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This book consists of the preparatory notes for a course I gave on
class field theory at Nagova University in 1953 54; it should therefore
not be considered as an attempt to give a completely satisfactory expo-
sition of the theory; nor should the reader look in it for a bibliogra-
phy of the recent works on the subject. It will perhaps suffice to
acknowledge here that the main ideas which were used in this pre-
sentation are due to Artin, Hochschild, Nakayama and Tate.

I wish also to express my thanks to Messrs. S. Kuroda, T. Naka-
vama, T. Kubota and T. Ono who not only wrote down the first two
sections but who also took the trouble to prepare the whole volume
for print and thereby detected various mistakes which appeared in
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INTRODUCTION

The object of these lectures was to introduce the listerers to the use of
cohomological methods in class fie'd theory.

Class field theory originated in the discovery by Hilbert of the relationship
which exists between abelian unramified extension of a flield A of algebraic
numbers and the group of ideal classes in A. Hilbert’s contribution was mostly
1n the way of conjectures; moreover, it seems likely that he was mostly inter-
ested in the fact that all ideals of K become principal in the “absolute class
field” of K (Hauptidealsatz), a fact which appears now rather as a corollary of
the main theorems than as a fundamental phenomenon. Class field theory proper
was created by Takagi and Artin. To Takagi is due the discovery of the 1-1
correspondence which exists between all abelian overfield L of K and certain
subgroups H of the groups of ideals in A; H is the group generated by the
relative norms of ideals of L which are prime to a certain ideal | of K (the
conductor) and by the principal ideal («), where a =1 (mod §). Let H, be the
group of all ideals prime to T in K; then Takagi had shown that H./ H is iso-
morphic to the Galois group © of L A. Artin’s general law of reciprocity es-
tablished effectively an isomorphism between H, 'H and §&; this law includes
all reciprocity laws previously known, beginning with the famous Gaussian quad-
ratic reciprocity law.

After Takagi and Artin, no really important progress was made until quite
recently, with the use of the methods of cohomology theory. One of the most
bafiling features of classical class field theory was that it appeared to say practi-
cally nothing about normal extensions which were not abelian. It was discoverad
by A. Weil and, from a different point of view, by T. Nakayama that class field
theory was actually much richer than hitherto suspected; in fact, it can now
be formulated in the form of statements about normal extensions without any
mention whatsoever of abelian extensions. Of course, it is true that it is only
in the abelian case that these statements lead to laws of decomposition for prime
ideals of the subfield and to the law of reciprocity. Nevertheless, it is clear
that, by now, we know something about the arithmetic of non abelian exten-
sionms. In fact, since the work of J. Tate, it may be said that we know almost
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every,thung which may be formulz.ed in terms of cohomology in the :déle class
groap, and genera'ly a grea® deal about everyvthing which can be formulated
-n cohomological ‘erms. IHowever ihe generalized L-series of Artin ndicates
that the questions ons wou'd like :208* 10 solve by now are rather connectec
with the theory cof characters of the Galois group than v-ith its cohomo'og.ca’
invariants. The spacial fea.uras of the abelian case originate in the fact that
the second cohomology group of a finite group ® over the in.egers is the group
of 1-dimensional characters of ®. ie. the group of all characters of ® when G
is abelian. The failure of class field theory to give a suitable generalization
of the law of reciprocity to the non abelian case may be due to an overemphasis
on the purely multinlicative features of fields; it is not impossible that the ad-
ditive properties would cccur essentially in the laws of decomposition of prime

_deals; but this is still in the realm of thin air conjecturing.



$1. IDELE AND IDELE CLASS

Ler K bz an algebraic number “Geld of inite degree, ie. 2 fnite extension
of the field Q of rational! numbers. Let P be the set of all places of K. The
completion of K at 9= P is deroted by A-. Let Zor b€ P, ur be the aormalized
valuation of K at b, which is defined as follows:

1) if p Is finite. If p is the ratiomal prume below o and if Niggq, (@
= p’sunit in Qp. then wclal=p "

2} if v is real-infinite and 7 is the corresponding isomorphism of A into the
real number field, then wnla) = yla),

3) if v is complex-infinite and 7 is the corresponding isomorphism of X into
the complex number Seld. then (@) = 7(a) *; here also a positive power of a

valuation in the usual sense is called a valuarion. We have II ws(a) = Nia),
P nfuate

and thus the fundanental product forinula

Hupa)=1 for a(=0)=K.
rEP

A mapping p—~ayE Ky which satisies the following conditicns is called an
idéle of K; apis =0 in K, and wploy) =1 for almost all p.  ayp is called the p-
component of the idéle. If we define the product of two idéles p—~ap and p—~>bo
to be the idéle p->ayby, then the set of all idéles of K forms a group. We
denote this group by J or Jx.

For x{ =0)€K. p—>xy=x defines an idéle (x); (x) is called a principal
idéle of K. We denote the group of principal idéles by P or Pi. Obviously
the correspondence x - (x) gives the isomorphism: Prx>X~, where X7 is the
multiplicative group of all non zero elements in K. Thus we may identify K
and P.

The factor gruop €= J/P is called the group of idele classes. If we put
wpla) = wylap) for aEJ, wy defines 2 homomorphism from J into R*, where R is
the multiplicative group of all positive real numbers. As the product Iplm( a)
is essentially a finite product, we can define i(a) = Igwp(a) forall e, If a
is a principal idéle, we have A(g) =1 by the product formula in K. So, i defines
a homomorphism of € into R*. We denote the kernel of this homomorphism
by €.
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For a finite place v. we denote the group of units in Ay by U
Tuzoreym 1.1 L. is a compact grond (under the usual v-adic topology).

Let V™ be the group of elements =1 {mod 1”) in Ay Obviously the factor
group U V" is Anite and ﬂV * ={1}. For u&Ul, we denote the residue
class of # med 2” by .. ";r:en the correspondence: #—> (21, tas v o oo Uny o v 2 )
EHL} V™ gives a homeomorphic isomorphism Ly= H, where H is the set of
all 4\ Mo Myy e e oy Un. ...) in TIUs V7™ such that #u-y = u. (mod 9"} (n=1, 2,
<« .J). But the group II I%'V "™ is compact and H is closed in it, so H is com-
pact, and our theorem 1; proved.

For an infinite place p. the group Uy is defined as follows: if Ky is real,
Uy is the set of all numbres >0 and if K» is not real. Up= K ;_.. In either case
the group U} is locally compact. Since the infinite places are finite in number.
it follows from these considerations, that the product group U= 1;1 Uy is locally
compact. Then. if we take all neighbourhoods of 1 in U as a fundamental sys-
tem of neighbourhood of 1 in J, J becomes a locally compact group and J/ U is
a discrete group. When we speak of a topology in J in the sequel, we shall
mean. if not otherwise said. this topology of J.

The above defined wy is continuous on J.  To show this it is sufficient to
prove the continuity on U, Butif b is finite, uy =1 and it is trivially continuous.
It is obviously continuous, when p is infinite. Next, the product A= szp is
continuous too on J. For wyla)=1 on U, if b is finite and there is only a finite

number of infinite places.
TueoreMm 1.2. P is discrete in J.

It is sufficient to show that PN is discrete in U, For x= PN U, we have
wylx) =1 for all finite places. Therefore x must be an integer in K. Let (o,
.+ ., x) be a base of integers in K. Then x =2nlp, @, where the s are ra-
tional integers. If ¢ is a real number >0, let ¥ lbe the set of a€U such that
wylap —1) <@ for all infinite p.  As wyp is continuous, NV is a neighbourhood of
1in UL We shall show that, if @ is small enough, then NN P={1}. Let 1,
. «« > Tn be isororphisms of X into € (the field of all complex numbers). We
claim that there is a number 5> 0 such that 1 is the only integer x in K which
satisfies |1y ~1)I<b (é=1, ..., #). Now,put 1 =$cx.m,. Since det (r,{e,))
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= 0. jlta, -, 7 ley) <b implies that « —2, <5 i b is small enough. As
a; ansz,, are integers, we have «, =7, (j=1. .... n' Thus x=1. Since each
~(%) is either w.:{x) or wy «x), there is @>0 such tha:t the conditions
welx — 1)< a (infinite 8) imply +(x~1) <bti=1. .... n)\ and our statement
is proved.

Next we want to show that §, 1s compact. We start with

Leniva 1.1 (Alinkowsk:). Let Ly, . ... L, be hinearly independeont linear
forins on C" such that L,e{Ls, ....Ley (1£i<€n). We denote by D the de-
terminant of Ly, . ... Ln Let a; (i=1, ..., n) be numbers >0 such that
& ...an> D, a,=«a, if Ly,=L,. Then there is a 3=0 in Z" such that | L,(3):

£a, (1£:i€n), Z boing the set of rational integers.

First we shall treat the case where all L, are real forms. Now. assume
that the assertion is true when a; - - - @»>|D|. For any rational integer 2> 0.

we have II( m+%)>‘D . Therefore there is a 30 in Z" such that

L) €a,+ —]13— (1€i=mn). As L. ..., L, are linearly independent and the
L,{3), are bounded, {3, remains bounded. Therefore, there is a 3 such that
3=3 for infinitely many 2. Hence we get /L, (3)] £a,. Thus, we may assume
that @y * * * @»>|D,. Let P be the set of tER,, such that |L,(x)| £a./2. Then,

P is the inverse image of a parallelotope of sides «i, - . ., a» under the map-

ing £~ (Li(x), ..., La(r)). It follows that the volume of P=%:l~gi’> 1.
Wetake 3= (#w, ..., #ma)EZ" such that |m,|=N. There are (2N + 1)” such
3’8t 31, ..., 3ar-1n. Let 8 be the diameter of P. Then all 3+ P are contained

2N-1)%

in the cube of side 2N+ with center at origin. We have >, vol (3x+ P)
A=1

=(2N+1)" vol P, while the volume of our cube is (2N +8)". But, if N tends
(2N+1)Y*vol P
(2N+0)"
2ivol (3 + P) is strictly larger than the volume of our cube. Hence (3 +.P)
N1+ Pl=x¢ for some &, I (k=I). Therefore there exist, z, &P such that

fe+r=3+y. We have y—r&2Z% Since |L(9)], [ Li(x)] é%’—, we have |L.(y—z)|

to infinity we have —-vol P>1. Thus, for sufficiently large V.

=a;. This settles the special case under consideration. Next, we consider
the general case. Put L, =L,, ai =a; if L; is real. If not, assume L;=L;, i<j
and set
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Li=L=L++-1I;
Li=L =L —+—1L,

Then the L's are real forms. Suppose that there are 7 pairs of complex conju-

gate forms among the L,s. It 1s easily verified that

/ ¢ _ det(Li.... Ly _|Di
dettL,.... L.t = (—ovo1 Therefore
al =010 L s det (Ll .. ., L)l

&

From the first case there is a 3( %0)EZ, such that |L.(3)|£ai. Therefore

L,(3) =a,. This completes the proof of our lemma.

TueoreM 1.3. Lot K bz a field of algebraic numbers. For each b, let ap>0

be given such that:

1) for p finite. ayE group Wy of values of the normalized valuation wy at b.
2) Almost all ay are =1.

3) May>v,d , where 4 is the discriminant of K.
D

Then, there is a number =0 in K with wy(x) £ay for all p.

For finite p, let ap= wolm=™™), where 7y is an element of order 1 at p in
Ky. From condition 2, e(p) =0 for almost all p, so we may speak of the ideal
a=TIv*". Since ap= Nx(p*")7}, we have Nxa=( II ay)™%. Let (as, ..., @n)

b fimte
n

be a base of a. Any x=a may be written as x =§=,:m, a;, Where the m,’s are
rational integers. Let 71, ... . vx be the isomorp;ﬁsms of K into C, where 71,
« -« 7r are real and 7r+k, and 7r-s+k are conjugate imaginary; r+2s=n. For
the infinite place »; which corresponds to 7:, we put b, = ay; or &, = Vay, according
as to whether §, is real or not. Now we consider the linear froms L, =ngr.(a,).

As the absolute value of the determinant of Li, ..., L, is Nay[4|=0, and

n
o= M ap%*—‘/ 4| = Novy[d], there is an ¥ = > m,a,E K such that |L(x)!
i=1 P infinite If] dp 2

D tinite

£b,, by Minkowski’s lemma. This means that wy(x) <ap for all p.

TueoreM 1.4. €, is compact.

It is sufficient to show that any class of €, is represented by an idéle which
belongs to some fixed compact subset in J. Let a be any representative of a
class in €. By the definition of €, we have I;pr(a) =1. Let q be an arbitrary
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fixed infinite place. From the theorem 1.3 there is an x(=0)= XK such that

0t %) £20y(0) for all p=gq and we(x) £y 4 wela). By the product formula, we
1

. . -1y _ (e~ ern -1y _ -y L
have I;Iug(xa ) = DI:IJsz(xa Jewg(xa™) =1. Hence wylxa™) Tz >1.
P
-1 , -1y _ 1 _1
Orn the other hand, wyp(xa )arg;a;,(xa )= witxa T = i Thus we get the

following inequalities:

1,vd gwplxa™) €1 (p=q),

1= wq(xa") £+ 4 .

3
For a fimte p, put Wy = {( ;}7) }, where p is the prime number below p and f
is a fixed positive integer for each p. Then, by the former inequality, there is
a fixed finite set of places such that w;(xa'l) =1 whenever b is outside of this

' at p is bounded, again by the

set. As for a p in this set, the order of xa~
above inequalities. Hence, the integral ideal (xa™') can have only prime ideals
from a fixed finite set as prime components, and has them with bounded ex-

ponents. Thus, (xa™') is one of a finite mumber of ideals which may be repre-

sented as (B;), ..., (bg), where Wi's are idéles with bypy=1 for p at infinity.

We get xa™'="bun, where the p-compoment iy of m is a unit for finite p and

1 £wy(mp) £v{4] for infinite p. Hence m belongs to the compactset M= II U,
pfinite

xp I:Iu Cp, where C; is the closed set defined by the above inequalities for p
infinite
at infinity. Thus a=xb;'m™" is represented by the idéle bp'm™ which is con-
tained in the compact set U bz M™% This proves our assertion.

k

We have now readily
TuEOREM 1.5. € =GxR" (topologically and algebraically).

Let L be a finite algebraic extension of XK. With any idéle a&Jz, we as-
sociate an idéle «yra&Jr whose P-component is (exra)g=ap if p is the place
below P. Obviously this mapping ¢xz iS a monomorphism of Jx into Jr. We
have txm = tzme ey if KCLCM.

If L/K is a normal extension with the Galois group &(L/K), we shall make
®(L/K) operate on J: in the following way. Let s be in ®(L/K). Since s
permutes the place of L among each other, s gives an isomorphism of Lg with
Lgg. For each idéle 0 E€J;, we define the idele sa by (sa)g = s(asgp).

THEOREM 1.6, The group of fixed elements in Jr with respect to G(L/K) is
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‘K L(JI\)-

Obvicusly any element in ¢ (Ja) is ixed. Conversely, let a be an idele
which is fixed by all s: ag = {sa)y =s(as—g). If s belongs to the decomposition
group  of B, we have sP=P. Now, D can be considered as the full Galois
group of Lg Ky. So we get anE K for all B. Hence, we have ag = (Sa)§1§ =as1p
for any sE®&(L K). Thus we have a=¢x (), where bp=ag if p is the place
below P.

TuroreM 1.7. Pr\tx 1o =ta t Pi.

Let L'/ K be a mormal extension over K which contains L. For each (x);
€PNt 1], we have (x). =14 2L, tEJi, and therefore (%) = ez If the as-
sertion is true for L', K, r must be principal in K. This reduces the general
case to the case of a normal extension L/K. But in this case the assertion is

almost trivial from theorem 1.6.

TurorReM 1.8 (E. Noether, generalizing “ Theorem 90° of Hilbert). Let L/K
be normal. If @ mapping s—als) of G(L/K) into L’ satisfies the condition:
a(st) = a(s)(salt)) for all s, tEG, then there is a bE L™ such that a(s) =5b"°
for all s.

Let @ be an element in L; we put x = >,(fw)a(#). Then, we have sx

=l
= >\ {stw) sal(t) = >, (stw) ﬁ(ﬂ‘—)—. Hence, a(s)sx=>,(stw)al(st) =x. So, if
= =0 a(s) =9
x%0 then a(s) =x"°. Now, we show the existence of such an x. Let (ws, . ..,
wx) be a base of L/K. If x, =§.,(;(tw,)a(t) =0 for all £, we have a(#) =0 for
!

all £, because (det (fw,))* =det (Sp(w,w,)) %0, and this is a contradiction.

Cororrary (“ Theorem 907 of Hilbert). Let L/K be a cyclic extension and
s a generator of ®(L/K). Let abein L. If Nyza=1, then there is a b&L
such that a=5""

Put f(e) =1, f(s) =a, f(s°) =alsa), . .., F(s* ) =alsa) - - - (s" %), where
n denotes the order of s. Then s'-f(s") satisfies the condition of theorem 1.8.

For LDOK, we define a mapping ¢z Cx—C, by putting ex/.(aPx) = txjna* Py
for any e€Jz. If L/X is normal, then G(L/K) operates on Ji, and its operations
obviously preserve Pr. Thus, we may make G(L/K) operate on §;; the ele-
ments of ¢xr€x is then left fixed by the operations of &(L/K).



$1. IDELE A\D IDELE CLASS 9

THEORE.\I 1. 9. The Set Qfﬁ:‘ed 6127716)12‘5 Z‘II C’L Zl.‘iﬂl 7eSP€Ct to @(L K) is
4 I(G )-
AL LS

Let % be an e’ement of €, such tha: sk=% for all s&@\L K). For any
idéle o€k, we have sa=a+<(xs), xs€L"°, for all s and sta=s(ta) =sa-s(x:!
=a(xs(sex)) = a(x). So x.:=xs(sx,) and therefore xs=4+""° with some y=0
in L. Therefore su=a§%,~- Hence s(ay)=o0yv. Since s is any element in
G(L/K), we get oyt (i) from theorem 1.6. This means that 2€ ¢, .(Cx).

Now, let 2 be the field of all algebraic numbers, ie. the algebraic closure
of the rational number field Q. 2 is represented as the union of fields X of

finite degree: 9:;;}1[1’ . KnC Kt

Now we consider all sequences of idele classes (X., X.+1, « « + , %n, Xn+1,
. .. ) such that x,E€C8x,, Xn+1=ta 5,42 (22p). We identify any two sequences
of the respective forms (x.. X.-1, - . . ) and (%.~p, Xu-pe1, - . . ). The set of all
these sequences, with these identifications is written by €o. The correspond-
ence: x—> (%, tx, kX, . . .) gives a monomorphism of €x, into Go. If we iden-
tify the image of this mapping with €z , the map tx/x,., may be regarded as
the inclusion mapping of €k, into Cx,., and we get € =£J;§K"' ®(2/Q) operates
on Cq, because, if K is normal over Q, then &(2/Q) operates on K and so it
operates on €x. Now, let K be any intermediate field: 2DOK2Q. Then the
group &(2/K) operates on €o and the set of all fixed elements with respect to

this group is €.
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Let G be a group. By a (left) G-module is meant an object formed by @,
an additive group 4 and a mapping ¢ of X A mnto A such that ¢ is additive

with respect to its second argument and
{2.1) (st)a=slia), ea=a

with s, f are elements of @, ¢ the unit element of ® and ¢ is an element of A
and where we put ¢(s, @) =sa. A left §-module may always be considered as
a right G-module (and vice versa) if we put as=s""'a (s&8. ag 4).

Let R be a ring with unit element. By a left R-module is meant an object
formed by R, an additive group A and a mapping ¢ of RX A into A such that
¢ is bi-additive and (2.1) holds with elements s, # of R and the unit element
e of R. Let Z[®1 be the group ring of @ over the ring Z of rational integers.
A (left) G-module may be considered as a left Z[§J1-module, and conversely.

Let G be a finite group, and A be a §-module. Denote the element >)s

s=G

of the group ring Z[®] by ¢. We have
ol =lo=¢g

for every t€6. Let A® be the set of element a of A satisfying sa = a for every
sE®. A® is a (G-)submodule of A. So is ¢4, and we have cACA®. We
denote the factor module A%/¢4 by R(G ; A), or simply by RN(A).

Let A, B be ®-modules and let there be a homomorphism (i.e. 2 G-linear
mapping} of A into B. Clearly A®, ¢A are mapped by f respectively into BS,
¢B. So we obtain a homomorphism

P NG ; A-NGS ; B
If g is a homomorphism of B into a third G-module C, we have
(go =g o s
Let again A, B be two @-modules. Let A ® B be their tensor product over Z.

For each s&@®, the mapping (g, b)+>sa®sb of AxB into A®B is bi-additive
and defines thus an additive map is of A®B into itself such that A(a®5)

10
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=sa7 sb. Putting s=+.(0) (fEARB", we consider ARB as a G-module.
Let aEN(G ; A) and @ be a representative of « in AG, Similarly, let g€
MG : B) and & a representative of 3 in BS., We have

s(aRb)=sa3sb=a& b

and therefore aSb=(AS B)®, Let y be the class of 285 in WG ; AR B).

Here y depends only on « and 5. For, with d'€ A4,

(a+aa’)®b=a®b-‘—2@sa’®b
sE

=aPb+>sd Rsb=a&b+sld&b)EY
s=0@

and similarly @ & (b + ob') E7 for B =B. Thus the mapp.ng (a, 8) > 71 of N(G; A)
xN(E ; B) into WG ; A& B) is bi-additive and we obtain an additive map

T:NG; A)SNG; B)-NG; ARB),

wvhich is in fact a (®-)homomorphism.

Let %, v be homomorphisms of A, B into G-modules A/, B' respective-
ly. Then we have a homomorphism #&v of A& B into A'® B’ such that
(uRv) (alb)=ualvbh (asA, b&B). Let T' be the homomorphism of
WG ; ANENG ; B) into WG ; A’ R B') defined similarly as 7. Thus we
obtain a diagram

NG ; AONG ; B)-L NG ; A®B)
ugt@ugzl l(u@v)m
MG AN ONS; BV NG A/QB)

and this diagram is commutative as we readily verify. (A diagram is a graph
each of whose vertices is a module and each of whose edges has an orientatisn
and means a homomorphism, and a diagram is said to be commutative when
all ways leading from M to N, with any given pair (M, N) of vertices in the
diagram, give a same homomorphism.)

A G-module A is said to split when there is an additive subgroup X (which
is not necessarily a (®-)submodule) of A such that A=2>}sX (direct). For

se€@

instance Z[®] splits. For Z[®]1=)Zs=>s(Ze) (direct).

=0 =@

THEOREM 2.1. If A splits, then R(G ; A) = {0}. ;
To prove this, let ac A and @ = §msxs (s X). Then ta= %}tgxa =§'3sx:-zs-
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If here a= A, then fa=a and xs = x::¢ for all 5, £, whence x5 = x. for all

SE® and a = > sx.=oX.. Thus A% = ¢A, which proves our theorem.
Leviva 2.1 If A. B ase G-modules and if A splits, so do AR B and B A.

For. ASB=3,sY B (direct) = >1sX& sB {direct)
=>1s{ XX B) (direct). Similarly, BRA=>5(B& X).

Now. we see easily
Lamva 2.2, If A=21A, (direct), B=>,B, (dwect) are G-modules (or
I3 w

merely additive groups) and : , ¢ are injection maps of A., By into A, B re-
g < ! ¢ < N o » s
spectively. Then the mappings 5. & ¢, of A& B, into A& B are monomorphic

and
AIB=Ya& LA B,) (direct).
by
Let next A. B, B’ be G-modules (or additive groups), I be the identity

map of A, and ¢ be a homomorphism of B into B'. Let H be the kernel of ¢.
and ¢ be the injection map of H into B. From lemma 2.2 we deduce easily.

Lemma 2.3,  If either a) A has a base (over Z.), or b) B is a direct sum
H+ K (direct), the injection map 18 ¢ : AQ H-~ AR B is monomorphic and its
tnage (I8 J(AZ H) is the kernel of 18, in case of b) we have indeed

AZB=USNAZH)+(AI/)(ARK) (drect)

where ¢ is the injection map of K into B.

Now, let & be a finite group and Z[®] be its group ring over the ring Z
of rationmal integers; we shall often denote Z[G] by Z Set dstE@S as before.
Let I=1{®] be the set of elements x of Z such that ox=0; I is a G-module.
Further, if x =,§%§D(S)s (v(s}Y=Z) is an element of Z, then ox =§v(s)as
= (?v(s))a. So I is the kernel of the homomorphism % - ¥(x) =SEE®:;(S) of Z

onto Z and we bave the exact sequence
0-»1->Z-7Z 0.

The homomorphisms are also G-homomorphisms if we consider Z as a &-module
on which ® operates trivially; observe that X(sx) = ¥{x) (s€®).
On the other hand, Zs is an ideal of Z. Set J=Z/Zs. As Zs is {(§-) iso-
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morpk.c to Z, by the correspondence :c—v (2EZ). we have the ewac: sequence

A=}

0-Z~>2->7->0.

For s=@, let 5 be the residue class {mod Zs) of s in J. We have %E: 0 and
s

= —215. J=2)Z5=>75, and *he set {§ s=e¢: form a base of J. For, if

=g s=0 s=¢

8
S'uis)s =0, then > v(sis=xs =~ ks (rE2Z). Here necessarily x =0, as we see
S=e sS=e 8

on comparing the cceficients of c. and thus all »(s) =0. Further, 2 2(s)s§=0

if and only if all » are equal. For > 2(s)5 = > {pis) —u(e))5.

Levyia 2.4 The (G-)inodule Add I, Z) of additive mapping of I into Z
is (8-Visomorphic to J. Similarly Add(J, Z) =1

To prove the lemma, let x = %v(s\? be an element of J. s—»(s) gives

an additive map of Z onto Z. Let »/ be its restriction to . Then 2’ is deter-
mined by x. For, if x=8§®y(s)§=sez(;’;z(s)§. there exists 2EZ such that u(s)
=p(s)+ k& for all 5, and we see easily ' =2/. Now, if »/ =0, then v(s) — »{e)
=1v(s—e)=0 and x=0. Thus x—2' is a monomorphism of J intoc Add(Z, Z).
1t is an epimorphism (whence an isomorphism). For, if ¢=Add(Z, Z), then ¢
is the image of x=J with x =82%§<:(s —e)s5. The isomorphism thus obtained is
an G-isomorphism, because, if x=>1»(s)5, we have fx=>.p(s)t5=2,u(s)5
with u(s) =»(#7's) and g=1#p, 2/ =#»'. The isomorphism Add(J, Z)=I can be
obtained similarly if we associate with ¥ =SEE©K(S)SEI (Z4(s) =0) the additive

map of J into Z given by 5 - 1(s).
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Let @ be a finite group. Then we have associated to @ two modules I=I[G].
J=J[G]. For any >0, we denote by J (respectively: Ir) the temsor product
of 7 modules identical to J (respectively: I); we set Jy=I,=Z (considered as
a G-module on which G operates trivially). According to our conventions of

identification, we have
],-Sjr' =]rfr' L&L = Irir

for all =0, #>0.
We introduce now a G-module B which is the direct sum of all modules
Ip®I, (0=p, g< =). We set

298 = [, L.
Thus.
P =Jp; ME=]; YE=L; YEH=I, YH=ZL
Let 9, g, P, ¢ be integers =0. Then there is an isomorphism

L&
4

a,p.a ¢ p’qEE f\"p"' H - » ~atarp

which maps (#&2)& (/& v') upon (uZ# ) (WRY) if ucEfy, vel, W],
v'ely. We define a bi-linear mapping (w, 2/)—>w Jw' of HXH into H by

the formulas
wOw = qpew@w) (WeE?H, we?7H).
This defines a multiplication in Fi. We have
(@) 0 (W 20) = (uJuN & (28"

if ucfy, vely, deEJy, vVEly; it follows immediately that our multiplication
is associative. If s&@, then we have

stwdw') = (sw)J(sw') (w, wEH).
We shall now define a mapping 6 : B » H in the following manner. Let
D, g be=0; consider the mapping .
14
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SE(» =

{where ¥ is the res:due class of s modalo Zsv o Jo I, .o%a J .7 I-. This

mapping 1s obviously bi-zdditive. As such. .t deSnes an add.tive mappmg 7761

) +1,q+1em - o3 . gt ,
I »>PH97 11 We define 6 to be the add “ne mapp.ng v aich extends all #%.

This mapping § is actually a homomorphism. For we have, if €6,

s its—F =187 its—¢)

SEo

1258 (s—e) =
s=(% H

1

I
o

S=G
is G-invariant, and therefore that 4 is a homomorph'sm.

as follows from the fact that >.ts =0. It followvs immediately that ;‘%? 5 (s—e)

‘We shall now define a mapping 95 of #7755 .nto ? 92, the trace map-
ping. The group ZX Z has a base composed of the e'ements sX £, 5, fE0; let
¢ be the additive mapping of ZX Z imnio Z deSned by ¢(s&#)=0 if s=t¢,
¢(s®s)=1. Then ¢ is obviously G-linear. We have ¢(¢¥ s)=1 for every
SE®, whence ¢(c2y) =0 for every y&1. It follows immediarely that ¢
defines a linear mapping

BeS: JR I~ Z;

indeed we have seen in §2 that Add{Z, Z)=J and Add{J, Z)=1 We may write
prhatlm = [ (JRI) & I,; then 1t is clear that there exists a G-linear map
#4g : #7HaTm s P4 guch that

2GR (xS NS ) =S xRy ulw

if ue ]y, x&], y&1, vel,. This is the trace mapping.
Let # be the order of G. Then it follows immediately from the definitions
that

2ag(f(20) ) = (n—Dw

for every we M.

For any #20, we denote by I, the group of permutations of the set {1,
..., ?) Let @ bein Il and @ in Il,; then there exists an automorphism
(@, o) of »9\ which maps x(1)® --- ®x(P)R¥)® - -+ &y(g) upon
BN - - - ®x(@ @GN @ AN Y - - - ®y(@(q)) whenever z(i)E]
(1=igp), ¥l el (1=j<£q). It is clear that w(@dy, @l ah) = (@, &) o, &)
if ;€ e, i=1,2
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Let 2 be in Jp and v in Iy, # in Jp, ¥/ in Iy. Then
0((u %v)D(u’?,v’))=E(u>”<vu’®§)@((s—e)®v®v’)
(x®v) O 0( %)v’)—E(u”)u’@s)(@(vOts—e)uv’)
0(u®v) O (4 Q) —E(uOs\x'u’)Lx ((s—e)®v®v).

It follows that, for we??M, we?" Y1, we have
8(w O w') = (1, mher) w0 0w') = olmpe, 1)0(w) D w'

where 1 is the unit permutation, mj.s is an element of IIg+4 41 which permutes
cyclically the first ¢+ 1 indices and leaves the last ¢ fixed, while s+, is an
element of IT+s+1 which leaves the first  indices fixed and permutes cyclically

the last p'+1 indices.



§4. THE MODULE £(4)

Let © be a finite group and A a G-module. We set
BEA)=H®A »RA=HEBA
whence B(A) = 3] #8(A) (direct).

», ¢=0
Then E(A) is a G-module. Moreover, since | has a structure of algebra,

E(A) has a structure of H-module, whose external law of composition is defined
by
wOw®e)=wOw)®Ra (w, M, acA).

It is clear that
stwOu)=swOsz (weH, acE(4)).
If 2 is any ®-linear mapping of #?[ into #"7H, then there is a2 G-linear map-
ping A4 of ?9E.(A) into ?*7E(A) such that
wRa)=2w)&a (we?H, acA).
Thus, to #°79, #9S, there correspond &-linear maps

p,aﬁA: j””E’,;.(A)—»p“"’HE.(A); ﬁ,asi: D+, QHFV(A) _,P,GE(A)

such that
245, (2% (0)) = (n—Du  (wePI5(A))

if # is the order of &. Moreover, if Il is the permutation group of the set
{1, ..., P}, then we have a representation (@, &') > w(@, &) of Tl x I, by
®-linear automorphisms of 78(A).

Let M be any &-module. For any m& M, set

A(m) =23@smeEJOM.
s=@

"Then 4 is an additive (but not &-linear) map of M into JR M.

Lemma 4.1, If M is a G&-module, and eE(gE@m(s) =x an element of JOM,
then a necessary and sufficient condition for x to be O is that m(s) =m(e) for

all s=@.
17
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Since S5 =0, we may write x = >3 ® (m(s) —m(e)), and lemma 4.1 fol-
s=E s¥e

lows from the fact that the element 3, sxe, form a base of J.
It follows that the kernel of 4 is the set M ® of invariant element of M.

On the other hand, we have 4(m)=c(Z®m), whence 4(M)Co(JR®M). Con-
versely, if s=® and mE M, then ¢(F® m) =os (5@ m) = a(2® s m) = 4(s7'm);
it follows that 4(M) =¢(JQ M).

We apply this to the case where M= E(A). Then

JOM= ZDJ@]D BILDA =p20]p+1®qu‘944c Z(A)
V15 , 4

and 4 gives rise to an additive mapping ds: B(A)->F(A). It is clear that
dy(P95(A)) = o(*" 798 (A)) and that the kernel of d, is (§(A))% Since
(2(A))® contains o(£(A4)), we have di=0. If wEH, aE 4, then

dilwRa)=2(50sw)Qsa.
s=@

It follows immediately that

(4.1) du(04(u)) = 64(dn) uep'qﬁ(A)
(4.2) ds(®S(u)) =?*19S,(dan)  wcSPTHR(4)
{4.3) dilws®, ) =0.1Us, &)du (z€il eIl

where 1@ is the permutation of {1,..., p+1} which leaves 1 fixed and
maps i+1 upon @(2)+1 (i=1,..., D).

Let 7 be 2 homomorphism of A into a &-module B. Then there is a homo-
morphism of the §-module B(A) into B.(B) which maps w& @ upon w®f(a)
for any wE H. We shall denote this homomorphism by f . It is clear that it
is also a homomorphism for the structures of H-modules of B(A) and F(B).

It follows immediately from the definitions that
(4.4) {f"ﬁﬁ b32f FoPUSa=PSp0f  Fowdd, @) =wa(®, &) ]
’ f ody = dBof,

If g is a homomorphism of B into a third @-module C, then
A\ ~ A
gof=g°f.
TueoreM 4.1. Let O———>A~f—->B —5->C——>O be an exact sequence of
homomorphisms of G-modules. Then the sequence

0— 2(4) L 5@ 5 a0)—0
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15 exact.
Since J and I are free additive groups, the same is rue of Jp, of Iy, of Jp
& 1, and finally of Hl. Theorem 4.1 then follows from a well known property

of tensor products.

Let A and B be &-modules. There is an isomorphism j of
BARRB)=(HIAS(H®B)
with (B < H)R(AX B) which maps (wRa)& (w'&b) upon (wEw' ) {(a&b)
if w, wWeH, aE A, b&B. On the other hand, the multiplication « in H defines
a homomorphism of ] X [ into M, which maps w& ' upon w[J«'. This gives
rise to a homomorphism zigr: (HESH)Z (AL B)->E(AXB) which maps

(ww')R(agd) npon (wJw') & (a&b). We set
M, p=p1e°]
this is a homomorphism of F(A) % F(B) into E(A®B), and it is clear that
M (P18(A) I TR(B)) =" “5(AQB).
Let x be in ?98.(4), y in #"78(B). Then it follows from the formulas es-
tablished in §3 that

(4.5) a@a( M, 2(x®)) = 0as(l, mgr1) M, 5(x D 05(5))
= CD-1®B(7Tp'+1, 1) MA,B(04<X) ®y)

where wp+1E Ilpsp+1, leaves the first p indices fixed and permutes cyclically
the last ' +1, while mps1E Ilgrq+1, permutes cyclically the first ¢+ 1 indices
and Jeaves the others fixed.

If a=Il,, o1l we denote by @|J®; the element of Ilr+s which coin-
cides with @ on {1, ..., r} and which maps 7-+Z upon 7+ @:(é) (1£i<s).
Then it is clear that

M, s(0sm, &) x D wsdy, U?I)y)
= wagel@Ud1, &U @) M {x®y)

if €Ty, o'l n€ My, aieIl,.
Theorem 4.2. Let x be any element of B(A) and vy an invariant element

of B(B). Then we have
{4.6) digsMip(xRy) = MA,B(dAx®J’)-
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It will be sufficient to cons.der the case where x is of the form w®e
h

WwEH, a€A; set y=w,®b, wiEH, b&B. Then digsM; (xQy)
g=1

h
= 2@21(5 Clsw Jsw,) & (sa ®sb,). But we have by assumption
SEH:=

h h

!
Siswl @ sh =2 w. b,
1=1 p=1

h h
whence > (30 sw ] sw!)®sh, = 211(5 Osww!)®b,. It follows immediately
=1 1=
that

A
dagrMyz(xQy) = %% (sgswg w)) ®(sa®b,) =Msr(dix®y).

Now, let # and » be homomorphisms of A and B into G-modules A’ and
B' respectively. Then it follows immediately from the definitions that
(4.7 Moo © (2®9) =t ®v © Ma,s.

et A, B, C be G-modules. Then we have, if x=8(4), yeEB(B),
zE 2(C),

(4.8) Mign,c{Ms (£ ®9), 2) =M., pec(x, Ms,(yR2))

as one verifies immediately by considering the case where x=uRQa, y=v2%b,
z=wXc, w, v, WEH, aEA, bEB, c&C.
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Let ® be a finite group and A a G-module. Then we set
H(A) =G ; B(A)  PHA) =G ; »98(4)),
whence

H'(A) = ZO”"’H(A) (direct).

, 9=

The group »?H(A) 1s called the cohomology group of type (b, q) of A.

Let p be >0; then (»?5(A4))% is the kernel of the mapping induced by
d.s on ?98.(A), while ¢(?98.(4)) is the image of the restriction of d: to
?~Lagm(4). Thus, if we denote by % the kernel of d4 in #78(4),

PUH(A) =2%,/d. (P78 (A)) (p>0)
THEOREM 5.1. If n is the order of the group ®, then we have né =0 for
every CEH'(A).
For, if uE(i(A))g, then nu=ouss5(A4).
TueoreM 5.2. Let the G-module A be the direct sum EEIA, of a family
(A,):er of submodules. Then we have, for every p=0, g=0,

»9H(A) ’E{EEIP”H(A;).

For we have F(A4)=H @%A, =§IEEI ® A, (direct); it is clear that
(ﬁ(A))@=EI(E-(A,))®, s B(A) =§oi?-(A;), which proves the theorem.
[1="3 2

THEORFM 5.3. If A is a finitely generated ®-module, then each *7H(A) is
a finite group.

If {ai, ..., as} is a set of generators of A as a @-module, then the ele-
ments sa;, s€®, 1=<i<h form a set of generators of A as an additive group.
Since #?[ has a finite base (as an additive group), #?8(A) is a finitely gener-
ated additive group; so is every subgroup of #“8(A), and, in particular,
(*98(A))®. It follows immediately that 9H(A) is finitely generated; making
use of theorem 5.1, we conclude that #?H(A) is finite.

21
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TurorEM 5.4. Let n be the order of . Let A be a ©-module which satisfics
either one of the following conditions: a) for every a< A, theve is a unique adeA

such that nd =a; b) A splits. Then H'(A)={0}.

Assume first that condition 2) is satisfed. Since H is a free additive group,
we may conclude that, for every u€ F.(A), there is a unique #'E R(A) such
that nw =u. If e (2(A4))%, then n(sw/ —u') =0 for sE®, whence su' =/,
and therefore # =oz'; this proves that H/(A) ={0}. If A splits, then so does
E(A) =H® A, whence H'(A) =N, 7£(A)) ={0}

Let p, ¢ be 20. Then the mappings »%, 9S4, wi(@, @') (where &I,

a'eIl,) gives rise to mappings

g . Papp(A) S PHLATI(A)

2a5% : 2*LAE(A) > P TH(A)

0w, o) 1 PH(A) > H(A).
From the formula (S4 o 8.4)(2%)=(n-~1)u u=??8(A) and from theorem 5.1, it
follows immediately that

(25 o 2997 (¢) = ¢
for ¢e»?H(A), which proves that #%% is a monomorphism. We shall see a
Ilittle later that it is actually an isomorphism.
Let ¥ be a homomorphism of A into a @-module B. Then f is a homo-

morphism of E(A) into 5(B), and f* is an additive mapping of H'(A) into
H'(B). We shall denote this mapping by f*. It is clear that

FX®H(A) T H(B).
If g is a homomorphism of B into a third §-module C, then
(gof)*=g%r"
Now, let
0— 45 B-Ec—0

be an exact sequence of homomorphisms of & modules. Then we shall associate
to this exact sequence an additive mapping ¢ of H/(C) into H'(A). Let z be
in (B(C)Y; since £ is an epimorphism, there is a y& 2(B) such that §(y)
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2. We have g(d;y)=d. 2=0 since z& (8(C))%. Since the kernel of g is
the image of 7, we may write dry=7F(x), x&7(A). We have f(d:x)=d’y
=0, whence d,x =0 since 7 is a monomorphism, and 2= (R(ANS.  Let £ be

the class of x in H’(A); then we shall see that £ depends only on the class ¢
of zin H'(C). Let 2’ be an element of (E(C))® such that 2/ —zE0(E(C)),
and let »' be an element of E-(B) shch that £(3') = 2. Set 2/ — z = ow, weEE(C),
and let v F(B) be such that & (v) =w. Then & (ov) =aw, and (¥ —y —ov)
=0. It follows that ¥/ —y —ov = 7 (%). wilth some #=5(A). Since ov is G-
invariant, dn(ov) =0, and dsy' = dpy +dpr f (#t) = f (x+d.u). Since diucsF(A),
our assertion is proved. Set £=4({); then & is obviously an additive mapping
of H'(C) into H'(A), which maps #7H(C) into 2""9H(A).
We shall see that, for any p=0, 7=0, the sequence

paga) I eag gy L vapoy s prrap ) Ly prnapp)

is exact.

Since go /=0, we have g“ o f =0. Let conversely 7 be in the kernel of g*
and let ¥ be a representative of » in (5(B))%.  Then £ (¥) =ow with some
we B (C); writing w in the form g (v) for some vin B(B), we have g (y —ov)
=0, and y —ov, which is a representative of y, may be written in the form
f(x), x&8(A). Since f is a monomorphism and 7 (x) is G-invariant, x is
itself G-invariant, whence v/ (H'(A)).

Let now z be in (5(C))%, and let us use the same notation as above in
the definition of 8. If ¢=g*(H'(B)), then we may assume that z= g (y) with
some yE(—'—?—‘A(B))@; we then have dey=0, ¥=0, whence 6 o g~ =0. Assume
conversely that 6(¢) =0. Then we may write x =vs%/, with some &' €495 (4),
whence % = d; %" with some " E?98(A). We have dsy = f (dax') = da(f (x)),
and therefore y — 7 (#") & (2 (B))®. Since §(y— 7 (")) =& (y) =z, we have
Ceg*(®9H(A)).

Still using the same notation as above, we see that f(x)&dz(*9E(B))
=g(#*™28(B)), whence f* o § =0. Let conversely £¢?*"“H(A) belong to the
kerenel of /™, and let &/ be a representative for & Then f(#')Es(*™98(B))
=da(P5(B)); write £ (&) =dzy, ¥ EPIE(B). We have do g (¥') =& (F(#'))
=0, whence g(y')=2& (8(C)®, 1If ¢ is the class of 2/ in »2H(C), it is clear
that £ =84 Qur assertion is thereby proved.
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THEOREM 5.5. Let

0—> A-LsB5C—0

] vy w]
0— 4L B E0r—0

be a commutative diagram of homomorphisms of G-modules, and let p, q be inte-
gers 20. Assume that the two horizontal lines of our diagram arve exact, and
let 8, &' be two mappings P H(C)>?">H(A), #9H(C')»?""H(A!) associated

to our exact sequences. Then the diagram

boa > ta 8% b4 5. ptig I*
H(A) <~ »H(B) = *H(C) — H(A) ~—>

u*l vkl wki u«kl

P=QH(AI) _f_'_izﬁ,qH(B;) fg?’qH(C’) _i')pﬂ,qH(Ar) :f__>

I pruagepy £S prnag o)

| w |

™ s g'*
__>1> :QH(BI) ___)P‘PI.QH(C()
is commutative and its lines are exact.

We know already that the horizontal lines of this diagram are exact, and
that v* e = (v o )*=(f o) = o u*, w* o g* =g o v*. It remains only to
prove that #* o d=0ow’. Let ¢ be in #94(C), and z a representative of ¢ in
(B(C)C. Write 2= 8 (), yEB(B), dry = f (x), = (8£(A))®, whence x&6(¢),
wx)E(w* 2 8)(€). Set 2/=uw(z), ¥ =5(y); then g'(y) =2, dpy =8(dsy)
= (5 o /)(x) = f'(2(x)), whence #(x)e&(w*(¢)), which proves the theorem.

COROLLARY 1. Let 0———>A—Z—>B—g>c———>0 be an exact sequence of homo-
morphisms of &-modules, and let p, g be integers =0. If » H(A) =2""1H(A)
={0}, then g* induces an isomorphism of »°H(B) with *°H(C). If »°H(B)
=?"S9H(B) ={0}, then & induces an isomorphism of »H(C) with *™H(A).
IFf P9H(C) = #*9H(C) = {0}, then f* induces an isomordhism of **“H(A) with
?*L4H(B).

This follows immediately from the fact that the lines of our diagram are
-exact sequences.

CoroLLARY 2. Let R be the additive group of real numbers, and R* =R/Z.
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Considering R and R* as &-modules on which S-operates trivially, the exact
sequence 0—->Z—-R—-R*->0 defines an isomorphism ¢ : ¥ TH(R*) =?+L.aH(Z).

This follows from our cor. 1 since H'(R) ={0} by theorem 5.4.
The G-modules I=I[B] and J=J[G] were introduced in §2. We have the
exact sequences
0-1I~>-Z->2-0
0-2Z->2->]-0
of ®@-homomorphisms. Since Z, I, J, Z are free additive groups, we have exact

sequences
0-IRA->ZRA->A->0;, 0 A->Z3A->]JRA->0

(where A is &-module). The module Z splits; the same is therefore true
of Z® A, whence H'(Z® A) ={0}. Thus, the mapping & associated to the first
one of our exact sequences induces (for every 20, ¢=0) an isomorphism
8 PUH(A)-?"IH(I®A). But we have ?"MIRUIRA) =@ LRIRA
=2+09tm(4) whence PTUIH(IR®A) =P H(A), and & induces an iso-
morphism

Pag . PIH(A) P IH(A).

On the other hand, %6 is also an additive mapping of #“H(A) into ?**9" H(A);
we shall compare it to #%. Let x& (»95(A))%, and let £, g be the mappings

h
of the exact sequence 0—> I®A~—{—>Z®A—~§->A-%O. Setx:%w,@a,, w;

h
e?9m, g, A; then we have x =g (¥), y=§w,®(e®a,) and
h
dpy = Z@;;?@sw,@s@sa,, (B=Z®A).
sE! =

k
Write w; = Elu” Ry, Uy EJp, vy EI,. Denote by @ the permutation of {1, . . .,
3=

p»+1} which transforms p+1 into 1 and 7 into 1+ (1£i<p), and by & the
permutation of {1, ..., g+1} which transforms 1 into ¢+1 and 1+ into J
(l=j=q). Then we have §®u, v,/ ®s= o (@, &) 4, X5 Qs®v,;5. Then

3
dpy = f(LOA(E, 26')(04(‘2:1201 Ra)))

and
45 = w¥(@, a') o %%
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THEOREM 5.6. For any p=0, ¢=0,? 9% is an isomorphasm of PIH(A) with
PHLAHEN A and 29ST is an isomorphism of YT H(A) with P TH(A).

The first assertion follows from the formula we have derived just above
and from the fact that w4(@, @) 15 an automorphism. The second assertion
follows from the first and from the formula (#9S% o 2Ty (£) = —¢.

Now we prove

THEOREM 5.7. Let P, q be integers =0, @ a permutation of {1, . ...}
and &' a permutation of {1, ..., q). Let «(@), (&) be the signatures of these
permutations. Then we have om0 e =e(@) (&) & for any EE€PH(A).

Let x be in (?98(A))%®; denote by @ U 1 the permutation of {1, . .., p+2}
which extends @ and which leaves p+1, p+2 fixed, and by 1U&' the permu-
tation of {1, ..., g-+2} which leaves 1, 2 fixed and maps 2+ 7 upon 2+ &'(/)
(1£j=g). Then it is clear that

(15+1’Q+15.4 ° P’qﬁA)(aJA(E, a)’)x) =z U 1, 1U a,)p+1,q+104 ° 1:,(104(36)

and that @ U 1 has the same signature as @, while 1 U &' has the same signature
as @. Since 2*+779% o 29T 15 an isomorphism of 9H(A) with 2™ H(A), we
see that it will be sufficient to prove the theorem under the assumption that
$=2, 922, Let II, and II, be the permutation groups of {1, ..., »} and {1,

..,q). Then we know that (@, /)~ o%(@, ') is a representation of ITx IT,
by automorphisms of #9H(A). It will therefore be sufficient to prove our for-
mula in the following two case: a) & exchanges p —1 and p and leaves 1, . ...,
p—2fixed; @' =1; b) @=1, & exchanges 1 and 2 and leaves 3, . . ., ¢ fixed.
Since #%97%% o 2-%97%7 is an isomorphism, any £ H(A) may be represented
by an element x of the form

5= (PTHeig o DTha2g ) (1)

k
with x'e (?7297251( A4S, I x’=21uz®vz®az, with u, & Jp-2, . E€ I-s, then

h

x=2) 2 2Qu@RSITR(E-e)R(s—e)Rv, VDa,

1=1 =@ (=0

and, in case a)

h

w(®, w’)xziE D uRtRsIR-e)Q(s—e) Qv R a,.

=18, 1@
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We have

(P73972G, 0 2704718 Y (x) = (2 — 1)/

(2729728, 0 27%71G Y (y (3, ') x) = (m— 1) &'
and the sum of these two elements is (2 —1)nx' = (2 —1)ex’. It follows that
(2S00 a7ST) (4 0@, ) ) =0, Since #7%9738% 0 #7297IST i an iso-
morphism, &+ o¥(a, o )¢ =0, which proves the thecrem in case a). The proof
in case b) can be carried out exactly in the same way.

Let A and B be G-modules. We have difined above a homomorphism
My : B(A) REFE(B)-EB(A& B).
It is clear that M.z maps (2(A)%® (8(BMH® mto (2(4AB))%. 1f
1€ 2(4), ye (1(B))Y, then
oM, (2 y) = JVIA,B(gégsxé?)sy) =My p(ox®y)
and similarly, if x€ (B(A)Y, y€ 5(B), sM ., 2(x8y) = My s(x S ay). It follows
immediately that, if x& (£(A)%, ye (2(B))%, then the class of My s(xRy)
in H'(A®B) depends only on the classes £ of x in H'(A) and 7 of ¥ in H'(B);
therefore, M, 5 defines an additive mapping
M% s : H(A)®H(B)>H(A®B).
Let C be a third G-module. By a paring of A and B to C is meant a bi-ad-
ditive mapping ¢ of Ax B into C with the property that ¢(sa, sb) = s¢(a, b)

for all s€@, ac= A, b=B. To any such pairing is associated a homomorphism
@ of A®B into C. We shall denote by ¢  the mapping

14 =00 M?},B
of H'(A)® H'(B) into H'(C).
It is clear that ¢* maps #9H(A) &*"YH(B) into 2"~ Y H(C).

Tueorem 5.8. Let A, B, C, A', B, C', be G-modules, u a homomorphism
of A' into A, v a homomorphism of B' into B, w a homomorphism of C into C’
and ¢ a pairing of A and B to C. Set ¢'(a, b') =w¢(u-a', v-b'); ¢ is there-
Sore a pairing of A', B' to C'. Let & be in H'(A"), v in H'(B'); then

¥ (E®7) = w " (aM(8) ® v™(x)).

Let @, @' be the homomorphisms @ : AQB->C, @ : A'/® B —» ' associated
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to ¢, ¢'. We then have
O =wol>(%v)
whence ¢ =w o0 c(udv) oM S{El m. Let x be a representative for & in
((4"))® and y a representative for 7 in ( 2(B")®. We know that
UDV(M v, 5(58)) = Ma,n(2(2) ©5(5))
(cf. formula (4.7)). It follows that
(@) (M%, 5 ($81) = MZ 2(u(8) ® 0" (x)),
and theorem 5.8 follows immediately.

THEOREM 5.9. Let A, Aq, As, By, Bs, C be &-modules, ¢, a pairmng of A,
As to Bi, ¢1 @ pairing of Bi, As to C, ¢s a pairing of A:, As to Bs, ¢ a pairing
of A1, B:to C. Assume that ¢(01(a1, @), as) = ¢olay, volas, a3)) whenever a,
€4, (i=1, 2, 3). Then we have

(e (8R6:) Q&) = (6. R0 (6:®8))
whenever &, H'(A,), =1, 2, 8.

Let @; be the mapping A:® A»— B; associated to ¢;. Then the formula
M u, as) = ¢(O1(n), as) defines a pairing of A;® A, and A; to C. Smce ¢i(&
Q&) = (0F o M2 .)(£:1®8&), it follows from theorem 5.8 that

SH(PH(E®E)RE) = 1N (ME, (68 &) DE).
Let 4 be the mapping A; R A:® A;— C associated to . Then
P (H(E1R8) ®8) = A o Mhg 1, 15 ME, 4,(£108) ® &),

We have 4(a;Ra:Ras) = ¢i(ola, an). @) = ola, ¢2(a, a)), and 4 is also as-
sociated to the pairing of A; and A4,® 4; to C which maps (a1, v) upon ¢.(a;,
() amE A, vEA:® A;). Tt follows that

G (RN (EHRE)) =A% o MY 4046 ML, 4 (£:® ).

We have proved that M., o{Mai,4,(2: Q%) @x:) is equal to My, 4045
B My, 4,(%:®23)) whenever x,&8(A4), i=1, 2, 3. It follows immediately that

MY 4051 @ MR 4(8:08)) = MR a4, (ME, 4(8RE)RE),

which proves theorem 5.9.
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TuroreM 5.10 Let 0—> A, —-f—+ As £ A;—>0 be an exact sequence of
homomorphisms of &-modules, and let & be the corresponding mapping of H'(A-)

wto H'(A:). Let Bbe a @-module, and 1 the ideniity mapping of B onto itself.

If the sequence 0 —> A1®B£§ A QB @;AaC@B —> 0 s exact, let 4 be the

corresponding mapping of H'(A:® B) wnto H' (A1 ® B). Then we have M 9;‘,,3(653
&%) _—_Az’\lgf,,](ée@ﬂ) if EH(A), n€H'(B). If the sequence 0—> BR A,
I—S’—];B@)Agz?g B®A;—> 0 15 exact, let 4 be the corresponding mapping of

H'(B®As) wmto H'(B®Ay). Then we have MY 4 (3®08.) = ( = 1) 4 Ma, 4,(7
®&) of HEPH(A), 9P TH(B).

Let x; be a representative for & in (5(A4,))® and v a representative for 7
in H'(B). Write x;=2(v), vE E(A4:), and ds,v=f(x:), whence x:E8(&). The
element My, s(x:Ry) 18 a representative for M% x(£®7y) and is equal to

gé)\l (M4, z(v&y)) by formula (4.7). We have
day@n(Ma, (v ®Y)) = Ma, p(dev®y)

by formula (4.6). The right side is equal to j/’xO\I(xl ®y). It follows that x:
®y is a representative for 4(M%, »(£®%)). But it is also obviously a repre-
sentative for M ?ﬁ 5(05:®7), which proves the first assertion of the theorem. To
prove the second assertion, we shall first establish a formula. Let A, B be any
®G-modules, then there 1s an isomorphism P of A® B with B&® A which maps
a®b upon b®a (a= A, beB). Now, let & be in ??H(A) and y in ?"YH(B).
We shall prove that

(5.1) PMR a(e®n) = (=1 MT (08)

Letubein rp,vinl, ' inJp, v in Iy, x =uR0vRa, y=u'®V' b, with a4,
b=B. Then we have My 3(x®9) = (u®4)® (v®v)®(a®b), whose image
under P is (u®#)® (v®7)®(h®a). On the other hand, we have Mz 4(y
Rx)={#R®u)®(vVR®IK(b®a); it follows that

P o My p=0sed, 5') o Mz,

where @ is the permutation of {1, . . ., #+2'} which maps Z upon '+ if i=p,
P+ upon i if i</, while @' is the permutation of {1, . . ., ¢+ ¢'} which maps
Jupon ¢ +7if j=q, g+ 7 upon jif j£¢q'. The signatures of @, @ are obviously
(—1)% and (—1)% respectively, whence, by theorem 5.7,
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P oM% z= (=12 %,

which proves (5.1). Making use of this formula, it 1s easy to deduce the second
assertion of theorem 5.10 from the first.

’ 4
TreorEM 5.11. Let 0—>A-2>B-5>C—>0 and 0—C' 5B L5 a1

—> 0 be exact sequences of homomorphisms of &-modules. Let D be a §-module,
and let « be a pairing of A, A' to D, B a pairing of B, B' to D and v a parring
of C, C' to D with the property that a(a, f1(0')) = p(f(a), V') for ac A, VB
and B(b, g'c")) =r(g(d), ¢') for bEB, ¢/€C!. Let § be the mapping H'(C)
-~ H'(A) associated to our first exact sequence and &' the mapping H'(A')
—H'(C") associated to our second exact sequemce. If CEH'(C), &eH'(A"),

thern we have
a3 = -7 (C®'E).
Let a, b, ¢ be the mappings
a: ARA'>D; b: BRB'-»D; ¢: C®C'>D
associated to the mappings «, 8, 7. Then qo M, + is a homomorphism of F.(A)

(A" into B(D), b °© Mg, » is a homomorphism of E(B)®F(B') into 2(D)
and ¢ ° My,c is a homomorphism of £(C)®%E(C’) into E(D). We have

Ut*= (& ° MA’A’)m, B*= (ﬁ o MB,B'>§R, T*= (E ° ]Vlr,cr)m.
We want to show that
00 Mos(x®F(9) =5 o Man(f(x)®y) if xE5(A4), ye 5(B).

It is sufficient to prove this in the case where x =w®a, y' = WY, w,wesH,
aEA, b'EB'. We then have a ° My, +(x® 7'(3)) =ww'+ala, F1(8)), 5o Mg, »
(7 (x)®3") =w O wB(f(a), ¥'), which proves our assertion.

This being said, let z& (£(C))® be a representative for ¢, and let y= BL.(B)
be such that 2(y) =z. Then we may write, for sE®, sy —y = 7 (x5), xsEE(A).
We have dsy =852@§ Osy =852®§ O(sy—9) =7 (x), with % =8§5§ O%s, and %
belongs to §¢. Similarly, let %' be a representative for &'; write &' = f "y,
YV'ER(B') and sy’ -y =2"(2}), with 2le8(C'); then 2 =352} is a repre-
sentative for ¢'4. The element a*(C®¢') is represenZ:c(lg by the element
2-Ma,o(x®x'), which is
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S a(FOMy, o(x,9%)) =25 D a(M,, o(xsD ().
SEG s=@

Since f(x,) =sy —y, we have
QM. (%2 F1(5) = b-Msr((sy =) D3,
A similar argument shows that 1 ((&¢'&’) is represented by
SEE@? 06+ Me,u(y 2 (sy' — ).

Now, we observe that §«Mpr,:.((sy —3)& (' —s3')) = 0 because sy —y = 7 (),
F(¥' —sy') =0. Thus, we may write

b Mp 5 ((sy—3) Q") = b My, 1 (sy—9) & s3')
and the element a*(8( Q&) + 7 (£&§'&") is represented by

2@§ Db M s(syDsy —y& y).
SE

If we set b+Ms »(yRy') =p, this is ag(}g’s‘[j (sp—p) =c(gOp). It follows that
a"(B® &) + 17 (¢ R8¢ =0.

Let 0—> A—LB—'{)C——+O be an exact sequence of homomorphisms
of G-modules, and let », ¢ be 0. Let § be the mapping H'(C)—H'(A) as-

sociated to our exact sequence. Then we shall prove that
(5.2) 2 LapR(5(2)) = 6(P9E(L))

for any £&PYH(C). Let z be a representative for ¢ in (5.(C))®. Write » = &(z2)
with some y&8(B), and dry = 7 (x), = (2(A4))®. Then we have g(*%x(»))
=29).(2) by the first formula (4.4). On the other hand, we have dz(?%x(y))
=#*19 (dzy) by formula (4.1), and this is 7 (?*»%(x)), which proves that
#t1.4p (x) 1s a representative for 3(»%%(¢)); formula (5.2) is thereby proved.

Let ¢ be a pairing of the @-modules A and B to the @-module C. Then
we have for £€?H(A), =" 7H(B),

{ e*(0F() ®7) = (~ 1) 020" (2@ 1)

5.3
(5.3) e*(ER0% () = (- 1B (£ ® 7).

For, it follows from formula (4.5) and theorem 5.7, and from the fact that a
cyclic permutation of -+ 1 letters has signature ( —1)7, that

M% (6% @) = (= 1)¥ 0% MT (627

M2 (:®6%(2) = (= 1)0%:MZ 2(:®7).
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It follows immediately that, if €27 H(A), y&?"7H(B), then
(5.4) o* (PSR (2) @) = (=120 SFe (£ Q)
while, if £€”H(A), p=? 7" H(B), then
(5.5) (R TSH(p)) = (= 1) TISRO (£ 3 7).
We shall set
"H(A)=""H(A) if 720
TH(A)="""H(A) il r<O0.
The group "H(A) is then called the #th cohomology group of A; the direct
sum SV H(A) is called the cohomology group of A and is denoted by H(A).
To every homomorphism f of 4 into a $-module B, there is associated an ad-
ditive mapping

J* 1 H(A) - H(B)

and we have (go f)*=g" o £¥ if g is a homomorphism of B into a §-module C.
Let

0—Aa-LB-ECc—0

be an exact sequence of homomorphisms of $-modules. Let § be the associated
mapping of H'(C) into H'(A). Then,if =0, § induces a mapping "6 of "H(C)
into "TH(A). If <0, then & maps "H(C) into »"H(A). But *> 7 7%% is an
isomorphism of "*H(A) with »"H(A). It follows that there is a mapping,
which we denote by 8, of "H{(C) into ""'H(C). We shall denote by 8 the
mapping of H(A) into itself which extends all mappings "8.

THEOREM 5.12, Let

0—a4-5LBE5Hc—0

w) o] ]
0o—aLlipEic—o

be a commutative diagram of homomorphisms of &-modules whose horizontal
ines are exact szquences. Then the diagram
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A L me) 5 we) 5 aa) L ae
S R A
BN L5 BB £ men S man L aen
is commutative, and its hoiizontal lines are exact sequences.
This follows immediately from theorem 5.5 and from formula (5.2) above.

Functional representation

Any element #=?798.(A) may be written in the form > 51
81, eeny 8P, b1+« 19EQ

RD...05, 00 ... &t F(s,, ..., 8p, t1,..., 1y where F is a mapping of
the product 8?x &7 of p+ g copies of & intc A. We shall say that F isa func-
tional represemtative of u. Not every function F on &?x @7 is representative
for an element of »98.(A); for F must satisfy the following condition (which
is also obviously sufficient): if one of the last ¢ arguments runs over all ele-
ments of @, the p+ ¢ - 1 others being kept fixed, the sum of the values assumed
by Fis O. On the other hand, two distinct functions F and F' may be repre-
sentative for the same element of ?8(A): the condition for that is that F' — F
can be represented in the form Gi+ ...+ Gp, where Gsy, - - ., Sp, F1, - «
1,) does not depend on s.

Let F be representative for the element #=?98(4), and let s€®. Then

it is clear that a representative for sz is the funclion
- - -1 -1
(Sty v v ns Spy F1g oo vs tg) > SF(STiS1, oo vy S5 8p, S, 4 v oy ST,

If we(®95(A))S, then we shall say that a functional representative F for
% is also a functional representative for the element of #?H(A) represented by .

Let f be a homomorphism of A into a &-module B. If a function Fis a
functional representative for an element §=»9H(A), then it is clear that fo F
is a functional representative for f*(£).

Let © be a pairing of the ®-modules A and B to a @-module C. Let & be
in #9H(A) and y in ?"YH(B); let F and G be functional representatives for

£ and ». Then the function

(St, « v vp Spy Sptts e = =5 Sprzrs B1s oo vy Bgy Tgrts o o oy terer)

"’S”(F(Su P .;1;, Tig o o s tq\), G{Spt1, « « =5 Sptits Lqt1s « « =5 ta+q'))

is obviously a functional representative for ¢¥(§®y).
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Let @ be a finite group, and A a &-module. Then we have
"H(A) =""H(A) =G ; A).

In order to determine ~H(A), we introduce the additive mapping ¢ : I® A~ A
defined by

?(%s@a(s)) =ale) (where 2la(s)=

In order for x=%s®a(s) 0 be in (J®A)®, we must have, for any tEG,
SE=
Sls®als) = S ts®tal(s) =) s®talt™s)
s=@ sEQ sEG

which gives the condition a(s) =ta(t"'s) (s,#€®). This condition is easily
seen to be equivalent to a(s) =sa(e) for all SE®, which implies that ¢¢(x) = 0.
We shall denote by Ag the group of all a= A such that sa=0. If a€EAg.
then Z‘sOsa belongs to (I®A)®; thus, ¢ maps (I®A)® onto Ag. Let now
v—~25®b(s) be any element of I®A. Then oy= 25®th(t s), where
?(ay) —t%tb (+™'). Since zeE@b(t) 0, this may be Wr1tten in the form

@(ay) =t§d;(tb(z"1) ~ b1y,

We shall denote by [ZA] the additive group generated by all tb—b, t€®, bE A ;
then ¢ maps ¢(J® A) into [IA]. Let conversely x = EsOsa be an element
of (I®A)® (with a=Ag) such that ¢(x)e[IA]. It 1s then clear that we
may write a= Z (t6(t™") - b(+™)), with b(t e A, Sb(t’l) 0. Thus, ¢(x
—-asEE@sOb(s)) = O, since x— aEst(s)E (IQA)@ this implies x = aZs
®b(s). Moreover, we see in the same way that ¢ maps ¢(I®.A) onto [IA]
It follows that

TH(AY="'"H(A)= Ag/[IA]

We shall now determine ‘H(A). This group is isomorphic to "H(JRA).
34
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An element xEJ® A may be uniquely written in the form >)5Rua(s), where
SEG

a : s=a(s) is a mapping of ® into A such that a(e) =0. We have, for 1€,

tr =2 ts®tals) = 2,5 Rtalt™s) = 3R (ta(#7s) — ta(z™Y)).
s=0 s=@

SEG

Thus, a necessary and sufficient condition for x to be in (J @A)® is that

ta(t7's) —ta(t™) = a(s), a condition which may be written in the form
alts) = a(t) +tals) (s, t=®).

The mappings s—a(s) which satisfy this condition are called the crossed homo-
morphisms of & into A. Itis clear that a(e) =0 for any crossed homomorphism

s—a(s). We have

ox = 2,5 ® (S talt™ts) — talt™)).
=@ te@

If we set b=>,ta(t™), then > ta(t™'s) = sb, and
=0 =G

0% =2,5R(sb—0).

=
A crossed homomorphism which is of the form s~ sb —b, for some b= A, is said

to split. Thus we have proved

THEOREM 6.1. The group 'H(A) is isomorphic to the factor group of the
group of all crossed homomorphisms of & into A by the group of splitting crossed

homomorphisms.

CoROLLARY 1. If & operates trivially on A, then 'H(A) is isomorbhic to
the group of all homomorphisms of & into A.

CororLLarRY 2. Let L/K be a normal separable extension of finite degree
of @ field K, and © its Galois groud. Consider the multiplicative group L* of
elements %0 in L as a G-module. Then *H(G ; L*) = {0}.

This follows immediately from E. Noether’s theorem.

Consider now the case where A is the group Z, considered as a $-module
on which & operates trivially. We have z8 = Z, ¢Z. = nZ, where n is the order
of & Thus

“OI(Z) = "H(Z) = Z/nZ

The group Zg is {0}, whence
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@) = H(Z) = 0} |

Since Z has no element =0 of finite order and & is finite, there is no homo-

morphism %0 of & into Z, whence

VOR(Z) = 'H(Z) = {0} ]

By corollary 2 to theorem 5.5, the group H(Z) is isomorphic to ‘H(R'); on
the other hand, we have defined a canonical isomorphism of 'H(R") with the
group of all homomorphisms of & mnto R°. The latter group will be denoted
by Char @, and its elements will be called the characters of . Let &' be the
commutator subgroup of ®; since R’ is abelian, we have Char &= Char G/®/,
and it is well known that Char 8/ =@®/@". Thus

“9H(Z) = *H(Z) = Char (6/6") = 6/G' |

To a character 7 of & there is associated the element of “H(R*") represented
by the element tg@f ®%(t) of B(R*). Let us determine the corresponding ele-
ment of H(Z). Let X be a mapping of @ into R such that, for any s @,
Zo(s) belongs to the chass 7(s) modulo Z. Then we have first to construct the
element 2)5Qs(CIT®(t)) of B(R); thisis > SRF®L(s™*1). Set

=@ =@ PET=10)

ex(s, #) =Xo(s718) — Xo(s™h) = 2o(B) EZ.

Since Zs..O we have EE SRT®X(s™ )— 2 SRT® (1) =0, and %@3‘@7

’\/o(s t) = E sOtch(s t). Thus, the element of 2H(Z) which corresponds

fo X is reﬁresented by the element
>V culs, DSRF
g, t=0Q

of J..

It can be proved in general that ?H(Z)=?H(Z) for any . We shall prove
here directly that H(Z)=®/®. We have H(Z)="'H(I®Z)="'H(I)
=Ig/[II]. 1t is clear that Ig=1 Let n be the mapping s»s—e of & into I.
We have, for s,t€Q, n(st) =s(t—e)+s—e=n(s)+n(t) (mod [II]). If we
denote by 7(s) the residue class of =(s) mod [II], then % is a homomorphism
of @ into I/[II]. It is clear that z(®) is a set of generators of the additive
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group I; 7 is therefore an epimorphism. Since the elements s—e, sE6, s=e¢,
form a base of I, there is a homomorphism « of I into the abelian group G/’
which maps any s—e upon the coset § of ® modulo &'; thus wer is the ca-
nonical mapping of & onto &/G’, and its kernel is therefore @. If s, t=@,
then w(t(s—e)) =w(ts—e) —w(t—e) =fs—7 =5 (we note G/@ additively); it
follows that w([II]) =0, and therefore that the kernel of 7 is &', which shows
that 7 defines an isomorphism 7 : &/®'="H(I). We may explicit this iso-
morphism as follows. In the isomorphism between I/[II] and “H(I), the ele-
ment which corresponds to s — e is the cohomology class of t%t@ t(s—e). Thus,
the element of 2H(Z) which corresponds to the coset {mod ') of an s€@ is

represented by the element
2t®(s—1) =2 (t—e)® (ts—1).
1= =@

Observe now that M¥ z induces a mapping of "2H(Z)® “2H(Z) into *2H(Z).
On the other hand ®°¥ o »'S¥ is an isomorphism of **H(Z) with "H(Z) = Z/nZ,
where 7 is the order of @. Let ;2 be the mapping *°S¥ o *1S¥ o M% 2 of *H(Z)
® TPH(Z) into Z/nZ. Let X be a character of ® and s an element of &; denote
by £(X) the element of *H(Z) which corresponds to ¥ (by the isomorphism es-
tablished above) and by 7(s) the element of “2H(Z) which corresponds to the
coset of s modulo ®'. We shall compute x(&(¥) ®%(s)). We have to determine

the value of
0080318 SN ruln, ) TR TRER (Bs —£)
n, v, t=@
=998 33 cilu, AR (Es — 1) = >, (cults, 1) —cu(t, 1)),
PRI teE@
‘We have, with the notation used above

cu(ts, 8) — et t) = Zo(s™0) = Xo(sT87) = Za(2) ~ [Hole) = Zo(t™*) = Zo(2)]

and the value of our expression is n(Xo(s™) — Zo(e)) = — n¥o(s) (mod #Z), since
ZLle)e2Z. Thus

(6.1) u(E(X) ®x(s)) = —nX(s)

where nY(s) is the class of n%(s) modulo nZ.
Let A be a G-module which at the same time a ring, the operators of @
being automorphisms of the ring structure of A. Then the multiplication . in
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A is a pairing of A and A to A. It defines a mapping 1 : H'(A) R A'(A)
- H'(A), and this mapping defines in turn a bi-additive law of composition in
H'(A). I: follows immediately from theorem 5.9 that this law of composition
is associative. Thus, H'(A) has a structure of ring.

In par.cular, Z is a ring; therefore A'(Z) has a structure of ring. Let A
bz any &-module. Then we have ASZ = A4, and the mapping (a, v) ~»valaE A,
vEZ) is a pairing of A and Z to A. This pairing defines a mapping of H'(A)
® H'(Z) into H'(A), namely the mapping MY z; this in turn defines an ex-
ternal law of composition between elements of H'(A) and of H/(Z), with values
in H'(A). It follows immediately from 5.9, that this external law of composi-
tion defines on H'(A) a structure of H'(Z)-right module.

Denote by 1' the residue class of 1 modulo #Z; this is an element of
%°H(Z). We have M4z(x®1)=x for any x5(A), whence

MZLE®1)=¢ (¢€H'(A)).

It follows that, if »* is an element of order #, equal to the order of @, in “H(Z),
then £->M¥,(480%) is an automorphism of H'(A); for »* is then obviously

invertible in the ring H'(Z).

THEOREM 6.2. Let v be =0, and let v be an element of order n equal to
the order of © in ""H(Z). Then t->M ge z(EQv) induces an isomorphism of
2AH(A) with 2 H(A) (for any H20, g=0).

We have just seen that this is true if »=0. Assume that #>0 and that
our statement is true for  —1. We may write » ="">""20%(z.), where »; is of
order n in """ 'H(Z). We have

Miz(E®v) = (- 1%F Maz( Q1)

by formula (5.3). Since 6% is an isomorphism, it follows immediately that our

assertion is true for 7.
Cohomology of cyclic groups
TreoREM 6.3. Let @ be a cyclic group. Then we have

"TH(A)=""H(A)

Jor every integer r.

Let s be a generator of @. Consider the mapping 2- (s —¢)z of Z[$] into
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itself. Since G is commutative, this mapping is a homomorphism of ®&-mocdules.
We have (s—e)s"€I[®] for every k; conversely, for any %, we may wrize
sf—e=(s—e)z, z:€2Z[G], whence (s~¢)Z[G1=I[G]. Let z be the order
of 8 Then (S—e)gyksk=:2::(vk— vi+1) S Y, where we have set vp=upp. It
follows immediately‘ that ihe.: kernel of our mapping is Zs, whence I=].
Thus, we have [1+::QL A= IR LR A=Jp-18 L1 A, and ?779H(A)
=P H(A) =P 9H(A), which proves the theorem.

We shall give later an other proof of this theorem, based on a different

principle.
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We shall denote by $ a subgroup of the group &. Any G-module may
therefore be considered as an $-module.

It 15 clear that we may consider the group algebra Z[$] of $ as a sub-
algebra of Z[®]1; we then have I[$1CI[&]. On the other hand, there is a
“natural” additive mapping of Z[®] onto Z[$] which maps ¢ upon itself if
te9, s upon 0 if se&H. This mapping maps o =8E;2®S upon ap =t§t, and
therefore defines a natural mapping ¢ : JLG1-JL[H].

By a normal mapping of HLG] into HIH], we shall mean a homomorphism
@ of the algebra structure of HL®] onto that of H[H] which satisfies the fol-
lowing conditions: @ is a homomorphism for the structures of $-modules; for
any p=0, ¢=0, ® maps »?H[G] onto »/M[H]; 0 induces the identity mapping
on the submodule I[9] of I[G]; @ induces the natural mapping ¢ on J[S]

TraeoreM 7.1. There exists at least one normal mapping of WG] into
B9 if 0 is any such mapping, then the kernel of @ splits.

Let s, ({=1,..., m ; s1=e, the unit element) be the distinct cosets of
® modulo $. Let X be the subgroup of I[§] generated by the elements s, —¢
(22i<m). Theelementst~e ((€D,txe),ts,—t=1(s,—e) (1€9,:>1) clearly
form a base of I[@]. This shows that I[®&] is the direct sum of I[H] and of
the module U} =‘E%tX, which sphits. Let « be the mapping of I[®] onto I[H]
which coincides with the identity on I[$1 and maps U; upon {0}. If p=0,
g=0, let % be the mapping ¢® ...R¢DaB...&Qa (p factors ¢ and ¢
factors @) of »?mM[®] onto »?M[H], and let @ be the mapping which extends
all #?0. Then @ is obviously a normal mapping. Now, let & be any normal
mapping. The kernel Uj of the restriction of @ to I[®] is clearly isomorphic
to Uy, and therefore splits; the kernel K of the restriction of @ to J[®] is the
kernel of ¢. We shall see that this module splits. Denote by § the residue
class of s in J[®] (if s&®); then we see immediately that K is generated as
an additive group by the elements téZ@?, ts, (t€9, i>1), whose sum is 0, there-
fore the elements #s, (¢€9, i>1) form a base of K, and K = u%s; tY (direct),

40
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where Y=§Z.?,. The kernel of @ is clearly the direct sum of the tensor
product of U; by some $-module and of the temsor product of X by some

module. Since the tensor product of any splitting module by any module splits,
theorem 7.1 is proved

Let A be an $-module, and I, the identity map of A onto itself. If & is
a normal mapping of H[®] onto H[H], then @# QI 15 2 homomorphism ¢ of
the $-module H[GI1R A onto E(H ; A) whose kernel R4 splits. The exact
sequence 0-8,»>H[Gl1IA->5(H; A)~>0 therefore defines an isomorphism
0% : W9 ; MIGIJIA)~H(9; A). Thus we have proved:

THEOREM 7.2. Let  be a subgroup of © and A an H-module. Then we
have P7H(D ; A)=N(D ; »HMIGIR A) for any p=0, ¢=0.

Moreover, the 1somorphism 0% does not depend on the choice of @. In order
to prove this, we observe that JL®] is the direct sum of the kernel K of ¢ and
of an $-module V; for, using the notation of the proof of theorem 7.1, let y = ?:::;”
and let V be the additive group generated by the elements £y, € 9. The ele-
ment ¢(#y) 1s the residue class of ¢ 1n J[H], and ,2] ty =0, which shows that ¢
induces an isomorphism of V with J[$]. Let ¢ be the reciprocal isomorphism
of J[$1 with V. Then there is an 1somorphism Z of the $-module HLH] with
a submodule of F[G] which maps %R ... Q%31 ...y, upon ¢(x:)
O...00xp) NV ... Ry, if x,€J[9], 12i<p, y€I[9], 12j=q.

If @ is any normal mapping, then @<¥ is the identity mapping of H[H].
Sat ¥, =¥ &Ls; then OF 1s the reciprocal of the mapping ¥%, which proves that
this mapping does not depend on the choice of 0.

Moreover, since @,4°¥%, is the identity mapping, we see that any element
of (B.(9 ; A))? is the image under 04 of an element of (E(® ; A)S

Now, let M be any G-module. It is clear that M®DM®. We have ogM
CogM; for, if Ps:(i=1, . ... m) are the distinct cosets of & modulo , then
a@x=a@(§és,x) (x&M). This gives rise to an additive mapping

o(M) : (B ;s M)>N(H; M).
If A is a G-module, we set
ra=74(® ; @) =m§t o p(—'?ﬁ—(A));

74 is an additive mapping of H'(® ; A) into H'( ; A), which is called the
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sestriction mapping. It is clear that 74 maps 29H(® ; A) into »H( ; A).
Let again M be any G-module, and let s,9(1£i<m, s;=¢) be the distinct
cosets of & modulo . Let ¥ be in M@; then x' =is,x belongs to M® and
does not depend on the choice of the representatives s,‘ for the cosets .. For,
let s be in ©; then we may write ss,=szu ki, & being a permutation of {1,
., m) and LEP; it follows that s¥’ =x". On the other hand, we have s;x
=s,tx for €9, which proves our second assertion. If x = ogy belongs to opM,
then ' = ogy belongs to cgM. This gives rise to an additive mapping

P(M) : R(DH; M)~ ; M).
We set
Ri=R,(9; §)=P(R(A)) o (0),

R, is an additive mapping of H'(H ; A) into H'(G ; A); it is clear that R,
maps P9H(H ; A) into P9H(G ; A). We shall call R, the injection mapping.

THEOREM 7.3. Let m be the index of © in &. Then we have, for any
S HN(G 5 A), Rr4(8)) = m2.

It is sufficient to prove that (P(M)eo(M))(u) =mu if neN(S ; M), M
being any &-module. Let x be a representative for 4 in M @, then, with the

notation used above, # is also @ representative for o(M)+u, and 2)5,% =mx is a
=1

representative for (P(M) o o(M))(u).

CoroLLARY. Let A be a G-module and p, q integers =0. Assume that
(D 5 A) ={0} for every Sylow subgroup 9 of . Then we have P H(G ; A)
= {0}.

Let #=q...qn be the order of &, each ¢, being a power of a prime 2,
with p=p; for isj. For each i, there is a Sylow subgroup £, of index n/gq of
©. Let £ be in »?H(§ ; A); then, considering the subgroup 9., it follows
immediately from theorem 7.3 that (#/¢,)¢=0. But the numbers #n/q, are rela-

tively prime as a whole; it follows that £=0.

TueoreMm 7.4. Let  be a subgroup of © and 8 a subgroup of . Let A
be a &-module; denote by r D), r«®) the restriction mapping from H'(G ; A)
fo H'(9 ; A) and H'(R ; A), by Ri9) and R.«R) the injection mappings from
H($; A) and H(R& ; A) into H'(G ; A), by 74(R) the restriction mapping from
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H'($ 35 A) to H(R ; A) and by R'(R) the injection mapping Jrom H'(] ; A
to H'(H ; A). Then we have

74(R) =7(R) o 7(D) ; Ri(R) =RUH) o R'(K).

Let @ be a normal mapping of HLG] into H[H] and ¥ a normal mapping
of FH[9] into HILR]. Then ¥o0 is a homomorphism of E[G] into HL{] rela-
tively to the structures of algebras and &-modules, and coincides with the iden-
tity on IL&]. If s€@, then clearly, ¥o0 maps § upon O if s is not in £ and
upon the residue class of s in J[R®] if s€R. It follows that ¥o@ is a normal
mapping. If I, is the identity mapping of A, then (¥o0)RI;=(¥&I ) (d
®I14). The first of our formulas follows immediately from this. Now, let ¢
be an element of H'(® ; A), and let w be an element of (&(® ; 4))% such
that (Zo0)(w) represents ¢. Let 5,9 (1=i=m) be the distinct cosets of G
modulo  and #, & (1 =k < n) the distinct cosets of § modulo &; then the cosets

of & modulo & are the s, 8, 1<i=m, 1=k<n. Set w' =>\trw; then &(w')
k=1
=211 0(w) is a representative for R(R)+¢; moreover, 20’ is clearly $-invariant,
k=1

and D)s,w' is therefore a representative for R.($)o R/ (®)+¢. But this element

¢=1

is 2 >\ sitrw and is therefore a representative for Ri(®)+{, which proves the
1=1k=1

second formula.

Let ¢ be a pairing of the G-modules A, B to a &-module C. Then ¢ de-
fines mapping ¢§ : H'(G ; A)SH(G; B)~H'(®; C) and ¢5: H(D ; A)
QH'(D; B)-» H'(H; C). We propose to prove the formula

(7.1) | 79§ ®7) = ¢§(7:(8) B73(n)) (E€EH'(® ; A), »€H'(S ; B))

There are associated to ¢ a mapping ¢ of A®B into C, a mapping ¢ of
2(®; A®B) into £(® ; C) and a mapping ¢¥ of E(9; AQB) into £(9; O).
On the other hand, we have mappings MY , : 5(6; A)®E(G; B)>E(G; 4
®B) and M?,B TE(D; ARE(D; B)>E(H; A®B). Denote by Ix the
identity mapping of any module M. Take representative % for £ in (B(G ; 4))®
and v for » in (B(® ; B))®. Let # be a normal mapping of H(S) into FH(H).
Then (0®L) ¢S M z(u®v) is a representative for 7.¢&(®y). This is obvi-
ously equal to @?(¢®IA®B)M§, s{u®v); since @ is a homomorphism for the

algebra structures, we have
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(7.2)  E2(03Tups) MG (4 20) =8 M2 (00 1) () © (0 15) (v))

and the right side is a representative for ¢§(74(&) ®7s(7)), which proves (7.1).
Now, let & be an element of H'(® ; A) and 7 an element of H'(H ; B).

We shall prove the formula

(7.3) Re 05 (r4(8) D7) = (¢ O Ru1)

Let % be a representative for £ in (£(6 ; A))® and v a representative for
7 in (2(®; B))2. Defining ¢, ¢8, ¢2, M9 5, M'fi),a as above, ¢g(74(8) &)
18 represented by the element ‘;/E?M%,B((m@IA)(u) ®v). We may write v = (0
®1z)(w), where w is an element of (5(® ; B))®. We then have

EMS (0D () ®0) =¢2(0 T ies) MS 5(u& w)
=(0®1)EPMS »(uw).

Let 5,9 (1=i<m) be the distinct cosets of  modulo . By definition of the
mapping, R ¢g(74(4) ®7) is represented by zﬁ:;s, ¢S MS s (uw) =%¢0®31M§5’!'
(u®w). Since s;u=u, we have s, MY (u3w) =M s (#®s,w), and Roog(7.4(8)
®7) is represented by ¢§’M %s(ﬂ@i}s,w). But 2gmls,w is a representative of
Rz, and formula (7.3) is thereby proved.

Let & be an element of 2°H(® ; A) and let F be a functional representa-
tive for &; this is a mapping of ®® into A. The restriction of F to & is a
Junctional representative for ri(£). TFor, & 1s represented by the element
u=_ ..%,,e@:ﬁ@ .. . ®FpQF(s1,...,5). Let ®be anormal mapping of HLG]
into HLH]; then A(T:1®...®7Fp) is 0 if s1, ..., sp are not all in H and 18
(5)9® ... 0 (Sp)p if s1, . .., HED, where (5.)g is the residue class of s in
J[91. Thus

0(u)= > b(?ﬁ)@@ ‘e ®(§p)@®F(sx, e eu, Sp)

815 «sey SPE,
which proves our assertion.

The transfer mapping. Let & be a finite group and 9 a subgroup of .
We have established in §6 isomorphisms of *H(® ; Z) with Char & and of
*H(9 ; Z) with Char . Thus the injection mapping Rz defines an additive
mapping of *H($ ; Z) into H(® ; Z). We propose now to explicit this mapping.
Let X be a character of ; let X be a mapping of $ into R such that X(s) is,
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for any sE9, the residue class of % (s) modulo Z. We may obviously assume
that 7o(e) =0. Set c.(s,2) =Zo(s7') = 74(s7) — %o(£)(s,t€9) ; then the element
() of *H(H ; Z) which corresponds to X is represented by the element

tEE} cis, )T R Tp=u (if SE9, 5p is the residue class of s in J[9]). Let s:9
Zl é@zém; s1=e¢) be the distinct coset of & modulo $; then there is a homo-
morphism % of H[H] into HLG] (relatively to the structures of algebras and
of $-modules) which maps g upon Z’s},‘_l (where ss;' is the class of ss;' in
JL®]; cf. the proof given above that J[®] is the direct sum of the kernel of
¢ and of an H-module V). We have

Fa) = 5 3 ods, t) s @S

s 1EH =1

and Rz&(X) is represented by

v=2 21 2 cxls, t)sess; & setsy .

k=1s, tEg;) 1,31
Let s’ be any element of &. For any %, there exists exactly one index 7 such
that spls's,E9; set si's's,=7(k; s'), and we have

v= 3 <§cx<r<k, ), 1k 1) ¥ F.

8, 1'el

Let X' be the character of & which corresponds to the element Rz&(X). 1If
s'E@, let 7i(s') be a real number belonging to the class Z'(s') modulo Z; we
may assume that Zj(e)=0. Set cu(s, ') =X(s™ ) = pls' ™) = L(H), o
= 3 cwl(s,#)5'®7F. Then we have v—o' =ow, with we>'H. We may

IR =10]

write ow = 4w, where w,&"°H =J[®]; write w1=t§®v(t’)?’, where »(#) EZ
and we may assume »{e) =0. Then

v—2'= FRswr= > v(sTH)FTRF
= o TEG
= 57 (p(s™H) = p(s) = p(#"))T' DT

s, =@
Set C(s', ") =§10x(7’(k, s, 7(&, 1)), C(s', ) =cx(s, ') and W(s, ) =»(s'™¥)
—p(s"™1) — p(t')_.1 Then we have‘,’tZEQ(C(s', ) —Cls, t') — W(s, #))5'®T =0.
It is clear that cx(e, s) =cx(s, €) =0 for every s€9, cwle, s') =cx (s, €) =0
for every SEG®, W(s',e)=W(es)=0 for every ss€® and that r(ke)=e
for 1€k<m. Thus C(s,¥)—~C'(s,t')— W(s', ') =0 if either s’ or ¥ is e,
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and therefore C(s',#)—C/(s,¢") =W(s', '), whence sg@C(s', ) —;/EZ(‘:&C'(S', )
= E W(s', #'). For every s€9 and every 2 (1 £k =m), there are evactly m ele-
msei‘c@s s'E® such that (%, ') = s, namely the elements siss; ', 1=£¢<m. Thus,
S%Zo(rhl(k, sk, ) = ms%Zo(s'lr(k, )= ms%%(s'l). If » is the order of

@, we have >, C(s', ') = — nZ'}.’o(r(k, #)). Itisclear that %C’(s’, ) = — nll(#),
EM=T6) k=1 s’

E@W(s’, #') = — no(t"). Since »(#') is an integer, we obtain
s
11(8) = 33 (B, ).

Denote by 7(#') the residue class modulo §' of the product of the m elements
7(k,t') (L£Ek<m), these elements being arranged in any order. Identifying
Char & to Char /6, we see that ¥'(#') =%(z(¢#")). Now, X' depends only on
7, not on the choice of the representatives s;; and two elements of $/9' to
which every character of § assigns the same value are equal. It follows that
7(¢') does not depend on the choice of the representatives s,. Moreover, since
% and 7' are characters, it is clear that t(#z}) = «(£}) z(#}) for any #, t,=@.

The homomorphism r of & into /9’ 1s called the transfer mapping. It
is clear that the kernel of r contains the commutator subgrcup &' of G, and =
defines a homomorphism of &/@’ into $/9'; this homomorphism is also called
the transfer mapping.



§8. THE LIFT MAPPING

Let  be a normal subgroup of &. Then there exists an additive mapping
{of ZL®/H] into Z[®] which maps every element s €&/ upon the sum EZ'S
of the elements of the coset s. It is clear that ! 1s a homomorphism osf a@-
modules (Z[®,'9] being considered as a G-module on which $ operates trivially ).
Moreover, [(og/g) = 6y, which shows that [ defines a homomorphism [7: J[&/9]
- J[®1. For any group &, we denote by H°LG] the subalgebra of H[G]
generated by 1 and J[8]1, thus H[G]l= Efp [8]. The homomorphism Iy may
be extended to a homomorphism L of E [@)/%ﬂ mto HL®] which maps x:
®...5&% upon [(x)® ...&L(xp) 1f x,€J[G/9] (L=i<p). Let A beany
&-module, and AP the set of H-invariant elements of A. Then AS 18 a submodule
of A; for, if s€EG, t€H, aEAS, then tsa=st'a = sa if #' =s 'ts= 9, whence
saEA‘s:'. Since 9 operates trivially on A‘g, A% may be considered as a &/9-
module. Let I, be the identity map of A? into A; then

L =LRJI1,

is a homomorphism of H[G/91& A® into HIGIE&

We shall prove that, for any >0, L maps J;[G/$]1s A% 1nto op(Jb[GI1R A).
Consider first the case where p=1. If we denote by s an element of &/9, by
a an element of A%, by 5* the image of s” in J[®/9J, then we have Li«(5*®a)
= S15®a, where § is the image of s in J[®1. If 5 is any element of s¥,

El=Ead
then 2, S8a=0g(5:94a), smce ta=a when tEH; this proves our assertion
Ei=F i
when p=1. Assume that p>1 and that our assertion is proved for p—1. Set
B=Jp-.[61®A; then L maps Jp-:[G/H] ® A% into opB, and, @ fortiori, into

BY. On the other hand, it is clear that
Lax @) = Ly(x*"®L.(6"))  if x°€ J[6/9], b' € J,-[6/9]1 ® A®.

Our assertion being true for p =1, La(x* ® L4(6*)) is contained in s5(JIG1® B)
=05(J,[8] ® A), which proves our assertion for p. Since L, is a homomorphism
for the structures of G-modules, it maps (J,[6/91®A9)® = (J,[6/p]1® A®)®R
into (J,LG] ®A)©. 1t follows from what we have just proved that, for >0,

47
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Li maps oap(fo[6/9] & A®) into o19(0p(JpLG1® A)), which is obviously
oe(Jo[G1® A). It follows that L4 defines in a natural manner a mapping

1 N(S/D 5 Th[G/91RA) > NG 5 LG A).

This mapping of 2H(®/9 ; A%9) into 2H(® ; A) is called the lift mapping; it 1s
only defined when »>0.

TuzoreM 8.1, If p1, then 14 maps PH(SG/D ; A®) into the kernel of the
restriction map ra : PH(® ; A)->2H(D ; A). If p=1, then 14 induces an iso-
morphism of ‘H(S/D ; A®) with the kernel of the restriction mapping 7. :
'H(® ; A)->'H(D ; A).

It follows from what was proved above that, for p=1,
LCH(G/9 5 A®)) Clog(1,[61©A4))%/os(,[61® A).

“The right side is obviously in the kernel of the restriction mapping 7 ..

Next, we shall prove that
(8.1) os(JLG1® A)/L.(J[6/9]1® A®) =Z[6/91® (A/A);

in this formula, A/A® is considered as a (§/9)-module on which ®/9 operates
trivially, and the isomorphism is to be constructed as an isomorphism of &/9-
modules. If a(s)E A for s&€@, then

op(23Qals)) =2 2 isQtals) =2 21 5Qta(t™s)
=@ LS =) sEYreH

=215 sb(s)
6]

where b(s) =t§} (t71s) a(t™s). If s is the coset of s modulo §, then b(s)
=8§k5”10(s’), which shows that 5(s) depends only on s®; set b(s) =b(s').
Conversely, if s°- b(s™) is any mapping of ©&/9 into A, and if we set b(s)
=b(s*) for ses, then a%?@sb(s) belongs to ag(J® A); for, if s*€ G/ and
siE 5%, then g};@sb(s) =0g(F1®s:16(s")). Moreover, if s*~b'(s*) is any other
mapping of &/ into A, then a necessary and sufficient condition for >.5® sb(s)
to be equal to > 5 ®sb'(s) is that s(8/(s) —b(s)) should not depend on s; since
b(s) and &'(s) depend only on s, this implies that 5(s*) —&'(s*)€ A®. It follows
that there is an additive mapping w of og(J® A) into Z[G/HI1® (A/A®) which
maps any element of the form ,§5§® sb(s*) (where s* is the coset of s) upon

'gﬁ/@s*®—5(s*)’ where B(s*) is the residue class of 5(s*) modulo A%, If €@,
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then w(u'ssz@§®sb(3*)) = w(é%?@ sh(z™ts™)) = u"w(szﬁ; 5&sb(s7)). which
proves that o is a homomorphism. Any element of L.(J[G/H]® A) is of the
form s%?@sb(s*) with b(s™)€ A%, and is therefore mapped upon 0 under w.
Conversely, if og(f@ sb(s™) 1s in the kernel of w, then B(s°)e A®, and our ele-
ment is the image ofs*ezglg‘*@s*b(s*) under L.. The isomorphism (8.1) is
thereby proved.

It is clear that L, is a monomorphism; thus we have an exact sequence

0-JLG/9] ® A2 L5 55 (JL6T 2 A) —> ZL6/91® (4/4%) —> 0.

Since Z[G/91® (A/A%) splits, we see that the mapping L} is an isomorphism
(8.2) Li: H'(G/9; J[G/9]1 AV =H'6/9 ; ag(JLGIS A)).

In particular, i; induces an isomorphism of R(&/9 ; J[G/91 K A®) with the
submodule N(G/9 ; ox(JIBIRA)) of WG ; JLTGI1R A). This submodule is
obviously the kernel of the restriction map 74 of 'H(G ; 4)=WG ; J[GI1 S A)
toc 'H(H ; A), and this proves the second assertion of theorem 8. 1.

THEOREM 8.2. Assume that "H(D ; A) ={0}. Then i, induces an isomor-
Phism of *H(S/9 ; A®) with the kernel of the restriction map:

741 *H(B ; A) - *H(H ; A).
Let #7, 2 be in J[G/9] and a= A®; then we may write
L,:(xi" C‘SUC;‘@CZ) =LJ[@J®.1(xf®L4(x§®a))-

To the mapping L., considered as a mapping of JL®/91® A? into (JIGI® A)2,
there corresponds a mapping x4 of ‘H(G/9 ; J[®/91® A®) into *H(G/9 ; (JIG]
® A)®), and it is clear that 24(&") = Lieesus£)). Since ‘H(H ; A) = {0}, we
have (JIGI® A= op(JLI®1 ® A); therefore, it follows from the isomorphisms
(8.2) that ua is an isomorphism. By theorem 8.1, applied to JIGI® A4, ligi0a
induces an isomorphism of ‘H(®/9 ; (J[®1® 4)%) with the kernel of the re-
striction map 7yes4 of “H(G ; JIGI®A) to H(H ; JIGI®A). We have
HG ; JIGI®A)=H(G ; A). To every normal mapping @ of FH[G] into
9] there is associated an isomorphism oF of H(H ; JIGI®A) with
H($ ; A), and it follows immediately from the definitions that (0% o 7,6.) ()
=74(y) if 7€'H(S ; JIGI®A)="H(S ; A); theorem 8.2 is thereby proved.
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Let £* be an element of ?H(®/9 ; A?) and let F’ be a functional repre-
sentative for 4*. Denote by = the mapping of & onto (6/9)? which assigns
to (s, ..., 3)EG? the element (s7,...,s;), where s is the coset of s
modulo §. Then the function F' o 7, defined by

(F¥ o z)(S1e v v vy Sp) = F(sF, v oy 53)
is a functional representative for 1,(¢*). For, it is clear that

L 3 F®...0si9F (s, ..., )

st o, €D

= > @531@ R (F*om)(st, oo, Sp)

S 5000y e
Using this fact, we establish immediately the following results:

TureoreM 8.8. Let § be a normal subgroup of & contained in . Denote
by 24(9) and 14R) the Lift mappings from H(S/D ; A% and HYG/® ; AT)
into HY® ; A) and by (D) the lift mabpping from H(G/9 ; A% into
H(G/R ; A®) (where §/9 is identified to (8/R)/(H/R)). Then we have A.(D)
=24(8) o 24(9).

THEOREM 8.4. Let ®' be a subgroup of & and O a normal subgroup of &
such that @9 =G6; set ' =G'NP. Denote by rs the restriction mapping from
HY® ; A) to HU® ; A), by 1, the lift mapping from HY(S/D ; A®) into
HY® ; A), by 2y the lift mapping from HN(G'/D' ; A®) into HY®' ; A). Iden-
tifying canonically /9 to ©'/9', denote by (& the mapping: H(S/9 ; A®)
= H(®9' ; A > HY(E'/D' ; AY) which corresponds to the identity map
¢: A% > A%, Then we have 740 da=1o ",

For, under our identification, the restriction to '? of the mapping = : G?
> (®/9)? introduced above is the mapping (s, . . ., sb) = (si*,. . ., sb¥), where
se@ (1<i<p) and si* is the coset of s modulo £’

TrEOREM 8.5. Let D be a normal subgroup of & and R a subgroup of & con-
taining ©. Denote by 7Y the restriction mapping from H(® ; A) to HY(R ; A),
by 792 the restriction mapping from HYG/D ; A®) to HO(R/9 ; A®), by 1S the
1ift mapping from H(®/9 ; AD) to HY(® ; A) and by 1% the lift mapping from
HE$/$ 5 A®) to HY(R ; A). Then we have 15 o 3% =% 0 1.

TuroreM 8.6, Let ¢ be a pairing of the G-modules A and B to the &-
module C, and let ¢° be the restriction of ¢ to A®xBY; this is a pairing of
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A® and B2 to C®. Then we have
(@) ey = ¢ (a2 ) Ras(r )
(£ e HYG/D ; AD), 7' H(®/9 ; B2)), where 14, 25, A are the lift mabpings.

THEOREM 8.7. Let f be a homomorphism of a &-module A into a G-module
B; then f determines a mapping fg of H(G ; A) into HYG ; B) and its
restriction to A® a mapping i of H(®/D 5 A) into H(G/9 : B®). We have
Foha & =2rfegn s Sor any £ €H B/ ; A), where s, 2 are the lift map-
pings.



§9. THE THEOREM OF TATE

Lemma 9.1. Let ® be a finite group and A a ®-module. Assume that
H(D ; A) ={0} for every subgroup © of ®. Then the conditions:

A H(® ; A)={0} for every subgroup 9 of G.
B. “IE(D ; A) =40} for every subgroup D of G.

are equivalent to each other.

We prove this by induction on the order [B] of @. There is nothing to
prove if [G]=1. Assume that [§]>1 and that the lemma is true for every
proper subgroup of . If condition A (respectively B) is satisfied for G,
then we have ‘H(®' ; A) ={0} (respectively: —‘H(® ; A)={0}) for every
proper subgroup ®' of ®. If the order of © is not a power of a prime, then
every Sylow subgroup of @ is =@, and it follows by the corollary to theorem
7.3 that H(® ; 4)="H(® ; A)={0}. Assume now that the order of @ is a
power of a prime. Then ® has a normal subgroup &= ® such that &/’ is
cyclic. Assume that condition A is satisfied; since ‘H(® ; A) ="H(®, 4) ={0},
it follows from theorem 8.1 that ‘H(®/®' ; A%) ={0). Since ®/G' is cyclic,
this implies that “H(8/G ; AY) = {0} (by theorem 6.3). Let a=A be such
that oga =0; then oy (oga)=0; since "H(G/G' ; AY) = 0, this implies that
s (a) is in the group spanned by the elements b — b, peAY, e : oy {a)
= ‘Zw_jl(b, — b)), e AY. But we have AY = oy A, and we may write b, = oy’ ¢1,

e A, whence ogla— S (¢, —1¢,))=0. Since TH(®' ; A)={0}, this implies
=1

that a*é(cl—-tc,) is in the group spanned by the elements &' —s'a/, dE A,
s'Ee@®'; it follows immediately that @ belongs to the group spanned by the ele-
ments a' —sa”, a'"€ A, s€®, whence "H(S ; A) ={0}. Assume conversely
that condition B is satisfied. We shall prove that “H(8/®' ; AY)={0}. Let
ac A% be such that og/ia=0. Since 'H(®' ; A)={0}, we may write a=ox'b,
b= A, and we have ogd = 0. Since “H(® ; A) ={0}, b is of the form %(c, —-S:C1)s

" r
aEA sEBG; thus a=oyb= ‘2 (ogrci— sioger).  Since age.e AY, it follows
=1

52
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immediately that TH(G/G' ; A%) ={0). Since /G is cyclic, we have
H(®/G ; AY) = {0}, and, since H(G' ; A) = {0}, we have 'H(® ; A) ={0} by
theorem &.1.

TuHEOREM 9.1. Let & be a finite group and A a G-module. Assume that,
for some integer d, “H(D ; A)=%""H( ; A) ={0} for every subgroup 9 of G.
Then H(S ; A) ={0}.

We prove by induction on [ that *"'H(H ; A) ={0} for every subgroup
of ® and I=0. This is true for /=0. Assume it 15 true for 0</<k, where
k=0. Then we have “"*H(9 ; A)=%"""H(9 ; A)={0}. If d+k=0, set
B=J::[GI1RQA ;if d+£k<0, set B=I-4+1.[613A. Then it follows from
what we have proved in §5 that, for every subgroup  of &. we have
drkrmpp(e 3 A)=""H(9 ; B) for every m. Thus we have "H($ ; B) = "H($ ; B)
={0}; it follows by lemma 9.1 that H($ ; B) ={0}, whence “*"'H(H ; A)
={0). Now we prove that “H(% ; A)={0}, for every /0. This is true for
[=0,1; assume that it 1s true for 0=l/=k, where k>0. If d—%k20, set
B=Ji1[C1RA; ifd—1<0,sel B=I-14-1,[B1&A. Then we have "H($ ; B)
='H($% ; B) ={0} for every subgroup $ of &, whence H(H ; B)={0} and
4-k=1pr($ ; A) ={0}. Theorem 9.1 is thereby proved.

THEOREM 9.2. Let & be a finite group and A a &-module. Assume that
the following conditions are satisfied: for every subgroup D of ®, we have
H(H ; A)={0} and *H(D ; A) is cyclic of the same order as 9. Then, for
any integer d, we have H(G ; A)="H(® ; Z). Moreover, if & is a generator
of *H(G ; A), then ¢~ M% «(¢(®&) induces an isomorphism of *°H(S ; Z)
with ?**H(G ; A).

Let B=/.[61®A; then, for any subgroup 9 of ®, we have “'H(9 ; B)
={0} and "H($ ; B) is cyclic of the same order as . Let b be an element
of B®=(>2(® ; A))® belonging to the class &. From a G-module F=Z[8]
+ B which is the direct sum of Z[®] and B; since beBS, Z(s+b) is a sub-
module of F. Set E= F/Z(s+5b). The canonical mapping of F onto E clearly
maps B isomorphically onto a submodule B' of E and Z[®] onto a submodule
Z'of E. We have E=B'+2Z', and Z'NB' is Zd', if ¢' is the image of s, whence
E/B'=]. This shows that we have an exact sequence
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0—> B-Ls E-55 JL®1—> 0.

We have ale+b) =g+ nh=(n—1)b (mod Z(¢+b)), where n is the order of
®. Let B be the class of &, in “H(® ; B), then f§((n—1)5:) =0; since nf,
=0, we have 7§(8) =0. Since 8 generates "H(® ; B), we have f&("H(G ; B))
={0}. Let $ be any subgroup of &, of index m; then Ru(r;(By)) = mp, is of
order n/m, which proves that 7z(8) is of order =0 (mod #/m). Since
"H(9 ; B) iscyclic of order n/m, it is generated by 7z(f). Since f(by) EoE,
it is clear that fg(72(80)) =0, whence fg("H(D ; B)) ={0}. On the other hand,
we have "H( ; JIGD ="H(H ; JLOD) ='H(H ; Z)={0}. Making use of the
exact sequence theorem, we conclude that "H(9 ; E) ={0} for every subgroup
$ of G.

Let & be the mapping H'(9 ; J[G1) -» H(H ; B) associated to the exact

sequence written above. Consider the exact sequence
.
wigr By L5 v im gy £S5 o ) L v B) L5 2 ()

We have just proved that “H(9 ; E)={0}; it follows that & induces an epi-
morphism of *'E(D ; J[&]) onto “'H(H ; B). The latter group is cyclic of the
same order [H] as . On the other hand, *H($ ; JLGD ="'H(H ; J[H])
="'H(9 ; Z), and the latter group is likewise cyclic of order [9]. It follows
that the epimorphism of “*H(9 ; JL®]) induced by & 15 actually an isomorphism,
and therefore that g”(*'H(E))={0}. Thus, f* induces an epimorphism of
*'H($ ; B). But the latter group is {0}. It follows that H($ ; E) ="'H(9 ; E)
={0}.

We conclude by theorem 9.1 that H'(@ ; E)={0} and therefore that § in-
duces an 1somorphism of #?H(® ; J[®]) with ?"9H(® ; B) for every p, q.
But we know that #9H(® ; JIG®1)=?""9H(G ; Z), whence ?'IH(®, Z)
=PI ; B)=?""9H(® ; A). This being true for every p=0, ¢=0, we
have “H(® ; A)= °H(S ; Z).

Consider now the digram

0—B-L £ & jre1—0

% T

0—Z—Z[6]—J[G]—0
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where the mappings are defined as follows: those of second Line are the map-
pings of the exact sequence 0 » Z —» Z[$1 ~ JLG1 > 0 which we have already
considered; we have #(1) = —2,; v is the mapping ‘nduced on ZL®] by the
canonical mapping F=Z[G1+B - E; w :s the dentily. We see immediately
that this diagram 1s commurauve. Let §' be the mapping: H'(J[61) - H'(Z)
induced by the second horizon.al line. Then we have 27 2 4'=4§ o w =3, which
shows that # is an isomorphism H(G ; Z) - H'(G ; B). On the other hand,
it follows immediately from the definition of x that z (%) = — M2 (12 5). If
¢e?IH(G ; Z) is the class of an element z& (7951(2))% = (»9m), then Mz, (¢

& R) istheclass of 2RBE S LS LA, Write =208 a aSA, €]
=1

then Mz, .({ &) is represented by }_i_.l‘(z %) & a, which is deduced from z
& by by a permutation automorphismt_ This proves the last assertion of theorem
9.2.

If & is a cyclic group of order , then the character group of /@' (ie. of )
is cyclic of order », which shows that *°H(® ; Z) is cyclic of order .

TueoREM 9.3. Let & be a cyclic group, and let & be a generator of
200(® ; Z). Then, for any G-module A, & ~ M%E 7(2R ) induces an isomor-
phism of P9H(A) with ***9H(A) (for any p20, ¢=0).

Since every subgroup $ of & is cyclic, **H($ ; Z) is cyclic of the same
order as 9; moreover, we have 'H($ ; Z)={0}. It follows that ¢ — ME (&
®&¢) induces an isomorphism of **H(Z) with **H(Z) (observe that M 2680
= M% 2(¢&¢:) by formula (5.1)). The latter group is cyclic of order z equal
to the order of ®. Let ¢/e%*H($ ; Z) be such that M% 26®¢) = is of order
n. We have M% 2(M% (68 )& ¢)) = M% 2(4®») (because H'(A) is an H'(Z)-
module), and & > M%2(£®») induces an isomorphism of DA A) with
pi2av2p AY (theorem 6.2). It follows immediately that & — M%,(684) is a
monomorphism. Let & be any element of 24972 (A); then we may write
ME (218 ¢) = ME 2(6©®») with some &7 H(A). Set &"=M% 2(68%) ~¢';
then M%L(2"®¢) =0; since MEALDC) =v, we have M%2(8"®») =0,

whence &" =0} this completes the proof of theorem 9.3.
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Let @ be a cychc group, and A a G-module. We know that I is isomorphic
with J; let Z be an isomorphism of I with J. If $p=0, g=0, there is an iso-
morphism Zp,q 0f? FR(A) = [ ® I [ ® A with 7T IH(A) = Jpu®J D ;@ A
which maps #®y®v®a upon u®L(Y)Qv®a if uEJpw, YEIL vEIL, aEA.
Then 73,0 6% is an isomorphism %, of #9H(A) with ?"*"H(A). Iffisa
homomorphism of A into a G-module B, then, clearly,

(10.1) o kpa=kpaf

We shall say that A is an Herbrand module if "H(A) and *H(A) are finite
groups (which implies that ?H(A) is finite for every p). If this is so, then
the quotient of the order of "H(A) by that of 'H(A) is called the Herbrand
quotient of A.

TreEorREM 10.1 Let A be a G-module and B a submodule of A. Assume
that A, B and A/B are Herbrand modules, and denote by Q(A), Q(B), Q(A/B)
their Herbrand quotients. Then we have

Q(A) =Q(B)Q(A/B).

The exact sequence 0 ~B -~ A > A/B~ 0 gives rise to an exact sequence

m(B) L oma) L oma/B) L mB) L5 mA) B> 1H(A/B)
o 2mBy L2 m ).

For each finite group H, we denote by [H] the order of H; we denote by F,
the order of the image group of f;. We then have

["H(AY]=FEF, ["H(A/B)]l=FF, ['H(B)]=F:F;, ['H(A)]=F\Fs,
ELH(A/B)]=F5F6, EZH(B>]=F(,F7.

On the other hand, it follows immediately from formula (10.1) above that
F; =F;. Thus we have

C'H(A)IC'H(B)I['H(A/B)] =["H(A/B)I['H(A)I*H(B)].
Since [’H(B)]=["H(R)], theorem 10.1 is proved.

56
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THEOREM 10.2. Let A be ¢ finite &-module. Then the Herbrand quotient
of A is 1.

We have a finite sequence {0} =A,CA,C...CAr=A of submodules of
A such that A./A,_; is an irreducible ®-module. Making use of theorem 10. 1,
we see that it suffices to consider the case where A itself 1s irreducible.  Since
A% s a submodule, we have either A%= 4 or A®={O}. If A@’:A, dA=A,
then we have nd = A, where # is the order of ®, and, for every ac A, there
is a unique @'€ A such that na’ = a, whence "H(A) ='H(A) ={0}. 1f A% =A,
oA = A, then 6A ={0} because sA is a G-module, whence H(A)= A, “H(A)=A
and therefore "H(A)= A. If A®={0}, then °H(A) ={0}; moreover, if s is a
generator of G, then the mapping @ » (1—s)a is a monomorphism, and there-
fore an epimorphism, since A is finite; it follows that 'H(A) ={0}, wherce
'H(A) ={0}.

LemMa 10.1. Let § be a cyclic group of prime order, and let V be a simple
representation space of @ over the field Q of rational numbers. Then V is iso-
morphic either to Q (considered as a G-module on which & operates trivially)

or to QR J.

If xis =0 in V, then V is spanned by the elements sx, s=®&. Let ¢ be
a generator of &. Then the polynomials PLX] in a letter X with coefficients
in Q such that P{t)+x =0 form an ideal %, which contains X? — 1. This ideal
is generated by a polynomial P, which divides X? —1. Were P, = P, P, reducible
(with P», P of degrees =0), then the set of y& V such that P(£)*y =0 would
be a subspace and a submodule of V, different from V (since Pe=EP) and from
{0} (because it would contain Py(#)x); this is impossible, which shows that
P, is irreducible. Now, the only irreducible factors of X?—1 in QLX1 are
X-1land 1+X+...+X*" If Pi=k(X~1), then sx=x, V=Q. If not,
then x, &%, . . ., t?7%x form a base of V, and V=Q®J since ox =0.

TaeoreM 10.8. Let G be a cyclic groud of prime ovder b, and let A be a
finitely generated &-module. Let « be the rank of A as an additive group, and
B that of AS. Then the Herbrand quotient of A is p@*~*/%™Y,

Set V=Q®A; then V is a finite dimensional representation space of ®
over Q. Since every representation of & over Q is semi-simple, it follows from
lemma 10.1 that V=Ui+ -« +Up+ Wi+ - - - + W (direct), where each T/
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is =Q, while each W, is =Q®&J. Every element of V is of the form ¢&a.
qEQ, a=A. 1t follows that we may take elements %, . - ., %, Wi, - « ., W,
of A such that {u} is a base of U, (1£i<k), and, for each j</ (w,, tw,
..., t?%w,) is a base of W, (where ¢ is a generator of §). We have u,EA@’,
wiE Ag. Let B be the submodule of A spanned by #i, . .., #r and C, the
submodule spanned by the t'w, (0gh<p~—2, 1=j=<l). For any Herbrand
module M, we denote by @(M) ithe Herbrand quotient of M. We have B® =B,
6B =B, By ={0}; it follows that "H(B) is of order $*, and that ~“H(B) ='H(B)
= {0}, whence Q(B) =p". We have C®={0}, whence "H(C) = {0}. It is clear
that C,=] under a mapping which assigns § to sw, (for s&€®). Then T'H(C,)
=~ "'H(J)="H(Z), which shows that “*H(C,) is of order #; and that "IH(J};:C,)

1
is of order . Thus we have Q(Z} C,)=p" and
=

1
QB+3C)) =p*

Now. for every a&E 4, there 1s a »>0 such that va=B -+ ‘}j C;. For, we have
1®a E;: U+ ,2:}1 W;, which shows that there is an integer »;>>0 such that
1®ma=1Rd, acB+ JE;C,. Since 1& (ria—a') =0, via — a' is of finite order,
which proves our assertion. Since A is finitely generated, A/(B +jZZLC;) is finite,

and it follows from theorem 10.1, 10.2 that

Q(4) =Q(B+;;c,> = pht,

On the other hand, it is clear that a =%+ (p—1)I. Since QR A®CU, + - - -
+ O, BCA@’, we have f=~Fk. Theorem 10.3 is thereby proved.
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Le. K be a field which is algebraic of finite degree over the field of p-adic
numbers, for some prime p, and let L/XK be a normal extension of finite degree,
of group ®. We denote by L the group of elements %0 of L, which we con-
sider as a &-module, and by U the group of units of Z.

Let ¥ - lz]l be a valuation of L which extends the p-adic valuation of the
field of rational numbers. There is a number « >0 such that the condition
lx)l < a implies the convergence in L of the series V(n 7%”  For, let »(n)
be the exponent of  in the prime factor decomposltur;n[J of nl, and let a=|p|™";

then (n!) 4”2 a"™"a”. Now, an elementary computation gives

v(n) = z[pk] Sh -5

It will therefore be suﬁcient to take « so that '@’ ? ™'« <1. Having thus selected
@, we set expx = E(n 7'x™ (for lxl<a), and we denote by M the additive

group of all ¥ such that lell<ea. It is clear that «<1; the elements of M are
therefore integers. Let x, ¥y be in M ; then
= =z 1yl ﬂ! kI
exp (x+3) %(n.) L%,,“k! T Y.
The series EZ(k‘)’l(Z')’l ky is convergent, because (k1)71(71)7 s
to 0 as (&, l) tends to (o, w). It follows that

y tends

exp (x +y) = (exp x)(exp y).
The mapping x -> exp % is therefore a homomorphism M - L* 1t is clear that
exp (sx) =sexpx (s€B6).

We shall prove that exp M is a subgroup of finite index of U. If x| =«, then
lx"l <% for »>1, whence [|(exp ») — 1]} =|lx[| <1, which proves that exp MCU.

Let ar=a>as>+**>an> - be the values %0 and =« taken by the
function x — ||xl, and let U, be the group of elements #€U such that
Nu—1lEan. If u€Un, then u=exp(u—1) (mod Up+:); it follows that
Unii(exp M) DUy, and therefore, by induction, that U= Us+i(exp M) for every
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n. This means that exp M is dense in U;. On the other hand, it is clear that
% -~ expx is a continuous homomorphism; since M is a compact additive group,
exp M is compact and therefore closed, whence Ui = exp M.

By the theorem of the normal base, there is an xE L such that the trans-
forms of x; by the operations of & form a base of L/K; and we may obviously
assume that %M. Let o be the ring of integers of K; set M’=q§@o(sxo).
Then M’ is a submodule of M. Moreover, M/M' is finite. In fact, it is well
known that M, which is an ideal in the ring O of integers of L, is a finitely
generated o-module. Let M=o0x+ ...+0%s, x,EM; since the elements s:x
from a base of L over K, there is a »=0 in o such that vx.EM' (1£i<h),
whence »M CM'. On the other hand, »M is an ideal in £, which shows that
©/vM, and therefore also M/vM, is finite. It follows that /M’ is finite, and
the same is true of (exp M)/(exp M'). Now, it is clear that M’ splits as a G-

module; the same is therefore true of exp M’. Thus we have proved:

Lemma 11.1. There is a submodule V of the group U of units in L which
is of finite index in U and which splits as a G-module.

Now we prove:

TuEOREM 11.1. The notation being as above, assume furthermore that &
is cycliz. Then "H(® ; L*) is of the same order as . If L/K is not ramified,
then H' (G ; U) ={0}, ¢if U is the group of units of L.

By Hilbert's theorem 90, we have —H(L’) = {0}, whence *H(L') ={0}. Let
V be a submodule of U with the property stated in Lemma 11.1. Then we
bhave H'(V) = {0}, and the exact sequence 0 - V - L* - L*/V - 0 gives rise
to isomorphisms "H(L*) ='H(L*/V), {0} =""H(L*)="*H(L'/V). 'The group
U/V is finite, and (L*/V)/(U/V)=L*/U. 1If z is an element of L of order 1
for the place of L, then every element of L* is uniquely representable in the
form ="u, = U: it follows that L*/IU=Z. Since U/V is finite, it follows im-
mediately that L*/V is an Herbrand module and has the same Herbrand quotient
as Z. Since "H(Z)=Z/nZ, ~'H(Z)={0} (where n is the order of §), the
Herbrand quotient of L*/V is #. Since “H(L*/ V) ={0}, we see that *H(L*/ V)
is of order »; and °H(L*) is of order ». Now, assume that L/K is not rami-
fied. Then we have ‘H(U)=1{0}. For, let z be an element of ¥ such that
Nygu=1. Then we may write #= 5" where s is a generator of @ and y&L*.
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Since L/K is not ramified, there is a 7&K which is of order 1 at the place of
L; we may write y=r"0, vel, kEZ, whence u=9"°, which proves that
T'H(U) = {0}. The Herbrand quotient of U being 1, we have also "H(U) = {0},
whence H'(U) = {0}.

THEOREM 11.2. The notation being as above, the order of *H(G® ; L) divides
[L:K].

We proceed by induction on [Z : KJ. The theorem being obvious if
[L : K]=1, assume that it is true for all extensions of degrees <[L : K1 It
is well known that @ is solvable; thus L contains an overfield L' of K such
that L'/K is cyclic of prime degree. Let $ be the Galois group of L/L’. Since
'H($ ; L*) ={0}, the kernel of the restriction mapping from 2H(® ; L*) to
*H(® ; L") is isomorphic to *H(®/9 ; L'") (theorem 8.2). The order of
*H($ ; L™) divides [L : L'] by the inductive assumption. Since G/9 is cyclic,
*H(G/9 ; L'*) is isomorphic to "H(G/9 ; L'*) (theorem 6.3) which is of order
[Z': K] by theorem 11.1. It follows that 2H(® ; L*) has an order which di-
vides [L : LJ[L' : K]=[L : K.

Now, let Mx be the set M(o; this is clearly an ideal in o, whose image
under the mapping x - expx is a subgroup Vx of the group of units Ux of K.
It is clear that Vx = VK is of finite index in Uz. Let g be any prime number,
and I a cyclic group of order ¢ which we consider as operating trivially on
the various groups under consideration. The group “H{(I ; Mx) is Mx/qMz.
and therefore isomorphic to o/gs. If w is the normalized valuation which
defines the place of K, then o/go is of order w(g)™*. The group ~‘H(I"; Mx)
is {0} because Mx has no element =0 of finite order. Thus, Mg is an Herbrand
module for I, whose Herbrand quotient is w(g)™". Since Uz/Vx is finite, and
K*Ug=Z, K*/Vx is an Herbrand module for I, whose Herbrand quotient is
the same as that of Z, namely g. We conclude that K™ is an Herbrand module
for I, with qw(g)™" as its Herbrand quotient. We have "H(I" ; K*) = K*/(K™)%,
while “H(I, K*) is the group of elements of order g, ie. of g-th roots of unity
in K*. Thus we have proved

TueoreM 11.3. Let X be a finite algebraic extension of the field of p-adic
numbers, p being a prime, and let q be any prime. Let K* be the multiplicative
group of numbers %0 in K, and (K*)? the group of q-th powers of K*. Then
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K¥/(K*) is a finite groud; denoting by w the normalized valuation which de-
Sfines the place of K, K*'/(K")? is of order dw(q)™" or qw(q)™" according as to
whether K contains a primitive q-th root of unily or not.

CororLarY. The group (K*)? is open in the topology of K.

For we know that Uy, the group of umts of K*, is compact and open.
Since x - x? is a continuous mapping, U¥ is compact, and therefore closed.
But we have Uf=UxN(K*); since (K*)? is of finite index in K, U{ is of
finite index in Uz, and therefore open, which proves the corollary.



§12. COHOMOLOGY IN THE IDELE GROUP

Let K be a field of algebraic numbers of finite degree, and let L/K be a
finite normal extension of K, of Galois group &. Let J; be the group of idéles
of L, which has a structure of G-module.

TueoreM 12.1. Let p be a place of K, and let J} be the group of idéles of
L whose components at all places mot above p are 1. Let B be a place of L
above p, and S(B) its decomposition group. Denote by Ly the B-adic completion
of L and by L;B the group of numbers =0 in Ly, which is a &(P)-module.
Then " H(G ; J2) =2 H(G(D) ; Ly) for any p=0, q=0. Let UYL be the group
of idéles in JL whose components at all Dplaces above p are units; if p is not
ramified in L, then " H(® ; U%) ={0}.

Let P=%Py, ..., Bm be the distinct places of L above p; if 1<i=<m, let
Jz be the group of idéles whose components at all places =%, are 1. Then, if
we write J; additively, J3 =§:’§ J: (direct). We may select representatives s;
for the cosets s, 8(P) of G mgdule G(P) insuch a way that s, Jr=J% (1=i=m),

and s;=e. Set M=H®J;; then B(J7) =le,M (direct). Let ¢ be the map-

ping of M into F.(J%) defined by ¢(u) =;:s,pz (nEM). We have ]IL’-‘_—'LsE, and
we may consider M as a @(P)-module. Let s be in @, and ss; = Suu,54(S),
t(s)E®(P); then ¢ - w(z; s) is a permutation of {1, ..., m}, and we have
s-és,m = ésmz's) t(s)m (wEM, 1<i<m). Thus, ?1‘__.;3,#, belongs to (-%’—(]’L’))@'
if and only if stwe.sy=5(s)w for all sE® and 1=2i<m. We have &(1,s) =1,
ti(s,) =e, whence =y, If t€G(P), then #1(#) =%, whence fu; = z;, whence
we MO® ﬁ s =¢(u). Conversely, we see immediately that, if p& MO®)
then ¢(u)E (EL(]’Z))@, thus 9’ induces an isomorphism of M@““B’ with (&%) )(5

If p=M, then ¢logmpu) = 2 Z szt,u ogup. Conversely, if Es, u, is any ele-

ment of E(J1) (weEM, 1éz§m), then 0@(2){51#1) =§dﬂz=¢(d®<$)’§1ﬂ: >

whence ¢(oge,M) =0 B (J2). It follows that N(S(B) ; M)=H'(G ; JI). But

N(G(P), M) is isemorphic to H'(G(P) ; Ly) by theorem 7.2, which proves the

first assertion. Let Ui be the group of units of Ly, and Ulg the image of Up
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in H®Ji. Then ?((U,’B)@(EBJ) = (5.(® ; UD)®, and we know that H'(G(B) ; Us)
= {0} (theorem 11.1). Theorem 12.1 is thereby proved.

THEOREM 12.2. Denote by A, the homomorphism of Jr onto J2 which as-
signs to every idele a the ldéle whose B-component is the same as that of a if
B is above p, 1 in the opposite case. Let }.pL be the corresponding mapping of
H(® ; o) into H'(S ; J2). In order for an element EEH'(® ; Jo) to be 0,
it s mecessary and sufficient that 25 (£) =0 for every place p of K.

The condition is cbviously necessary. Assume that it is satisfied. \ife may
obviously assume that §=?9H(® ; J1) for some p=0, ¢=0. Let u= %zv,@ a
be a representative for & in »9E & [, the w’s forming a base of the additive
group »7H and the o’s being ideles. Let E be a finite set of places of L con-
taining all places ramified with respect to K and such that, for any place %
not in E, the P-components of all ideles o, (1 £5£2) be units. Let Ex be the
set of placis of K below places in E. Then, if peEFEx, iE follows {rom theorem

12.1 that glw,c@zp(a,) may be written in the form a@(zltw,®bf), with YU
= 1= N
If pE Ex, then it follows from the assumption that 13(£) =0 that };ﬂ)z@lp(at)
i

=0'@('2:.Wz®b;p), Wej?. Since We U if pdeEx, there exists, for each 7, an
idele b, such that Ap(b) =I)§D for every place p of XK. It is then clear that
U= Gg(ng ®%5,), which proves the theorem.

Let a be an idéle of K, and let p be a place of K.

We shall say that a is a local norm from L at p if, P being any place of L
above p, the p-component ay of a at p is the norm from Ly to Ky of some ele-
ment of Ly (if this condition is satisfied for some P above p, then it is clearly
satisfied for any other). As a special case of theorem 12.2, we obtain, making
use of theorem 12.1, the following

TueoreM 12.3. In order for an idéle a of K to be the norm (from L to K)
of an idele of L, it is sufficient that a be local norm from L ai every place p
of K.

Moreover, a will certainly be local norm at b in either one of the following
two cases: a) p is not ramified in L and 0y is a unit of the completion Kj of
K ; b) p splits completely in L (i.e. the decomposition group of any place of L
above p reduces to {e}).
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TueorFM 12.4. Let p, q be integers =0; then »9H(S ; J.) is isomorphic
to the direct sum %”’”H(@S s J2), extended to all places of K. Let E be a set
of places of L containing all places ramified with respect to K and all infinite
Dlaces and moreover with the condition that E°=E for every s€G, and Ex the
set of places of K below places of E. Denote by JE the group of idéles of L
whose components at all places not wn E are units. Then »°H\G ; J5) 15 150-
morphic to the direct sum >, ?9H(E ; JP).

PEFR

Using the same notation as in the proof of theorem 12.2, we observe that,
for any 7€ 7H(J.), we have 2;(7) =0 for almost all places p of K. For, repre-
sent 7 by an element éw,@ G, G€J;.  Then there is a finite set F of places
of L which contains all places ramified with respect to K and is such that, for
each D not in F, the Q-components of ¢, . . ., ¢ are units. If q is a place of
K not below a place of F, then H'(® ; UI)={(0}, and conversely, 15(z)=0.
It follows that the formula A(;)=115(») defines an additive mapping of
29E(® ; Jo) into Epp"’H(@ s ). Thispmapping is 2 monomorphism by theorem
12.2. Let %Cp be any element of %‘b"’ﬂ(@ ; J).  For each p select a repre-

sentative vp=§w, ®3® of & in (*H®J1®; then we may assume that 3%
=1 (1=i=h) for almost all p, since ¢;=0 for almost all p (it should be re-
membered that 1 becomes 0 if we write J% additively !). It follows that there
exist ideles 3 such that Ap(3) =4 for all p; it is clear that 2 »?H®3 is in
(8(N® and represents a class & such that 23(&) =¢p for 2ll p, which proves
that 4 is an isomorphism. Let 3™ be the mapping #?H(@ ; JI) » »H(S ; J})
induced by Ap, and let A’ be the mapping 7' "E,fg*(”’) of »H(® ; Ji) into

the direct sum pé_y”qﬂ(@ ; JB). Assume first that 4'(y)) =0. If v'=%w,®c{,
GeJI is a representative of 7', then, for peEE, éw,@)/lp(cﬁ) is of the form
o(éw,@ﬂf}, with w’e U?, in virtue of theorem 12.1. If p&E, then ?Z_Ew,@lp(cf)
=a(‘§h}lw,®uf), with v’eJi, since 45*(3') =0. There are idé¢les 1, such that

L3 R
dp(1) =u? for all p, and these idéles are in JI; we have gw;ébcf == a(lE_‘l,w.(&m),
whence 7' =0, and A’ is a monomorphism. We see immediately that it is also

an epimorphism, which proves the second assertion of theorem 12.4.
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CorOLLARY. The notation being as in theorem 12.4, we have 'H(G ; Ji)
='H(® ; J.) ={0}.

In fact, *H(® ; J2)="H(B(P), L§) if B is a place above p. Our assertior
therefore follows from corollary 2 to theorem 6.1.



$13. THE FIRST INEQUALITY

TueoreM 13.1. Let K be a field of algebraic numbers of finite degree and
L/K a cyclic extension of K of prime degree D, of Galots groud G. Let §; be
the group of idéle classes of L, considered as a G-module. Then G is an

Herbrand module, whose quotient of Herbrand is b.

Let E be a finite set of places of L which satisfies the following conditions:
a) E contains all infinite places and all places which are ramified with respect
to K: b) every idele class of L and K contains an idéle whose components at
all places not in E are units. c) E°=E for every s&6. Let P be the group
of principal idéles and P.=JINP.. Then we have

1=Ji/ PL.

We shall denote by NV the number of places in E and by # the number of
places of K below the places of E. Above a place of K, there lies either 1 or
D places of L; let m be the number of places of X above which there lies
exactly one place of F; then N=mn+p(n—n;). We use the notation of the
last section. If p is a place of K above which lie p distinct places of L, then,
clearly, °H(J2) = {0} (by theorem 12.1). If p is a finite place of X above which
there lies only one place of L, then it follows from theorems 11.1 and 12.1 that
°H(J2) is of order . The same is true if p is infinite instead of being finite.
For, we must then have p=2, p is real and the place P of L above p is im-
aginary. The field Ky is the field of real numbers, while Ly is the field of
complex numbers, and only the real numbers >0 are norms (from Lg to Kp)
of complex numbers =2 0. making use of the scholium to theorem 12.3, we see
that *H(JI) is a finite group of order »™. On the other hand, we have H(JL)
={0} (corollary to theorem 12.4).

We know that the group P is a finitely generated group of rank N—~1.
Let Px be the group of principal idéles of K, and PE=PiN\Pxr=(PL )®; then
we know that PE is a finitely generated group of rank z#-—1. Therefore, it
follows from theorem 10.3 that PZ is an Herbrand module, whose Herbrand

quotient is pP*HTFNIGTY < I,
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We have “H(PI)={0}. For, let ¥ P be such that Nyxx=1. Then we
may write x =»'"%, y&L", where s is a generator of §. Let ¢ be the canonical
isomorphism of Jg with JS. If ¥ is a place of L not in E, then the order of
sy at P is the same as that of y, since ' *€PL. It follows that the orders of
v at all places conjugate of P with respect to K are equal. On the other hand,
B is not ramified with respect to X from which it follows that there is an idéle
#E Jx such that «(u) is of order 1 at P; we may furthermore assume that the
components of # at all places of K not below P are 1. We conclude easily that
y=1t(v)v', where v is an idéle of K and v'€J.. We may write v =zv:, zE P4,
v.€Jk, whence y = zv", v € J%. It follows that v"€JINP,= P and x= (v'")*™,
which proves our assertion.

It follows that °H(PE) is of order p™*. To the isomorphism €=J./P],

there corresponds an exact sequence
“H(JL) > T*H(G) > "H(PL) ~» ‘H(JL) » "H(€) - 'H(PI);

it follows immediately that —H(€) and °H(G) are finite groups. By theorem
10.1, the Herbrand quotient of € is
Pr/pnt=p,

CorROLLARY 1. The group °H(Q) is of order =0 (mod p), and is of order
P if and only if “H(G) = {0).

COROLLARY 2. There are infinitely many places of K which do not split
in L.

Assume the contrary, and let F be the set of places of K which do not
split in L. Let % be any idele class of K, and a an idéle in W. If pEF, then
K is everywhere dense in its p-adic completion Kp. Since (K{,P )? is open in
Ky (corollary to theorem 11.3), there is a number xy=0 in K such that xp'ap
€ (Ky)2.

Morover, #p(K§)? being a neighbourhood of xp in Ky, it follows from the
theorem of independence of valuations that there is a number x%0 in K such
that ™ xy& (Ky)? for all pEF. Set b=x""a; then b belongs to %. For each
PEF, by is a local norm from L because bp& (K5)?; if q is a place of K not
in F, then bq is a local norm of L because ¢ splits in L. It follows that bE NyxJ:
(theorem 12.8), whence A& NyxC; and NyxCy =Gz, in contradiction with the
fact that *H(® ; 6;) is of order =0 (mod 2).
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Let X be a field of algebraic numbers of finite degree, and let L/K be a
cyclic extension of prime degree p, of group ©. Then we propose to prove that
"H(® ; €;) is of order exactly p. However, for technical reasons, we shall have
to assume that K contains a primitive p-th root of umty. The group "H(® ; G.)
is €x/Nnx€.; we know already that its order is =0 {(mod p) (corollary 1 to
theorem 18.1); it will therefore be sufficient to show that Npx€p is of index

£p in €x. Since L/K is cyclic of degree p, we may write
L= K(xi?),

where %, is a number %0 in K We denote by E a finite set of places of K
which satisfies the following conditions:

a) E contains all infinite places of K and all places of K above the prime
number p.

b) for any place p not in E, x is a unit in K, (the p-adic completion of K):

c) any class of idéles in X is represented by an idedle in JE (where JE s
the group of ideles a such that, for each place p not in E, the p-component of
a is a unit in Kjy).

It is clear that there exist set E with these properties. We denote by Pk
the group of numbers %0 in X, and we set Pf=P:NJE. 1If p is a place of K
not in E, then p is not ramified in K(x'?). For, if x is not a p-th power in K.
then the different of x"? with respect to K is 2?7, and is a unit, because x
is a unit in Ky by assumption, and p is a unit in K}, by condition a) above.
Since x,& PL, it follows that no place outside E is ramified in L.

Moreover, if x€Px and if p is a place not in E, then every unit in Ky is
the norm from Ky(x?) to Kp of a unit of Kp(x"?) (by theorem 11.1). It fol-
lows immediately that the group Ux of idéles of K whose components at all
places in E are 1 while their components at any place peEE are units of Kp is
contained in NyxJ:z. It is clear that the group J2 of p-th powers of ideles of
K is contained in NyxJ:- Finally, let § be a finite place of K not in E which
splits in L (i.e. there are p distinct places of L above 1). If 1 is an idéle whose:
g-component is of order 1 while its other components are 1, then 8q& Nyzjs.
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We shall denote by & the subgroup of €x generated by the classes of idéles
belonging to Ux or to J£, and by ¥ the group generated by €& and by the classes
of the ideles g defined above, for all finite places q which split in L.  Then
FC NyxGy, and we shall prove that ¥ is of index £p in €.

We shall compute the order of €. In order to do this, we shall first esti-
mate the c.>rder of the group JE/JEN(JE-UD =JL/(JPUL. 1t a€Jx, let ¢(a)
be the element of the group ITper Kj whose coordinates are the components of
a at the places pEE.  Then ¢ is an epimorphism of kernel U7, and ¢((J£)? U{)
= Ilper (K3)?, whence

Je/(JE)YP Ug= HperKg/(KS")p.

If p is finite, then we know that Kj/(Ky)? is of order p*lply", where lply is
the value at p of the normalized valuation attached to p. Let Q be the field
of rationals, and = the degree of K/Q. Since all places above p are in E, we

have

Tper, prmee 12157 = | Nuj@pl = 2",

If p is infinite, then [Ky : (X3)?1is 1 if p is imaginary. Now, b can only be
real if p=2, since K contains a primitive p-th root of unity; if p is real,
[K}y : (Ky)1=2. Let N be the number of all places in E and 7 the number
of real infinite places of K. Then the number of finite places in E is N—7

- %—(n —7), and we have

LJE : GDPUE]= """ gy = ",

Every idele class is represented by an idéle in J¥ (by ¢) above), and € is the
group of classes represented by elements of (JE)?UZL; for, since Jx = PeJi, we
have JEUCPx(JE)?UE. If an idéle a=JE represents a class belonging to G,
then there is an o’& (J£)? UE such that a = xa/, & Pg; but x = aa'™" then belongs
to Pk. Every element of (P£)? belongs to (JE)PUE; let

8=[PzN(JeP Uz : (PR’

‘Then the number of cosets of J% represented by elements of Pz is
d7'[Pg : (PE)?]. Now, Pg is of rank N—1; it is the product of a free abelian
group of rank N—1 by a finite group F consisting of all roots of unity in K.
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Thus, F 1s cyclic of order =0 (mod ), whence [ P; . (P{)?]=5" and
[6y : @:1:?2\(5—1?\)—1:0\?\.

We shall prove in a moment that § = 1.

Let T be the field obtained by adjunction to K of the p-th roots of all ele-
ments in P{. Then we know that LC T, that no place of K outside E is rami-
fied in T and that [T . K1=[Pf : (Pf)?1=5"; moreover, the Galois group of
T/K is of type (p, ..., p).

The Galois group of T/K is generated by N elements s;, . .., sy of order
? and we may assume that the Galois group of T/L is generated by s, ...,
sv-1; let T, be the field of fixed elements of s; (1<i</N). Then we have K C T
and T/T, is cyclic of degree p. It follows from corollary 2 to theorem 13.1 that
there exists for each 7 a place L, of 7, which does not split in T and such that
the place g, of K below L, is not in E. We shall prove that, if Z/K is a cyclic
extension of degree p such that the places of E all split in Z, then it is impossi-
ble that the places of K ramified in Z should occur only among g, . . ., 0.
Assume the contrary. Let V; be the group of units in the g,-adic completion of
K. For every x=P], denote by w(x) the residue class of the element x& V,
modulo V%, and by u(x) the element (ui(%), . . ., uv(x)) of the group ‘ITIIV,/ V2.
If u(x) =1, then x is a p-th power in each one of the fields Kgy,, which mean
that i, ..., qy all split in K(x*?). But the decomposition group of ¢ in T
contains s, and is cyclic, because ¢;, not being in E, is not ramified in 7. This
group is therefore generated by s;, and the decomposition field of g, in T is 7.
Since g, splits in K(x"?), we have K(x"?)CT, (1€i<N). Since si, ..., sy
generate the Galois group of 7/K, this implies that K(x'?) = K, ie. x&(PL)?.
The index of (PI)? in PE being p”, we see that u(PF) is a group of order p.
On the other hand, since g, is not above p, [Kgq; : Ka?1=p" by theorem 11.3.
We have obviously [K¢q; : V.(K{)?1=p; it follows that Vi(K&)?/(K§)? is a
group of order p. This group is isomorphic to V;/V.N(K)? = Vi/V?, which
proves that [V; : V?1=5 and that ﬁ[ﬁ : V21=5". Thus, u(PE) =f{ v,/ V2.
Now, let 2% be any ideéle class of K; then % may be represented by an ideéle
me JE  Let @ be the residue class modulo V? of the grcomponent of a;
(1£i=N); then there is an x& P£ such that u,(x) =1" (1£i<N). We have
a=x"'meY and a,€ V? (1=i<N). If pEE, then a is local norm at p from
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Z because p splits in Z. If q is a place of K not in E but distinct from qi, . . .,
gy, then a is local norm from Z at q because aq is a unit and q is not ramified
in Z. TFinally, a is a local norm of Z at ¢, because ag, € V2. It follows from
theorem 12.3 that a& NyzxJz, whence YE N xC; and Cx=N,x€z. But we
know that Nyzjs @ is of index =0 (mod p) in €x (corollary 1 to theorem 13.1);
we have therefore arrived at an impossibility.

Let u, be an idéle of K whose g,-component is of order 1 at ¢, but whose
other components are all 1, and let U, be the idele class of u. We shall prove
that the condition

N

NnuYe€ (e(Hez)

1=1

implies e(Z) =0 (mod p) (1=i<N). In fact, assuming this condition satisfied,
we have

N
TIué® = 2029 z2E Py, a€Jx, bEUx.

2=1

Let Z=K(2"?). If pEE, then we have z= (a;")?&(K3)?, which shows that p
splits in Z. If qé=E, qd, . . ., Gy, then we have z=(az")?b7%, and K;(z"?)
= K4(b{?). But b is a unit in Ky; since q is not above p, we conclude that
Ky(2'?) is not ramified over Kj, i.e. that q is not ramified in Z. By the result
derived above, we have Z= K, and z is a p-th power in K. But the order of z
at g, is clearly =e(i) (mod p); it follows that e(Z) =0 (mod p), which proves
our assertion. Moreover, the argument actually shows that the condition
2& (Jx)? Uk implies that z is a p-th power. This means that the number &
introduced above is 1, and that

(14.1) [6r : @]=1>N“

Now, if 1£N—1, then LCT, and ¢, splits in L, whence W, & NyxC,. It
follows from our result that the group €' generated by €, 1, . . ., Uy-1 contains
€ as a subgroup of index p" L Thus, [6x : Nyx€;], which divides [€x : €'],
is =£p, and our assertion is established.

TueoreM 14.1. Let L/K be any normal extension of finite degree of the

field K of algebraic numbers, and let ® be the Galois group of L/K. Then we
have ‘H(G ; €) ={0).
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We proceed by induction on the degree # of L /K. If n=1, the statement
is obvious. Assume thai %>>1 and that the theorem is true for all extensions of
degree <z. If ® is not of prime power order, then we have ‘H($ ; €;) = {0}
for every Sylow subgroup ® of &, and our assertion follows from the coroliary
to theorem 7.3. If @ is of prime power order. then it has a normal subgroup
9 of prime index p, and it follows that 'H(® ; €)= H(G;9 ; (€.)9) (theorem
8.1). If Mis the field of invariants of 9, then (6;)2=6y. and M/K is of prime
degree . If p<n, then ‘H(G/D ; (6,)) = {0}, ard our assertion is true. As-
sume now that m=2p; denote by KXK' and L' the fields obtained from X, L by
adjunction of the p-th roots of unity, by @’ the Galois group of L'/K' and by
& that of L'/K. We have just proved that ‘H(®'; €) is of order <p; by
corollary 1 to theorem 13.1, this implies that 'H(®'; €..) = {0}, and therefore, by
theorem 8.1, that 'H(® ; 6.) = H(R/G'; 1.), where §/&' is identified to the
Galois group of K'/K. Now,[K': K] divides p —1; it follows that "H(&/6' ; Cx))
= {0} by our inductive assumption; thus we have H(® ; 6,) ={0}. The group
© is isomorphic to &/8, where € is the Galois group of L'/L; therefore it fol-
lows from theorem 8.1, that ‘H(® ; €;) = {0}.

THEOREM 14.2. Let L/K be any finite normal extension of the field K of
algebraic numbers and § its Galois group. Then the order of *H(S ; §;) divides
the degree [L : K] of L/K.

We proceed by induction on [L : K]1=n. The theorem is obvious if n=1.
Assume that #>1 and that the theorem is true for all extensions of degrees
<n. Assume first that # is not a prime power. Let p be any prime divisor of
nand § a Sylow subgroup of & whose order is a power of p. Let 2Hy(® ; 62)
be the group of elements of *H(® ; €.) whose orders are powers of . Then
the restriction map 7 of *H(® ; 6;) to *H(H ; €) maps *Hp(® ; €,) mono-
morphically. For, let 7, be the contribution of # to p. If & belongs to the
kernel of 7, then we have (n/n,)& =0 (theorem 8.1). But 2/, is prime to p;
thus, if £&°H,(® : §;), the condition (n/n,)¢=0 implies £=0. We conclude
that H,(® ; €;) is of an order which divides #,. This being true for any
prime divisor of #, it is clear that the order of *H(® ; €) divides n. Now as-
sume that » is a power of a prime . Then & has a normal subgroup $ of
index p, and the order of (H(9 ; G.) divides #/p by the inductive assumption.
‘On the other hand, since ‘H(® ; €;) ={0} (theorem 14.1), the kernel of the
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restriction map of *H(® ; €.) to *H(9 ; €;) is isomorphic to *H(G/H ; (6,)?)
="H(®/9 ; Gu), if M is the field of invariants of . But /9 is cyclic; it
follows that *H(G/9 ; ) = "H(G/D ; C€n). Since “H(G/H 5 6) = 'H(G/9H ; €y)
={0} (theorem 14.1), it follows from corollary 1 to theorem 18.1 that
*H(G/D ; Gu) is of order . We conclude that the order of *H(G ; 6.) divides
% *p=mn.
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Let K be a field of algebraic numbers of finite degree, and let L/K be a
finite normal extension of K whose Galois group we denote by &. Then we
have associated to every character X of the group ® an element ¢(¥) of *H(Z)
(cf. §6). This element is defined as follows. For each s&@, let X(s) be a
real number whose residue class (mod Z) is Z(s); set

cx(s, t) = 1o(sT) = Zo(s™H = L B)EZ;

then £(X) is represented by the element

S els, )5S TE LG

s tE@

Now, let % be any element of €x. We have "H(G ; €1) =Cx/NyxCr; let
a be the class of ¥ module Nyx€;. We set

U, 2> =M§, 2(aQC()EHG ; €x)

Then we have obviously,

(15.1) AU, > =<W, 1>+<U, 1> (U, W ECK)
(15.2) UL +7>=KWL, >+, 2> (X X'&Char G).

Let  be a subgroup of &; we shall denote by rg the restriction map
relative to this subgroup . On the other hand, the restriction to  of a charac-
ter ¥ of @ is a character of 9, which we shall denote by rgZ. We shall prove

the formula
(15.3) LA, 7o X > = 7o U, 1.

The notation being as above, ¥ is a representative of the element rga
e H( ; 6;). Taking formula (7.1) into account, we see that it will be suf-
ficient to prove that rg¢(¥) =¢(rgX). Let 0 be a normal mapping of H[G]
into ELP]. If s€, 0(3) is 0 if seD, while, if sE9, then 0(5) is the residue
class 3y of s in J[$H]. Thus,

m(s,égcx(s, HIRE) = sﬁz‘____@cﬁs, 1)3e® 7y,

which proves that 7g&(¥) =((rg).
75
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Assume now that § is a normal subgroup of @, and denote by Ag the Ilift
mapping from /9 to G. Let 7! be a character of G/ ; denoting by s the
coset of an s€® modulo 9, the formula X(s) = ¥*(s*) defines a character ¥ of
& ; we shall denote this character by igZ ‘. We shall prove the formula

(15.4) U, 227 > = 2<%, X7

For any s €®/9, let 7o (s') be a real number whose residue class modulo
Z is 1°(s"). Set Xo(s) =X (s); then X(s) is the residue class of Zo(s) modulo
Z (where Z=2gX*), and we have cx(s, t) = cx:(s','). The idtle class ¥ is a
representative of iga; taking theorem 8.6 into account, we see that it will be
sufficient to prove that ¢(X) is A¢(X™), where ¢(X*) is the element of *H(B/9; Z)
associated to ¥'. The lift mapping has been defined by means of a homo-
morphism L of H°[@/9] into M°[G]; il 5% is the class in J[G/9] of the coset
s’ of an sEG modulo 9, then L(3*) is >) @ Therefore

y=s*

S en(sh ST = 20 culs, 15T,
fs) 8, 10

8%, t*e@/
and formula (15.4) is proved.

TueoreM 15.1. Let K be a field of algebraic numbers of finite degree and
L/K a normal extension of K of finite degree; let & be the Galois group of L/K.
The set of elements WECx such that U, %> =0 for every Y&Char & is M1 NyxCyx,
where X /K runs over all cyclic extensions of K contained in L. If & Char G
s such that <N, 7> =0 for every N6, then X =0.

Let Z be any character of ®, and let  be the subgroup of & cemposed
of the elements s such that 7(s)=0. Then &/9 is cyclic of the same order m
as %, and 7 may be written in the form AgX", where X* is a character of order
m of @/H. Let X be the subfield of L corresponding to $. We know that
a - M, z(a ®¢(Z*)) induces an isomorphism of "H(G/9 ; €x) with *H(E/9 ; C)
(theorem 9.3). If ¥ is not in Nixx@% then <, X*>%0. We have <, 1>
=25 ¥*>; and, since 'H(9 ; €;) ={0}, 2y is a monomorphism; it follows
that <2, 7>%0. On the contrary, the condition A& NyxCy implies <%, 7> =0.
Since every cyclic extension of X contained in L may be obtained by means of
suitable character ¥ of &, the first assertion is proved. Assume now that Y is
of prime order p; then X/K is of degree p, which implies "H(®/9 ; €x) = {0}
and therefore that there is an A& €, such that <¥,Z>=0. If ¥ is any character
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%(, there is an integer >0 such that kY is of prime degree, and this proves
the second assertion.

Let Nz be the group MNaNyxCz of theorem 15.1. If « is the residue class
modulo N of an element AECx and Y=Char @, we set {a, 7> =<%,7>. Then
(a, ) = La, %> is a pairing of the groups 8z /M and Char® to *H(S ; 61), and
it follows from theorem 15.1 that this pairing is regular, ie. a) if a€=8x/R,
the condition <&, Z>=0 for all & Char @ implies that « is the neutral element;
b) if X&Char @, then the condition {a, %> =0 for every a=€x/N implies that
1=0.



$16. THE ARTIN SYMBOL FOR
CYCLOTOMIC EXTENSIONS

Let K be a field of algebraic numbers. An extension L/K is called cyclo-
tomic if it is contained in an extension of the form K(z), 2 being a root of unity.

In order to study such extensions, we shall first consider the group €q of
classes of ideles of the field Q of rational numbers. Let U be the group of
ideéles 1 which satisfy the following conditions: a) for any prime number p, Up
is a unit in the field of p-adic numbers; b) if p is the infinite place of Q, then
1p>0. The only units of Q being =1, it is clear that UMNPq= {1}. Pq being
the group of principal idéles. Now, let a be any idele of Q; if p is a prime,
let e(a ; p) be the order of ap at p; and let e(a) be +1 or —1 according as
to whether ay is >0 or <0. If we set 7=e(a)II, p° ¥, then it is clear that
rlaeU. It follows immediately that every ideéle class of @ has a unique repre-
sentative in U. and that €q=U.

Now, let z be an m-th root of unity, # being an integer >0, and let U be
any idéle in U. Let Un be the group of idéles W& U such that, for every prime
D, 1 —11is of order at least equal to that of m at p. (this is no restriction if
» does not divide m). Then it is clear that, for any u& U, there is an integer
% such that u=u (mod Uy); any such integer is prime to m, and two integers
%, #' which satisfy this condition are congruent to each other mod m. Let z
be any m-th root of unity; then we see that z¥ depends only on 1, not on the
choice of the integer . Moreover, z may also be considered as an m/-th root
of unity if ' is a multiple of m; if %' is an integer such that n=#' (mod Um),

"

then z“=2z*. We shall denote z¥ by 2z%; and if ¥ is any element in €q, we set

zﬂI =gt

where 1 is the idéle in U belonging to A. The following facts are obvious:

1) we have (22/)¥%=2%2% if 2, 2’ are roots of unity;

2) we hava 2% = (%)% if %A, Wetq

3) if z is a primitive root of unity, then so is Z% (because, in the condition
above, # is prime to m).

78
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Let Z/Q be any cyclotomic extension of Q; let z be a root of unity such
that ZCQ(z), and let ¥=Cq. Then 1t follows from 3) that there is an auto-
morphism s of Q(2)/Q which changes z into 2% . The restriction of s to Z does
not depend on the choice of z. For, let Z be contamed in Q(z) and Q(z'), where
z, z/ are roots of unity; then we may write z = z”k, Z = z"k', where 2" is a root
of unity. It follows, by 1), that z% = (z"g‘{)k, 2% = (z”m)k', which proves our as-
sertion. We shall denote the restriction of s to Z by

(Z/Q; A

If Z' is an intermediary field between Q and Z, then (Z'/Q ; %) is the re-
striction of (Z/Q; %) to Z. If ¥, A are in G then (Z/Q; AN
=(Z/Q; W) -(Z/Q; A.

Let K be any field of algebraic numbers, L a finite normal extension of X,
B a finite place of L and p the place of X below . Denocte by f the degree of
P with respect to K, by P, the residue field of p and by Pg that of . Then
Pg/ B, is a cyclic extension of degree f. If we denote by Np the absolute norm
of p, then the Galois group of Py/P; is generated by an operation which changes
every §€ Py into ™. Every operation of the decomposition group G($) of P
defines in a natural manner an automorphism of the extension Pg/Fp. Itis
well known that the resulting homomorphism of () into the Galois group of
Pg /P, is an epimorphism, and is even an isomorphism if $ is not ramified
with respect to K. In the latter case, &(R) is therefore generated by an oper-

ation s such that
st=x" (mod B)

for every x& L which is integral at . This operation is called the Frobenius
automorphism and is denoted by (L/K ; P). If s is any operation of the Galois
group of L/K, then (L/K; sB)=s(L/K ; B)s™; thus, if L/K is abelian, then
(L/K ; ®) depends only on the place p of K below %, and is then denoted by
(L/K ; p). It should be remembered that this symbol is only defined when p is
not ramified in L.

Now, let P be an infinite place of L and p the place of K below P. If pis
real and P imaginary, the p-adic completion Ky of K may be identified to the
field of real numbers and the P-adic completion Ly of L to the field of complex
numbers. The restriction to L of the unique automorphism distinct from the
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identity of Lss/Kp is denoted by (L/K ; $); this operation is called the Frobenius
automorphism. If L/K is abelian, we see as above that this aulomorphism de-
pends only on p; it is then denoted by (L/K ; p).

Let m be an integer >0. We shall say that an idele a of the field KX is
=1 (mod #) if the following conditions are satisfied: for every place p above
a prime divisor of m, the order of ay—1 (at p) 1s at least equal to that of m;
for every real infinite place p, we have ap>0. Let a be any idele. 1lf pisa
place at which the order of m is >0, then the elements xp& Kp such that xp=1
(mod maop), (where op is the ring of integers of Kp) form an open subgroup of
Kp.  Making use of the theorem of independence of valuations, we see that
there is an x &€ Px such that x 'a=1 (mod #). Thus, every idele class is repre-
sentable by an 1dtle =1 (mod 7).

Now, let z be an m-th root of unity. Let p be a finite place of X which
is not above a prime divisor of m, and let a be an ideéle of X which is =1 (mod
#) and which is such that aq is a unit in Ky for every finite place q=p of K.
Let a be the order of ag.

Then we shall prove that the restriction of (K(z)/K ; p)* to Q(z) is
(Q(2) ;5 NaQl)), #f U is the class of a. In fact, it is clear that Nyqa1s =1
(mod #) in Jq and is of the form » 1, where f is the absolute degree of p and
1 is in the group denoted above by U. Thus we have 17 =% (mod m) and
(Q(2) ; Ne(A)) changes z into 2%". On the other hand, we have

(K(z)/K ; p)»z=2" (mod PB)

if B is a place of K(z) above p. But (K(z)/K ; p) » z is a power 2 of z; since
the order of m at P is 0, the congruence =2 (mod PB) implies =2
thus, (K(z)/K ; p)? changes z into 2%/, which proves the assertion made above.

Now, let z be an m-th root of unity, and ¥ any ideéle class in €. Let a
be an idéle of % which is =1 (mod #). Then it is obviously possible to repre-
sent a in the form a;- - - a5, where each 0; is =1 (mod #2) and has the property
that there is at most one finite place of K at which a, is not a unit (if there
is one, then the order of m at this place is 0). Making use of the result
proved above, we conclude that there is an automorphism (and, obviously, only
one) of K(z)/K whose restriction to Q(z) is (Q(z) ; Ngq¥). We shall denote
this automorphism by (K(z)/K ; %). Let Z/K be any cyclotomic extension of
K. Then there is a root of unity z such that ZCK(z); the restriction of
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(K(z)/K ; %) to Z does not depend on the choice of z. For, if ZCK(z),
ZC K(2'), then there 15 a root of unity 2" such that K(2)CK ("), K(2') CK(z"),
and (K(2)/K, %), (K(2')/K ; U) are restrictions of (K(2")/K ; %). We shall
denote the restriction of (K(z2)/K ; %) to Z by (Z/K ; %). Then we have obvi-

ously the following results;

1) If Z' is an intermediary field between K and Z, then (Z'/K ; W) is the
restriction of (Z/K ; W) to Z'.

2) If A, N are in Cx, then (Z/K ; YU =(Z/K ; A) +(Z)K ; U ;

3) Let Z be contained in K(z), where z is an m-th root of unity. Let a be an
idéle =1 (mod @) such that there is at most one finite place p at which ap is
not @ unit; denote by a the order of o at p, and by U the class of a; then
(Z/IK; W=(Z/K ; p)-

The last assertion follows from the obvious fact that (Z/X ; p) is the re-
striction of (K(2)/K ; p) to Z.

3" Let p be an infinite place of K. Let a be an idéle of K whose com-
ponents at all places =P are 1, and let A be the idéle class of a. Then (Z/K ; A)
=(Z/K ; p)® where a is determined as follows: a=01if b is real and 03> 0;

a=11if b is real and 0y<0; a=0 if v is imaginary.

Let p. be the unique place at infinity of Q; set b= Nwqa. Then the com-
ponents of b at all places % p, of Q are 1, and its component at p. is >0 ifp
is imaginary or if p is real and a>0, but is <0 if p is real and ap<0. Let 2
be an m-th root of unity such that ZCK(z). If bp»>>0, then we have b=1
(mod U, whence (Z/K ; %) =e (the unit element). If %,<0, then —b&Un,
and (K(2)/K ; %) changes z into 1ts imaginary conjugate z™', whence (Z/K; %)
=(Z/K; p).

4) Let K' be an extension of finite degree of K, and W' an element of §x.;
then (Z/K 3 Nex¥') is the restriction to Z of (Z'/K 5 U').

For, if Z=K(z), z being a root of unity, the restriction of (K(z)/K ;
Nz W) and (K'(2)/K'; U') to Q(z) are both equal to (Q(2)/Q ; Nuso¥').

TasoreM 16.1. Let Z/K be @ cyclotomic extension. Then % ~ (Z/K ; %)
is an epimorbhism of €z on the Galois group of Z/K, whose kernel coniains

NzixG.
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Let Z' be the field of elements of Z left fixed by all operations (Z/K ; ),
A=C6x.  Assume that ZCK(z), z an m-th root of unity, and let p be a finite
place of K at which the order of m is 0. Let a be an idéle whose p-component
is of order 1 and whose other components are 1; it follows from 3) that
(Z/K ; W=(Z/K;p), if A is the class of a. Thus. (Z/K ; p) leaves the ele-
ments of Z' invariant, which means that p splits in Z/. Were Z'x K, then Z'
would contain a cyclic extension Z"/K of prime degree of K, and almost all
places of K would split in Z'': this 1s impossible by the corollary 2 to theorem
13.1. Thus Z’' =K, and the mapping ¥ » (Z/K ; A) is an epimorphism. That
its kernel contains Nzix€z follows immediately from 4), applied to the case
K'=2Z.

CoroLLarRY 1. Let Z/K be a cychic cyclotomic extension of K. Then
*H(® ; G2) is isomorphic to ®, if © is the Galois group of Z/K.

Let # be the order of @. It follows from theorem 16.1 that & is isomorphic
to a factor group of °H(® ; €;) =Cx/Nzx€z  Since @ is cyclic, "H(S ; €;)
is isomorphic to *H(® ; €z), and the latter group 1s of order =2 by theorem

14.2; this proves the corollary.

CoroLLARY 2. If Z/K is a cyclic cyclotomic extension, then the kernel of
the mapping A - (Z/K ; N) is NzuxzCs,.

In fact, "H(® ; 6;)="H(® ; €;) is isomorphic to & by corollary 1, and
corollary 2 follows immediately from theorem 16. 1.

Let Z/K be a cyclic cyclotomic extension of degree 2, and let s be a
generator of the Galois group & of Z/K. Let U be an idele class of X such
that (Z/K ; U) =s. Let % be the character of & such that Z(s) is the class of
1/7n modulo Z. Set

U, X> =6,

Then £ does not depend on the choice of s. For, replace s by another generator
s'=s%; if 2/(s') is the class of 1/ modulo Z, then k¢ =7. On the other hand,
we have (Z/K; W) =5, and <U%1'>=k<U X>=L, kX'> =<, 1>, which
proves our assertion.

The cohomology class é&*H(® ; ;) defined by the formula given above
is called the canonical class of the extension Z/K. It is obviously of order #,
and it generates *H(® ; €,).
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Tueorem 16.2. Let K'/K be a finite extension of the field K and Z/K a
cyclic cyclotomic extension of K, whose canonical class we denote by £,x.  Set
K'"=K'NZ; denote by © and  the Galois group of Z|K and Z/K", and by
m the degree of K'|K". Let 7y be the restriction map of H'(® ; ) to
H'(9 ; 6,) and * the mapping of H'(D ; €,) into H'(D ; Cox) induced by the
identity map ¢ : €, — Cu, (D beng identified to the Galois group ZK'/K".

Then ¢ v98sin = mEznynr, where Ezzvne 15 the canonscal class of ZK'[K'.

Let s be a generator of &, n the order of &, X a character of & such that
#%(s) is the class of 1/# modulo Z and % an idéle class of X such that (Z/K; %)
=5, whence £ =<U, ¥>. Then rgfzx=<Y,7rpZ>. Let h be the smallest ex-
ponent such that s"EE@; then s" generates 9, and is the restriction to Z of an
automorphism s’ of ZK'/K'; (rgX)(s') is the class of 1/(n/h) modulo Z, and
[ZK': K']J=n/h. ltisclear that *rgéz/x is the element of *H(9 ; €x) repre-
sented by the symbol <, 7gX> when we consider U as an element of Cx and
79X as a character of the Galois group of ZK'/K'. )

The restriction of (ZK'/K' ; %) to Zis (Z/K ; Nexd) = (Z/K ; Y™) =",
whence (ZK'/K' ; ) =s'". It follows that “7gfzx = Mg

THEOREM 16.3. Let Z, Z' be cyclic extensions of K of respective degrees n
and n'; denote by £, and Ezyx their canonical classes. Lel v, V' be integers
>0 such that n/n' =v/v'; denote by A, (respectively: 1z.) the lift mapping from
the Galois group of Z|K (respectively: Z'/K) to that of ZZ'[K. Then Azvézx
= Az v' Ez//x.

We can find generators sz, sz of the Galois groups of Z/K, Z'/K which
have the same restriction to ZMNZ'; this being the case, there is an auto-
morphism s of ZZ'/K whose restrictions to Z and Z' are sz and sz. Let U be
an idéle class of K such that (ZZ'/K ; U) =s (cf. theorem 16.1). Then we
have (Z/K ; W) =sz, (Z'/K ; A =sz. Let X (respectively: X'} be a character
of the Galois group of Z/K (resp: of Z'/K) such that X(sz) (resp: X'(sz)) is
the class of 1/# (resp: 1/7) modulo Z. Then 2282z =W 2220, Azézux
=<, Az X', and

Dzz Sz/x - D'ﬂzr Ez'/K = <QI; Dlzx - v’lz' Z'>.

“We have (pAzX)(s) = [7:—], (' 327"} (s) =[~;—:J, where [p] denotes the class of
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o modulo 1. If follows that (pAz/—'22X')(s) =0. Let S be the field left in-
variant by s; then v1,7 — 2’17 may be witten in the form AsX", where 7" is
a character of the group of S/K, and s is the lift mapping from the group of
S/K to that of ZZ'/K. It follows that

U, w227 = 0" 227> = AU 15

(formula (15.4)). If £ is a generator of the Galois group of ZZ'/Z, then s and
t clearly generate the group of ZZ'/K, which shows that S/K is cyclic. Since
(ZZ'/K,N) = s, we have (S/K, ) = e (the identity). This shows that A& Ny/xCs,
whence <%, ¥'"> =0, which proves theorem 16.3.

CoroLLARY. The notation being as in theorem 16.3, assume furthermore
that Z'CZ. Then the lift from the Galois group of Z'/K to that of Z/K of

Sz is n/n * Eax.

THEOREM 16.4. Let K be a field of algebraic numbers of finite degree, b a
finite place of K :md n an integer >0. Then there exists a cyclic cyclotomic
extension Z /K with the following properties: p is not ramified in Z, and, if P is
a place of Z above p, then P is of degree n with respect to K.

Let Kp be the p-adic completion of K. It is well known that the unramified
extension of degree n of Ky may be generated by adjunction to Kp of a root
of unity z. Then p is not ramified in K(z), and (K(2)/K ; p) =s is of order ».
By a well known theorem, there exists a character X of the Galois group & of
K(2)/K such that #(s) is of order #. Let  be the group of elements t&® such
that X(¢#) =1. Then &/9 is cyclic; let Z be the corresponding cyclic cyclotomic
extension of K. Then (Z/K ; p) is the restriction of (K(2)/K ; p) to Z, and
is therefore of order »; Z therefore has the property stated in theorem 16. 4.
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We shall use in what follows the following notation. If L/K is a finite
normal extension of the field X of algebraic numbers, & the Galois group of
L/K, $ a subgroup of & and L' the subfield of L attached to 9, we shall denote
by 7x-ro the restriction mapping of H'(® ; €;) to H'(9 ; €1), by Ru.x the map-
ping Rg, of H'(H ; €,) into H'(S ; €) which was defiend in §7; if L' is
normal over K, we shall identify its Galois group over K with 6,9, and we
shall denote by Az the Lift mapping of HG/9 ; €;) into HY® ; €z). The
restriction of this mapping to *H(G/9 ; €1) 1s an isomorphism of this group
with the kernel of the mapping of *H(® ; €.) induced by 7z-z, as follows from
the fact that 'H($ ; €)= {0} and from theorem 8. 2.

Let K be a field of algebraic numbers of finite degree and L/K a finite
normal extension of degree # of K. There exists a cyclic cyclotomic extension
Z /K of K whose degree vz is =0 (mod ») (theorem 16.4). Let &z,x be its canoni-
cal class. The class 7x,zdz-1252/x is mSz; ¢ (theorem 16.2), where m=[L : LN Z]
and £,z/z is the canonical class of ZL/L. On the other hand, we have [ZL : L]
=[Z:ZNLl=m[ZNL : K1 =my; thus, the order of &,z is mw, and

rordsszz * vizix=0. It follows that we may write

Azorzv8zix = Ar>rs

where £ is a uniquely determined element of *H(® ; 6.), ® denoting the Galois
group of L/K. We shall see that & does not depend on the choice of Z. Let
Z'|K be any cyclic cyclotomic extension of degree »' # divisible by n. Making

use of theorem 8.3, we have
AL—)LZZ’&‘ = lLZ—)LZZ’xZ-)LZ DEZ/K = XZZ’—)LZZ’(XZ%ZZ’ DEZ/K)v
Similarly, if Azszz:8' = Azrsr2:v'€24/x, é2x being the canonical class of Z'/K, then
Arsrz2/8' = Azzis122/(Rzrszze ¥ E2jc ).

But we have Azozz vfzix = Azrszz:v' §2x by theorem 16.3. Since Az-rzzr is a mono-
morphism, we have §=¢".
If L/K is cyclic and cyclotomic, then & is obviously the canonical class of

85
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L/K (take L=Z1). In general, we shall call £ the canonical class of L/K and
denote it by £rx.

TueoreM 17.1. Let K be a field of algebraic numbers of finite degree and
L/K a normal finite extension of K; we denote by & the Galois group of L/K,
and by n the order of &. Then the canonical class §1x is of order m and gener-
ates *H(® ; ).

The notation being as above, »ézx is of order nv/y =mn; it follows that
& =¢x is of order #. Since H(® ; 6;) is of order =# (theorem 14.2), it is

generated by &yz.

THEOREM 17.2. The notation being as in theorem 17.1, let further p and
q be integers =0. Then ¢ - Mg, z(8ux®C) induces an isomorphism of
2@ 3 Z) with P H(® ; 61). The group Cx/NpxCr is isomorphic to &/G/,
where &' is the commutator subgroup of ©.

If 9 is a subgroup of G, then  is the Galois group of L/L', where L' is
the invariant field of . We know that *H(9 ; €.) ={0} and that *H(9 ; €;)
is cyclic of the same order as 9. Thus the first assertion follows from theorem
9.2. In particular, €x/NyxCr=""H(® ; €;), which is isomorphic to *’H(S ; €;),
is isomorphic to “*H(® ; Z), ie. to &/@' (cf. §6).

TrEOREM 17.3. The notation being as above, let further L'/K be a finite

normal extension containing L/K; if h=[L : L], we have

Apsrfre=hérx.

Let #=[L ; K], whence [L' : K]l=nh. Let Z/K be a cyclic cyclotomic
extension of K of degree vnh=0 (mod nk). Then we have Aporzir-rérx
= Arzorzhzorzbrix = Azopzvhézie (theorem 8.3), while Avsrzzfiix = Azorzvézix.
Theorem 17.3 then follows from the fact that Ar.rz induces a monomorphism
of 2H(®' ; €;), where ®' is the Galois group of L'/K.

THEOREM 17.4. The nolation being as above, let further K'/K be an ex-
tension of finite degree of K; set m=[K': K'N\L]. Denote by O the Galois
group of LK'| K', which we identify to that of L/ILNK'. Let * be the mapping:
2H(D ; Cp) ~ *H(D ; Cuxr) associated to the identity map ¢ : €~ Crgr.  Then
we have

*
C Ixarnr ELix = ME kg,
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We first consider the case where K'CL, in which case the formula to be
proved becomes

(eI N

Let Z/K be a cyclic cyclotomic extension of degree »nv of X, where n=[L: K].

We have Azsrz7x-x8ik = 75k Ars128x (theorem 8.5), and this is
x>k ALz Vizik = V5 nZok' YRR 0z 212 VE2/E

(theorem 7.4). We have VE->k'0z2 2512 V82K = Azrz Txsmnz vEzx (theorem 8.5),
and 7x-xnz€sx =ézxnz (theorem 16.2). The Galois group of LZ/K'NZ is
generated by those of LZ/K' and of LZ/Z. Denote by 3 the Galois group of
K'Z|K', which we identify to that of Z/K'NZ, and by ¢ the mapping :
*H(3 ;5 §z) » 2H(B ; Gx;) associated to the injection map ¢ : 6z - Gy, Mak-

ing use of theorem 8.4, we have

~ *x
V& 2K Az Lz VE2[Rrn2 = ARizor2 18] E2150 2.

On the other hand, ¢'&zxnz=[K': K'NZ]%xzx by theorem 16.2. Thus
Anzorzvtt Ezmnz=v[LZ : K'ZI[K' : K' 0N\ Z121z/x» by theorem 17.3 above.
We have [K': K'NZ1=[K'Z:Z], and therefore [LZ : K'Z1[K' : K'NZ]
=[LZ: Z], and

Arsrz¥sn b =vILZ @ Z181250.

We have [LZ : K1=[LZ : L1[L : K1=[LZ : Z1»[L : K1, whence v[LZ : Z}
=[LZ : L]1; since [LZ : L1érz/xr = Azwrz €z (theorem 17.3), we see that

Azorz(7) KK’ 51,/1{) = AL>rz8L/xr

whence 7z.x/-§1/x = EL/E-

We consider now the general case. Let K"/K be a finite normal extension
containing K'/K. We have fxoinz-frix = £1/1ax- by the result just proved. The
Galois group of K"L/LNK' is generated by those of K"L/L and of K"L/K'.

Therefore,
Arroxrp T ELiLak: = Ponkink ALkrr /L ak

by theorem 8.4. This is equal to #zax—x:[K"L : L1éxrrzaxr by theorem 17.3,
and therefore to [K"L : Lléz.rx by the result established in the first part of
the proof. But
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[K"L : L1 =LK'L : L1LK"L : K'L]&xon
=[K'L: LY Agrzosnnr€rininr

by theorem 17.3. Smnce m=[K’'L : L], theorem 17.4 is thereby proved.
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We shall use the same convention of notation as in §17. Moreover, if 7 is
a character of the Galois group of a fimite Galoisian extension L /K, and if
KCK'CL, we shall denote by 7z-x-7 the restriction of ¥ to the Galois group
of L/K'. 1If L'/K 1s a finite Galoisian extension of L/K, we shall denote by
Ar-i-X the character of the Galois group of L'/K which assigns to every element
s of this group the value X(s;), s; being the restriction of s to L. Finally, for
any finite group ®, we shall identify Char & to Char 8/@’, where & is the com-
mutator subgroup of @.

Let L/K be a finite normal extension of a field K of algebraic numbers
of finite degree, and let & be its Galois group. Denote by &r/x the canonical
class of L/K. Then every 7<’H(® ; €.) may be written in the form kipx,
where 2 1s an integer whose residue class modulo #Z is uniquely determined
(where 7 is the order of §). Let [%] be the residue class of k/# modulo Z;
then 7 — [%/n] is an 1somorphism p of H(® ; €;) with a subgroup of R™.
If A=y, 7 Char G, then <, 7> is an element of *H(G ; §1). Set

YU, 1>% = o(KY, 23).

Then (%, %) » <Y, Z>" is a pawring of €x and Char & to R™. The mappmng
7 — <, %>* 1s a character of the group Char ®; it follows that there exists a
uniquely determined element s€®/@ such that <, X Y =%(5) for every
X&Char 8. We set

5=(L/K; W™

If A./K is the largest abelian extension of K contained in L, then &/® is the
Galois group of A;/K and (L/K ; 9%)* is an automorphism of A;/K.

Let L'/K be a finite normal extension of K contaming L/K. Then we
have A,CA,, and we shall see that (L/K ; %)* is the restriction of (LI/K ; A)*
to A;. Let X be any character of @; write <%, X7 =kéyx, whence Z((L/K ; A)*)

= [%J We have

<91, XL-»L/X) = lL»Lt(?x, X0 = RLL : L]EL R+
89
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We have 2[L': L1[L': K]'1=—z~, whence ¥, Az X > =<U, X>F, and

sz X)(L/K 5 W) =L((L/K ; A).

This being true for every X& Char @, it is clear that (L/K ; )" is the restric-
tion of (L'/K ; A)* to A;.

Now, we shall see that (L/K ; )" =(L/K ; %) in case L/K is a cyclotomic
extension. Consider first the case where L/K is cyclic; let s; be a generator
of its Galois group ®, and X, the character of & such that 7(s;) = [—};J, 7 be-
ing the order of §. Let U; be an idéle class such that (L/K ; ¥U;) =s;, whence
Wy, X> =6z, Set (L/K; A)=sf; then (L/K; AUT*)=e, whence AAT*
€ NuxGy and <¥, 2> =<, 2>=kizx. It follows that Z((L/K; )" =[ £ ]
= 2(s¥), which proves our assertion in this case. In the general case, we may
assert that (L/K ; %) and (L/K ; %A)* have the same restriction to any subfield
X of L which is cyclic over K, whence (L/K ; )= (L/K ; A)*

Thus, there is no inconvenient in denoting in general the element (L/K ; )
by (L/K ; A). The mapping A - (L/K ; A) is called the reciprocity mapping
for L/K.

THeOREM 18.1. Let K be a field of algebraic numbers of finite degree and
L/K a finite normal extension of K, whose Galois group we denote by &. Then
the reciprocity mapping for L/K is an epimorphism of €x on &/®' (where &' is
the commutator subgroup of &) whose kernel is Nyx €r.

Let % be the intersection of all groups Nxx€x, where X/K runs over all

cyclic extensions of K contained in L/K. Then it follows from theorem 15.1
that the pairing (U, ) —» <%, X>* defines a regular pairing of €x /9N and Char &
to R*. By a well known theorem, this implies that Cx/M is isomorphic to
Char (Char @) =~ ®/®'; more precisely, (L/K ; %) depends only on the class «
of U modulo M, and, if we set (L/K ; a«)=(L/K ; U), then a - (L/K ; a) 18
an isomorphism of €x/M with &/&. But N obviously contains Nyx€z, and
Cx/Npyx€r=@®/® by theorem 17.2. It follows that N = NyxCz, and theorem
18.1 is proved.

THEOREM 18.2. Let the notation be as above and let L'/ K bz a finite normal
extension containing L/K. Let A; and Ay be the maximal abelian extensions
contained in L /K and L'/K. Then, for any UECx, (L/K ; U) is the restriction



§18 THE RECIPROCITY MAPPING 91

of (L'/K ; ) to A
This has been proved above.

THEOREM 18.3. Let the notation be as above, and let K' be an intermediary
field between K and L; denote by D the Galois group of L/K'. Let U be in Gr;
then (L/K'; ) is the image of (L /K ;W) under the transfer mapping from
G/G' to D/9' (wherve &' and &' are the commutator subgroups of & and 9).

Let Z be any element of Char §, and « the class of ¥ in °H(® ; 6.). Then
the class of U n "H(9 ; €;) is 7x.z. a.

Let £(7) be the element of *H($ ; Z) which corresponds to the character Z.
and let 7’ be the character of & which corresponds to Rz&(7), where Rz is the in-
jection map: *H(9 ; Z) » *H(® ; Z). Then we have R M, 2(rsmn a (1))
=M§L, 2{a & Rz&(X)) by formula (7.3). Thus, we have

Rex WU, %> =LY, X'

Set KW, %> = kiyx = kresxfon (theorem 17.4). We have Rpoxfioxéux
=[K : K']¢yx (theorem 7.3), whence <3, 7'>=[K : K'1kzyx, and Y'((L/ K : %))
=X((L/K'; A)). On the other hand, we have 7/(5) = Z(c(5)) if = is the trans-
fer map. It follows that (L/K'; U)=t((L/K ; ¥U)).

TaeoreM 18.4. Let K' be any extension of finite degree of K and let Y be
an idéle class of K'. Then the restriction of (LK'/K' ; W) to AL (the largest ab-
elian overfield of K in L) is (L/K ; Ngx).

Let K"/K be a finite normal extension of K containing K'/K. Then
(LK'/K' ; %) is the restriction of (LK"/K' ; %) to the largest abelian extension
of K' contained in LK’ (theorem 18.2). It follows that it will be sufficient to
consider the case where K'CL. Let  be Galois group of L/K' and « the ele-
ment of "H($ ; €z) represented by %. Then the element of H(® ; €.) repre-
sented by Nk is clearly Re..xa. Let ¥ be any character of §, and let £(1)
be the corresponding element of *H(® ; Z). Then it follows immediately from.
formula (7.3), that

RK'—»KM%L, Z(“ ®7K->K’ 5(%)) = M%ZL, Z(RK'—»KQ’@E(X) )-

The element 7x.x £(X) is the one which corresponds to the restriction X' of 7 to
9. Thus we have Rrx{U, 2> = Neyx ¥, X0,
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We have seen in the proof of theorem 18.3 that Re-xbua =LK' 1 K1&zx.
Thus, if <, X'> = k&yn, we have {Nex¥, 1>=k[K: K'l¢1, whence
PUL/IK; W) =X(L/K ; Ngyn¥)). Since X' is the restriction of ¥ to 9, the
left side is %(s), where s is the restriction of (L/K'; U) to Ar; thus we have
s=(L/K ; NgyxU).

If a is any idéle in K and ¥ the idele class of a, we set

(L/K ; a)=(L/K ; A).



$19. THE NORM RESIDUE SYMROL

Let K be a field of algebraic numbers of finite degree. If p is any place of
K, we denote by Ky the p-adic completion of K and by Ky the multiplicative
group of elements =0 of Ky. If L/K is a finite normal extension of K, we
shall donote by LKy/K a composite extension of Ky /K and L/K; this extension
is determined up to isomorphism. If P is any place of L above p, then LK) is
isomorphic to the $-adic completion of L. We shall denote by (LK) the group
of elements %0 in LK, The extension LKy/K, is normal, and its Galois group
is isomorphic to the decomposition group of .

We denote by Ji the group of idéles of L whose components at all places
not above p are 1. If @ is the Galois group of L/K, J; is a ®-module, and J¥
a submodule of Jr. The identity map of Ji into J;, followed by the canonical
mapping of Jr onto €, gives a $-module homomorphism ¢ of J? into 6;. and
tp defines a mapping ¢ of H'(® ; JI) into H'(S ; 6y).

Treorem 19.1. Set n=[L : K1, n(p) =[LKy : KyJ. Then n/n(p)srx be-
longs to the image of *H(S ; J¥) under .-

If p is finite, then there exists a cyclic cyclotomic extension Z/K which
satisfies the following conditions: p is not ramified in Z, and N(p) =[ZKy : Kpl
is divisible by n(p). If p is infinite, set Z= K(i), where = —1; then it is still
true that N(p)=[ZK, : Ky] is divisible by n(p). We denote by 3 the Galois
group of Z/K. The decomposition group of p in Z/K is generated by the oper-
ation (Z/K ; p) of order N/N(p) (where N is the order of 3); we may there-
fore write (Z/K ; p) =s""¥, where s is a generator of 3. If p is finite, let a
be an ideéle of K whose p-component is of order 1 at p and whose other com-
ponents are 1; if p is infinite real, let a be an idéle of K whose p-component
is —~1 and whose other components are 1; if p is infinite complex, set a=1.
Let U be the idele class of a; then we have (Z/K ; U)=(Z/K ; p) (cf. 3) and
3'),§16). Let X be the character of 3 such that X(s) is the class of 1/N modulo
Z. Since X((Z/K, A)) is the class of (N/N(p))1/N modulo Z, we have <¥, X>
= N/N(p)ézx. Let a be the class of U in "H(3 ; €z) and ¢(¥) the element
of 2H(B ; Z) which corresponds to the character X; then we have

93
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<91, X) = M%L, z(cr@C(X)) =N/N(P) 5A/A-

Let I" be the Galois group of LZ/K; set M=[LZ ; Z]. Denote by «' the class
of Ain °H(I"; €rz), whence a' = Azozza. Let ¢ be the image of ¢(¥) under the
lift mapping from *H(3 ; Z) to 2H(I ; Z). We have Azors&sx = M%r.x (theorem
17.8). Making use of theorem 8.6, we have MN/N(D)SLZ/A=M%,z,z(a'®C’).
If « is a representative of ¢/ in (Jo.LI'])T, then MN/N(p)ézzx is represented by
AR u. Since € (LT and aeJ% = (JL), a®u isin (JEz®J.LI'1)", and repre-
sents a certain cohomology class y&>H(I" ; JE). It is clear that

tpn=MN/N(p) érz/x.

We shall prove that the restriction of N(p)/n(p)7 to the Galois group § of LZ/L
is 0. If Bis the class of a™®/™® in °H($ ; Ji2), then the restriction of N(p)/n(p)y
to 9 is M?g ,z(B®¢"), where ¢" is the restriction of ¢’ to  (formula (7.1)).
It will therefore be sufficient to prove that f=0, ie. that a™P/™® belongs to
NrziJ3z. Assume first that p is finite. Let P be any place of L above p, and
e its ramification index with respect to K; the order of a™®/"® at 9, is there-
fore eN(p)/n(p). On the other hand, the largest unramified extension of Kj in
LKy is of degree n(p)/e over Ky, and is therefore contained in ZKy/Kp, since
ZKy /Ky is unramified of degree N(p) divisible by #(p). Since ZK,/Kp is un-
ramified, its intersection with LKp/K)y is the largest unramified extension of Kp
in LKy, and LZKy /LK, is of degree N(p)/(n(p)/e) =eN(p)/n(p); moreover, this
extension is unramified. It follows that the P.-component of a™®/™® ig in
Nizxyrxy(LZKp)*.  This being true for every place Pr of L above p, a®/"¥
belongs to Niz;zJiz (theorem 12.3).

In the case where p is infinite and N(p)/n(p) =2, we have aP/"P =1,
Assume that N(p) =n(p); if p is real, then N(p)=2 by our definition of Z,
whence #(p) =2, and the places of L above p are imaginary; the same con-
<lusion is valid if p is imaginary. It follows immediately that a™™*® =Ny, . 7L,.

If Pz is any place of LZ above p and H(Prz) the decomposition group of
Prz with respect to LZ, then "H(D(Prz) ; (LZ)g,) = {0}, Therefore, it follows
from theorem 12.1 that "H(9 ; JE,) ={0}). Making use of theorem 8.2, we see
that we may write

N(p)/n(p)q=2(y")

‘where 4 is the lift mapping from *H(® ; JI) to 2H(I"; J¥.), ® =I'/$ being the
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‘Galois group of L/K. It follows that N(p)/n(p)t5n= Az~ (ci7') (theorem 8.7).
The left side is MN/#n(p) é12m = 1n/5(0) Azarzzix (theorem 17.3) since [LZ: L]
MN/#n. Thus we have

Arorz(w/n(p) &rx — f;ﬂ') =0
whence 7/7(p) &1k = 159, which proves theorem 19.1.

If a is any idéle 1n K and ¥ the class of q, we set
(L/K; a)=(L/K; %A

If p is a place of K and x= K, denote by a’(x) the idéle whose p-component

is x and whose other components are 1; we set
(L) - 2k s @)

TueoreM 19.2. Let K be a field of algebraic numbers of finite degree and
L/K a finite normal extension of K. Denote by y a place of K and by 3B the
decomposition group of p in Ar/K, where Ay is the largest abelian extension

x, L/K
b

contained in L. Then x —~ ( ) is an eptmorphism of Ky on B, whose ker-

nel is Nixgyxy(LKp)™.

Let T be the decomposition field of p in the extension A;/K; then 3 1s
the Galois group of A, /T, and p splits completely in 7. Tt follows that, if x& K ;,“,
then a®(x) may be written in the form Nrxb, where b is an idele of 7. We
have (’—C—’—Ip'/-l—{) =(AL/T ; ¥)E3 by theorem 18.4. Let T’ be the field of ele-

ments of A; which are left invariant by all elements of the form (’i’——Lﬁ—/——), x
&Ky. Then T' contains 7, and we wish to prove that TV=7. Let pr be a
place of T above p, and b an idele of T whose components at every place =jr
are 1. Then Nyxb is of the form o"(x), with some xEKy; it follows that
(AL/T ; b) belongs to the Galois group of Az/T’, whence (T'/T ; b) =e (the
neutral element). Assume for a moment that T/=7T; then T'/T contains a
cyclic extension T!"/T of prime degree of T, whose Galois group we denote by
%, Since T is the decomposition field of p in A;/K, there is only one place of
T" above pr; therefore, it follows from theorem 19.1 that the canonical class
&7 may be written in the form i (x), where 7 is an element of *H(Z ; Ji").
Let ¢ be a generator of H(X ; Z); then 7 may be written in the form
M?W,z([?@m, where 8 is an element of *H(Z ; Ji¥). Thus we have
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Err = M?A_ET, z( f;JkT[)) ).

If b&J37 1s a representative of B, then the idéle class B of b 1s a representative:
of 2B, Smce (TV/T ; B) = (T"/T ; b) =e, we have BE Nyj2€r ., and 78 =0,
whence &7 )7 =0, which brings a contradiction. This proves that T'=T and

, L/K
Lp—)

that x —»( 1S an epimorphism on 3.

Assume now that <x,_lp%/l_{> =¢  Denote by P some place of L above p

and by 7, the decomposition field of 3 in the extension L/K. Among all sub-
fields X of L containing Tb such that & Nuxyxp(XKp) ', select one, which we
now call X, of maximal degree. Let p(X) be the place of X below PB; then
we may write aP(x) = Ny a®*(y), where y is an element of Xpi, whose norm
with respect to Kp is x. We wish to prove that X=L. Assuming for a moment
that this is not the case, let Y/X be a cyclic extension of prime degree ¢ of X
contained in L/X (there exists such an extension because the Galois group of
L/X is a subgroup of the decomposition group of P and is therefore solvable).
The decomposition group of p(X) in the extension Y/X 1s the whole Galois

group 9 of Y/X. Therefore, it follows from what we have already proved that
N (u, Y'X
p(X)
is therefore of index ¢. This kernel clearly contains Nmpm/zm,( I/'Xm))“l ; but

) is an epimorphism of Xy on 9; the kernel of this epimorphism

we know that the latter group is of index g in Xy ; it is therefore exactly
the kernel of our epimorphism. Now, we have e = (L/K; (%)) = (L/X; a"¥(y))
(theorem 18.4). It follows that (¥/X, a™¥(y)) = (Xz)—%)}f
that vy is the norm with respect to Xpa) of an element of (Y Xpa)?, whence
XEMKP/Kp(YKp)*, 1 contradiction with the definition of X. Theorem 19.2 is

thereby proved.

)=e, and therefore

The symbol (f’—%/—fg) is accordingly called the norm residue symbol. It
has the following formal properties which follow immediately from the corre-

sponding properties of the reciprocity mapping:
1. Let L'/K be a finite normal extension of K containing L/K; if xEKy,

then (gc_,,%/_lj) s the restriction of (9—61-%,—/—5) to the maximal abelian extension
of K contained in L/K.

2. Let K' be an intermediary field between K and L; denote by & and &
the Galois group of L with respect to K and K', and by &' and ©' their com-
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mutator subgroups; let x be in Ky ; then Hp,(’f’—Lp ,/K—'>
tended to all places p' of K' above ) is the image of (x_,_%[_lg’) under the trans-
Jer mapping of &/® into H/9'.

3. Let K'/K be a fimte extenswn of K, ' a place of K' above b and x' an

(the product being ex-

P . %, L'/K' .
element of Ky ; then the restriction of ( R to the largest abelian exten-
'
sion of K containzd in AL/ K 1s (M)

b

THFORFM 19.3. Assume that p is finite and not ramified in L. Let x be an
element of K 5" , and a the order of x at p. Let Ar/K be the largest abelian ex-
tension of K in L/K. Then (x__gp_/_lg') =(AL/K ; p)=

Let Z/K be a cyclic cyclotomic extension of X in which p is not ramified
and such that [ZK, : Kyl is divisible by [LKp : Kpl. Then p 1s not ramified
in LZ; let Prr be a place of LZ above p. Its decomposition group is generated
by (LZ/K ; Brz). If Br, P, are the places of L, Z below P12z, then the restric-
tions of (LZ/K ; Pr,) to L and Z are (L/K ; B.) and (Z/K; P.)=(Z/K ; p).
(9_5,_LZ/K)

p

The operation 1s the restriction to the maximal abelian extension

ZA:/K of K contained in LZ/K of an operation s of the decomposition group
of Prz; write s=(LZ/K ; P;.)%.  The restriction of s to Z is (#)
=(Z/K ; p)? (cf. 8), §16); thus (Z/K ; p)°=(Z/K; p)*, whence a=h (mod

[ZK, : Ky)), since (Z/K ; p) is of order [ZKp ; Ky]. The restriction of (’f’é%zll—{)

to A, is (2L/K), white that of (LZ/K Bu) is (Au/K: p). Since h=a
(mod [LK; : Kpl) and (Az/K ; p) is of order [LKp : Ky, theorem 19.3 is proved.

THEOREM 19.4. Let a be any idéle of K. Then there are only a finite num-

ber of places p of K such that (E&—f—/f—{) *xe, and we have

T ap, L/IK
(L/K 5 a) =TI, : ).
the product being extended to all places b of K.

Let E be a finite set of places of K containing all infinite places, all places
ramified in L and all finite places p such that ap is not a unit. Then we have

(% f/ff ) = e for all pezE by theorem 11.1. Write
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a= (Hpsrﬂp(ap) )b,

where b 1s an idéle. Then we have by =1 for all pe E, while, if qeE, then by
is a unit. It follows that Y& NyxJ;, whence (L/K ;) =e and (L/K ; a)
=Ilper (L/K ; a(ap)); theorem 19.4 follows immediately from this.

COROLLARY. If x s any number =0 in K, we have

H_p (x__“, 'Z;/K) =ée.



§20. DETERMINATION OF CERTAIN
COHOMOLOGY GROUPS

We use the same notation as in the preceding section. If & is the Galois

group of L/K, we know that

H(® ;]L)’E%‘,ZH(@S ; 75 (direct),

the sum being extended to all places p of K (theorem 12.4). Let B be a place
of L above a place p of K, and let G(P) be its decomposition group. Then we
know that 2H(® ; JI)=2H(G(B) ; Lg) (theorem 12.1), and that the order of
this group divides #(p) =[Lp : Kp]. On the other hand, if #z=[L : K], then
ey CH(® ; JE)) contains 7/n(p) £k, which is of order x(p). This proves the
following result:

THuEOREM 20.1 For any place b of K, the group *H(S® ; Ji) is cyclic of order
equal to ny=[LKy : Kyl; the mapping 3 of this group into *H(® ; €1) is a
MONOMOrPhism.

Let ¢ be an element of H(® ; Ji); Let 214 be the corresponding element
of %21[1(65 ; J2). Then, for each b, we may write t3 (5p) = kn/n(p) » £z, where
k is an iteger whose residue class modulo #(p) 1s uniquely determined. The

residue class modulo Z of k2/n(p) is called the p-nvariant of &, and is denoted

by op(¢). We have proved

THEOREM 20.2. An element & of 2H\® ; J.) is uniquely determined by its
p-invariants for all places p. It n(p) =[LKp : Kypl, then n(p)pp(§) =0. Con-
versely, let there be given for each p an element opERY such that n(p)op=0;
assume that only a finite number of the elements pp are %0. Then there exists

a ¢€’H(® ; Jo) such that pp(€) = pp for every ).
Consider now the exact sequence
{1y — P55 J, 5 €, —> {1).
It gives rise to an exact sequence

(S ; 61) = 2H( 3 Pu)— *H(S ; Ju) —o2H(G ; ).
99
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We know that *H(G ; €.) ={0}; thus ¢ induces an isomorphism of *H(G® ; P.)
with the kerael of z". Let £ be any element of *H(® ; J.), and let %}Sp be the
element of %ZH( ® ; J?) which corresponds to £ Then it is clear that »*(£)
=Ep}{;<($p). Write ¢ (¢p) = kpSn, where kp 15 an integer and kp =0 for almost
all p. Then n7(&) = (Ep:kp)suh. This is 0 if and only if Ep]kp 1s divisible by
n=[L : K]; since pp(£) 1s the class of kp/7 modulo Z, we obtain the following

results.

TuEOREM 20.3. Let n* be the mapping: *H(S ; Ji) » *H(® ; €.) which cor-
responds to the canonical mapping = : Jp - 61 Then the kernel of ©° is iso-
morphic to *H(® ; P.) and is composed of all elements £ *H(S ; J.) the sum

of whose invariant is Q.

Next, we observe that *H(® ; Jz) ={0}. For, this group is isomorphic to
SVH(® ; JP) (direct); and, using the same notation as above, *H(® ; JP) is
igomorphic to *H(G(PB) ; L§). Let  be any subgroup of G(P); this is the
Galois group of L/K', where K' is an intermediary field between K and L
which contains the field of decomposition of . The group 9 is the decom-
position group of P in the extension L/K'. Making use of the result estab-
lished above, we see that *H(9 ; L{E) is cyclic of the same order as 9.
Moreover, ‘H($ ; Lsi"g) ={0}. Making use of Tate’s theorem (theorem 9.2),
we see that *H(G(P) 3 L) ="H(G(P) ; Z) ={0}, which proves our assertion.

This being said, we have an exact sequence
¥ *
H(G 5 J2) > 2H(G 5 63) > H(G 5 Po) > HS 5 T ;

since H(® ; Ji) ={0}, we see that *H(® ; P.) is 6CH(® ; €,)) and isomorphic
to *H(® ; €;)/n*CH(® ; Jz)). The group *H(® ; €) being cyclic, we see that
*H(® ; P.) is cyclic and is generated by 6(£1x). The group »*CCH(G ; Ji)) is
the sum of the groups ¢ CH(® ; JI)), and ¢fCH(G ; JI)) is generated by
n/n(p)érx, where n(p) =[LK, ; Ky]. It follows that z*(*H(G® ; J1)) is generated

by m&rx, where m is the H.C.D. of the numbers #/#(p). Thus we obtain

THEOREM 20.4. The group *H(® ; P.) is cyclic of order equal to the H.C.D.
of the numbers n/n(p), where n=[L : K1, n(p) =[LKy : K;1. It is generated
by 8(¢1x), where 8 is the mapping which corresponds to the exact sequence
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1—>PL—>][,—>@L—>1.
We know by Tate’s theorem that "H(® ; €;) = °H(S ; Z). Thus we have

TueorReEM 20.5. The factor group of the group of idéle classes W such that
NpnU =1 by the group generated by the elements B5, Be€,, s€G, is iso-
morphic to "*H(S ; Z).

If we consider the exact sequence

-1 . N . ey .
H(S ; €)—"H(® ; P)—"HG ; JL)
we obtain the following result:

TueoreM 20.6. The group (PaN\NynJi)/NoxPr 1s isomorphic to a factor
group of *H(S ; Z).



§21. THE EXISTENCE THEOREM

Let X be a field of algzbraic numbers of finite degree. If L/K 1s any finite
abelian extension of K. then Nz €, is a subgroup of index [L : K] of €x. If
L'/K is a finite abelian extension containing L/K, then Nix®; is the group of
all idéle classes A such that (L'/K, %) belongs to the Galois group of L'/L, and,
conversely, every element s of this group may be written 1n the form (L'/K, %)
with some Y& N 81 for, we may write s = (L'/L, B) for some BeE§,, whence
s=(L'/K, Ny B). It follows immediately that the knowledge of the groug
Nyx€z determines L entirely. Now, we propose to determine what are the
groups Nz €; relative to all abelian extensions L/K.

We have defined a topology in the group 8x. We shall see that Nyx€;
is always a closed subgroup of €x.  Select an infinite place P of L and let
be the place of X below $. Let x be any real number >0; denote by a®(x)
the idele of L whose P-component is ¥ and whose other components are 1, and
by U¥(x) the class of a®(x); then we know that the classes U®(x) form a closed
subgroup of €;, isomorphic to the multiplicative group of real numbers >0,
and that Gy is the direct product of this group and of a compact group €7. It
is clear that the norm mapping is continuous; thus, Nz Gl is a compact group.
The norm of A%¥(x) with respect to K is the class of the idele whose p-com-
ponent is either x (if [Ly : Kpl=1) or #° (if [Ly : Kp]=2) and whose other
components are 1; when ¥ varies over R*, these classes run over a subgroup I
of €x isomorphic to R¥, and €x is the direct product of I” with a compact group.
We have Nyx€z= (Nyx€}) x I, which proves that this group is closed. We

propose now to prove the following converse result:

TrEOREM 21.1 If N is any closed subgroup of finite index of Cx, then there
exists a finite abelian extension L/K of K such that = NyzGr.

We proceed by induction on the index » of M. Assume that the theorem
is proved for all subgroups of indices <» (and for all fields K of algebraic
numbers of finite degree). The theorem being obvious for v =1, we may assume
that »>1. Assume first that » is not a prime; then there is a subgroup R of
Gx such that WDON, W' = €x, WxN. Since N is closed of finite index, it is also

102



§21. THE EXISTENCE THEOREM 103

open, and N’ is likewise open and closed. Let L'/K be the finite abelian exten-
sion such that Nz €z =%, and let M be the group of idele classes B of I/
such that Ny xBEN. Denote by »' the index of N. Then the mapping
B - Ny x®B defines an isomorphism of B/ with W/, and B/, is of fnite
index v/¢'. The norm mapping being continuous, it is clear that % is closed.
Since »/»' <, there is an abelian extension L/L' such that Nyz Gz=%;. Let
P/K be a normal extenston containing L. If s is any automorphism of P/K,
then it is clear that Nz € =sN..  Since s induces an automorphism of L/K,
it follows immediately from the definition of % that sM;= %N Since sI is still
abelian over L', we have sL = L, which shows that /K is a normal extension.
If MeEE,, then we have NygM=Ny a(Ne MENL 5 T=N. If A;/K is the
maximal abelian extension of K in L/K, then we know that Nyz@y is of index
[Ar: K]. Since Nys€p is contained in %, which is of index », we have
TAz : K1=». On the other hand, we have [L : K1=[L: L'J[L : Kl=0p/v'+»
=yp; it follows that L= Ay and N, €, =M.

Consider now the case where N is of prime index p. Let then K' be the
field K(z), where z is a primitive p-th root of unity, and let 2 be the group
of idele classes A of K' such that Nz xU&N. Then €x /N’ is isomorphic to
N xCx /(N N Nz 8x), and Nex8x is a subgroup of €x whose index is equal
to [K' : K], which divides p— 1. It follows immediately that ' is of index p in
Cx.. Since M N NexlGx is of index p+[K': K] in €z, the same argument
as above, applied to K' instead of L/, shows that, if there exists an abelian
extension X/K' such that Nyx €y=, then X/K is abelian and Nzx@x
=N N Ng x€x. Then, if L is the subfield of X which corresponds by the Galois
theory to the group of elements (X/K, U), for A= N, we have Nyx€r=N.

Thus we are reduced to the case where N is of prime index p and where
XK contains a primitive p-th root of unity; N then contains G%. If E is a finite
set of places of K containing all infinite places, denote by U? the set of idéles
a which satisfy the following conditions: we have ay=1 for every pEE, and,
if q is a place not in E, then aq is a unit in the g-adic completion Kq of K. Let
1E be the group of idéle classes represented by elements of U ®  We assert that
we may select E in such a way that UELCR. It is clear that U® is always a
«compact group, and that the intersection of all groups U” contains only 1. On

the other hand, N being open, the same is true of the group N of idéles whose
classes belong to M. Thus, there are a finite number of sets E such that the
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intersection of the corresponding sets U’ is contamed in N. Since U NU”
= U™, our assertion is estabhshed. It follows that we can find a finite set E
of places of K which satisfies the following conditions: a) E coatains all infinite
places and all places above the prime number p; b) every idéle class of X con-
tains an idéle whose components at all places not in E are units; c¢) the group
1" is contained in M. Let N be the number of places in E. Then we have
established in §14 that 65 /C2 U7 is of order p" (cf. formula (14.1)). Let PL be
the group of numbers of K whose orders at all places not in E are 0; we have
seen in §14 that P{/(P{)?=p. Let T be the field obtained by adjunction to
K of the p-th roots of all numbers in Pr; T/K is therefore an abelian exten-
sion of degree . If g is a place not in E, then q is not ramified in T; for, if
x=PL, then x is a unit at q and ¢ is not above p. Thus, q is not ramified in
T; TKg/Kg is therefore a cyclic extension and this extension is of degree 2,
since the Galois group of T/K is of type (p,..., »). It follows that every
unit of Kq is the norm of an element of 7Ky, and therefore that every idéle in
UT belongs to NygJr, whence W' CNpxGr.  If U is an idele class in K, then
(T/K, A)? =¢ since the Galois group of 7/K is of type (p, ..., p); thus, we
have (T/K ; U?)=e and U?ENpx€s. It follows that CRUTCNysCr. But
21" and Nzx@r are both of index p” in §x. These two groups are therefore
equal. Let L be the subfield of T left invariant by the operations (7/K ; )
for U=N; then it is clear that Nyx€,=MN, which completes the proof of
theorem 21.1.





