriction of eX" LfIK) 

to AL is (Xo ~!K), while that of (LZ!K; ~LZ) is (AL!K; .p). Since h=a 

(mod [LKp : KpJ) and (AL! K ; p) is of order [LKp : KpJ, theorem 19. 3 is proved. 

THEOREM 19. 4. Let a be any ideIe oj K. Then there are only a finite num­

ber oj places p oj K such that (all, ;!!) ~e, and we have 

the product being extended to all places p 0/ K. 

Let E be a finite set of places of K containing all infinite places, all places 

ramified in L and all finite places .p such that ap is not a unit. Then we have 

ell . .; !Ii) = e for all 1J$E by theorem 11.1. Write 
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where h IS an idele. Then we have hp = 1 for all .p E E, whIle, if q ej:: E, then hl1' 

is a unit. It follows that bENL/:f..iL, whence (L/K; b) =e and (L/K; ap 
= ITPEli' (L/K ; all(ap)); theorem 19.4 follows immediately from thIS. 

COROLLARY. If x zs any number :If 0 in K, we have 

ITp(X, ~/K) =e. 



§20. DETERMINATION OF CERTAIN 
COHOMOLOGY GROUPS 

We use the same notation as in the preceding section. If ® is the Galois 

group of L / K, we know that 

2H(C!!J ; h) -;=",£2H(® ; ]f) (dIrect), 
p 

the sum being extended to all places fl of K (theorem 12.4). Let \{5 be a place 

of L above a place fJ of K, and let ®C%) be its decomposition group. Then we 

know that 2H(® ; ]f)-;=2H(®(%) ; L~) (theorem 12.1), and that the order of 

this group divides n(fJ) = [L\ll : KpJ. On the other hand, if n = [L : KJ, then 

,;(2H(® ; ]f)) contains nln(fJ)~LK, whIch is of order n(p). This proves the 

following result: 

THEOREM 20.1 For any Place p of K, the group 2H(® ; ]f) is cyclic of order 

equal to np = [LKp : KpJ; the mapping ,; of tlzzs group into 2H( ® ; (h) is a 

monomorphism. 

Let t be an element of 2H(® ; ]L); Let "'£~p be the corresponding element 
.p 

-of ",£2H(® ;]f!. Then, for each p, we may write ';(~p) = knln(fJ) ·~LIK, where 
p 

k is an mteger whose residue class modulo n(fJ) IS uniquely determined. The 

residue class modulo Z of kln('{J) is called the J;J-tnvariant of t, and is denoted 

by ppCt). We have proved 

THEOREM 20.2. An element ~ of 2 H( ® ; ] L) is uniquely determined by its 

~-inva1'2'ants for all places fl. Ii n(fJ) = [LKp : KpJ, then n('{J) pp(~) = O. Con­

versely, let there be given for each fJ an element p.pE R*- such that n('{J) Pll = 0; 

assume that only a finite number of the elements Pp are "'" O. Then there exists 

a ~E2H(® ; ]L) such that p;p(~) = Pp for every p. 

Consider now the exact sequence 

lt gives rise to an exact sequence 
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We know that IH(® ; (&'L) :::: {O}; thus," induces an isomorphIsm of 2H(r$ ; PLr 

with the ker;1el of rr". Let ~ be any element of 2H(<!b ; h), and let 2J~p be the 
p 

element of 2j2H(® ; If) whIch corresponds to~. Then it is clear that rr~(~) 
p 

::::2JI;(~p). Write 1;(~p)=kp~L/h' where kp IS an integer and kp=O for almost 
p 

all 1'. Then rr'"(~) 0; (2JklJ)~LIK' This is 0 If and only if 2Jkp IS divISIble by 
lJ p 

n = [L : KJ; since pp(~) IS the class of kp/n modulo Z, we obtam the followmg 

results. 

THEOREM 20.3. Let rr" be the mapptng: 2H«($ ; h) -,> 2H«($ ; f£L) which cor­

?'esponds to the canonical mapping rr : h -,> (§' L. Then the ke1'nel oj rr" is iso­

morphic to 2H«(/!) ; PL) and is composed 0/ all elements ~E2H(® ; fL) the sum 

oj whose invanant is 0, 

Next, we observe that 3H(® ; fL) :::: {a}. For, this group is isomorphic to 

2j 3H«(/!) ; I~) (direct); and, using the same notatlOn as above, 3H(<!b ; If) is. 
p 

isomorphic to 3H(<!b(~) ; L~). Let £) be any subgroup of <!b(~); thIS is the 

Galois group of L/K', where K' is an intermediary field between K and L 

which contains the field of decomposition of~. The group ,~ is the dec om­

positlOn group of ~ in the extension L/K'. Making use of the result estab­

lished above, we see that 2H(,~ ; LW) is cychc of the same order as 4). 

Moreover, 1 H( £) ; L$) == {O}. Making use of Tate's theorem (theorem 9, 2), 

we see that 3H(®(~) ; L$)-;;;,lH(®(~) ; Z) == {a}, which proves our assertion~ 

ThIS being said, we have an exact sequence 

since SH«(/!) ; ILl = {a}, we see that aH(® ; h) is a(2H(<!b ; (&'L) and isomorphIC 

to 2H(® ; f£IJ/rr"'(2H(® ; IL). The group 2H(<!b ; (&'L) be-ing cyclic, we see that 

3H(<!b ; PL) is cyclic and is generated by a(I;L/X). The group rr*(2HUJ> ; IL» is 

the sum of the groups ,;(2H(<!b ; I~», and ,;(2H(<!b; I~) is generated by 

n/n(1')~L/K' where n(1')::= [LKp ; KpJ. It follows that rr*(2H(G> ; fL» is generated 

by m~L/K' where m is the H.C.D. of the numbers n/n(p). Thus we obtain 

THEOREM 20.4. The group SH( ® ; h) is cyclic oj order equal to the H.C.D. 

0/ the numbers n!n(p), where n::: [L : K], n(.p) = [LKp : Kp]. It is generatea 

by O(~L/K)' where 0 is the maPPing wh£ch corresponds to the exact sequence 
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We know by Tate's theorem that -lH(@ ; @:L) ~ -3H( Gi ; Z). Thus we have 

THEORE'I\.l: 20.5. The factor group of the group 0/ idele classes ~{ S14Ch that 

NL/h. ~ = 1 by the group generated by the elements 5B1- S, me<h, se@. is iso· 

morPhic to -3H( Gi ; Z). 

If we consIder the eX3.ct sequence 

we obtam the following result: 

THEOREM 20.6. The group (PlLnNL/hlL)!NnPL zs isomorphic to a/acto')' 

group of -3H(@ ; Z). 



§21. THE EXISTENCE THEOREM 

Let K be a field of algebraic numbers of finite degree. If L / K IS any fimte 

abelian extensIOn of K. then NL/.EJf.L is a subgroup of index [L : KJ of (h. If 

L' / K is a fimte abelian extension containing L / K, then NLII((h is the group of 

all idele classes ~! such that (L' / K, 2() belongs to the GalOls group of L' / L, and, 

conversely, every element s of this group may be wntten m the form (L' / K, ~!) 

with some ~lENL/Kf£L; for, we may wnte s = (L'/L, m) for some mEf£L, whence 

s==(L'/K,NL/1,'iB). It fOllows immediately that the knowledge of the grour: 

NL/J[ffL determines L entIrely. Now, we propose to determine what are the 

groups NL/E. f£L relative to all abelian extensions L / K. 

We have defined a topology in the group f£](. We shall see that NL/](f£z 

is always a closed subgroup of ffK • Select an infinite place )j5 of L and let + 
be the place of K below)j5. Let x be any real number > 0; denote by a\f3(x) 

the idele of L whose )j5-component is x and whose other components are 1, and 

by ~!\f3(x) the class of aliS(x); then we know that the classes ~\f3(x) form a closed 

subgroup of (h, isomorphic to the multiplicative group of real numbers > 0, 

and that O"L is the direct product of this group and of a compact group f£t It 

is clear that the norm mapping is continuous; thus, NL/](f£i is a compact group. 

The norm of ~!\f3(x) with respect to K is the class of the Idele whose .p-com­

ponent is either x Of [L\f3 : KpJ == 1) or x~ (if [L\f3 : Kl'J == 2) and whose other 

components are 1; when x varies over R+, these classes run over a subgroup J 

of f£x isomorphic to R+, and f£x is the dIrect product of Twith a compact group. 

We have NL/Kfl,L == (NL/Kf£D x T, which proves that this group is closed. We 

propose now to prove the following converse result: 

THEOREM 21.1 I.f m is any closed subgroup oj finite index oj f£K, then there 

exists a finite abelian extension L / K oj K su,::h that 1ft == NL/Kf£L. 

We proceed by induction on the index 1J of \)1, Assume that the theorem 

is proved for all subgroups of indices < 1J (and for all fields K of algebraic 

numbers of finite degree). The theorem being obvious for 1J == 1, we may assume 

that 1J > 1. Assume first that 1J is not a prime; then there is a subgroup 9(' of 

~x such that l)1'::::>W, m' ~ \fx, \)1' 4\)1. Since m is closed of finite index, it is also 
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open, and 91' is likewise open and closed. Let L' I K be the finite abelian exten' 

sion such that NL II. ~L = 91', and let 911 be the group of idele classes m of L' 

such that N L IKmE91. Denote by v' the index of 91'. Then the mapping 

Q) -'> NL IKm defines an isomorphism of m/9c1 with 91'/9(, and m/9h is of finite 

index vh/. The norm mapping being continuous, it is clear that 911 is closed. 

Since vI v' < v, there is an abelian extension L,I L' such that NLIL (£L = 911• Let 

PI K be a normal extensIOn containing L. If s is any automorphism of PI 1(, 

then it is clear that NSL/L (£SL = S9(1. Since s induces an automorphism of LI1(, 

it follows immediately from the definition of 911 that S9(1 = 911• Since sL is still 

abelian over L', we have sL = L, whIch shows that L / K is a normal extension. 

If 9J( E ~ I., then we have NL/K >]1 -= NL /A. (NL L 'JJn E NL IA. 911 = 91. If Ad K is the 

maximal abelian extension of K in L I K, then we know that NL/:1Cfh is of index 

[AL : KJ. Since NL/A@'L is contained in 91, which is of index v, we have 

,[AL : KJ.., 11. On the other hand, we have [L : KJ = [L : L'J [L' : KJ = v /v' • v' 
= 11; it follows that L = AI. and NL K (£L = 91. 

Consider now the case where 91 is of prime index p. Let then K' be the 

field K(z), where z is a primitive p-th root of unity, and let 9,' be the group 

of idele classes 9( of K' such that NK IK ~[E 91. Then (fK' /9(' is isomorphic to 

Nrc IKff.K,/(9( n NK,IKfh,), and NK,IKffK , is a subgroup of (fK whose index is equal 

to [K' : KJ, which divides p -1. It follows immediately that 9(' is of index p in 

(ih,. Since 9( n NK'IKf§K' is of index p. [K' : KJ in ~K' the same argument 

as above, applied to K' instead of D, shows that, if there exists an abelian 

-extension X / K' such that NXIK' lh = 9(', then X / K is abelian and NXjKffE. 

= 9( n NK IK(fK'. Then, if L is the subfield of X which corresponds by the Galois 

theory to the group of elements (X/K, ~), for ~[E9(, we have NL /K CSL =97. 

Thus we are reduced to the case where S)( is of prime index p and where 

.K contains a primitive p-th root of unity; 9( then contains ti&. If E is a finite 

-set of places of K containing all infinite places, denote by U E the set of ideles 

'il which satisfy the following conditions: we have a~ = 1 for every .pEE, and, 

if q is a place not in E, then Oq is a unit in the q-adic completion Kq of K. Let 

11.f be the group of idele classes represented by elements of U E• We assert that 

we may select E in such a way that U':C91. It is clear that U E is always a 

-compact group, and that the intersection of all groups UE contains only 1. On 

the other hand, m being open. the same is true of the group N of ideles whose 

.classes belong to m. Thus, there are a finite number of sets E such that the 
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intersectlOn of the corresponding sets uP is con tamed in N. Since UT' nuT' 
= UruF", our assertion is estabhshed. It follows that we can find a finite set E 

of places of K which satisfies the followmg conditions: a) E contains all infinite 

places and all places above the prime number p; b) every idele class of K con­

tains an idele whose components at all places not in E are units; c) the group 

uP is contained in 9t Let N be the number of places in E. Then we have 

established in §14 that (h.!(ltur is of order p' (cf. formula (14.1»). Let PI: be 

the group of numbers of K whose orders at all places not in E are 0; we have 

seen in § 14 that pi / (pf>P :::: p].,. Let T be the field obtained by adjunction to 

K of the p-th roots of all numbers in pi; T/ K is therefore an abelian exten­

sion of degree p '. If q is a place not in E, then q is not ramified in T; for, if 

xEPf, then x is a unit at q and (j is not above p. Thus, q is not ramified in 

T; TKq / Kq is therefore a cyclic extension and this extension is of degree p, 

since the Galois group of T! K is of type (p, . .. , p). It follows that every 

unit of Kq is the norm of an element of TKq, and therefore that every idele in 

uP belongs to NT/KfT, whence UFCNTIK\'\T. If W is an idele class in K, then 

(T/ K, ~OP = e since the Galois group of T/ K is of type (p, ... , p); thus, we 

have (T/K; ~rP) =: e and WPENT/X([T. It follows that ~~UFCNT/I'(\"T' But 

(ftUF and NT/K($.T are both of index pN in ~A.. These two groups are therefore 

equal. Let L be the sub field of T left invariant by the operations (T/ K ; 21) 

for ~[E ~; then it is clear that N£Ir;:ft L = 9(, which completes the proof of 

theorem 21. 1. 




